arXiv: 1506.01961 v2 [hep-ph] 11 Nov 2015 


DFPD-2015TH9 


The Composite 
Nambu—Goldstone Higgs 


Giuliano Panico“ and Andrea Wulzer^ 


“ IFAE, Universitat Autonoma de Barcelona, E-08193 Bellaterra, Barcelona, Spain 
^ Dipartimento di Fisica e Astronomia and INFN, Sezione di Padova, 

Via Marzolo 8, F35131 Padova, Italy 


Abstract 

The composite Higgs scenario, in which the Higgs emerges as a composite 
pseudo-Nambu-Goldstone boson, is extensively reviewed in these Notes. The 
material is presented in a pedagogical fashion, with great emphasis on the 
conceptual and technical foundations of the construction. A comprehensive 
summary of the flavor, collider and electroweak precision phenomenology is 
also presented. 
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Preface 


Half a century after its formulation, the Standard Model (SM) is by now 
the established theory of Electro-Weak (EW) and Strong interactions, the 
discovery of the Higgs boson being the most recent of an impressive series of 
experimental conhrmations. Still the SM is not the fundamental theory of 
Nature, and not just because no theory can be regarded as “fundamental” 
in natural sciences. Concrete reasons to extend the SM are the existence of 
gravity, for which no complete high-energy description is available, and other 
incontrovertible experimental facts such as dark matter, neutrino masses and 
oscillations. Next, there are a number of theoretical issues based on “Nat¬ 
uralness” considerations, among which the flatness and homogeneity of the 
universe that calls for cosmological inflation (which is also supported by ob¬ 
servations), the strong CP problem and, of course, the Naturalness problem 
associated with the Higgs boson mass. This latter problem is the main moti¬ 
vation for the composite Higgs scenario which we will describe in the present 
Notes. 

Since it is not fundamental, the SM is an effective theory, i.e. a partial 
description of Nature that emerges, under suitable conditions, as an approxi¬ 
mation of a more fundamental theory. In this extended theory the operators 
in the SM Lagrangian should find their origin as an effective description of 
the more fundamental dynamics and their coefficients, which are just phe¬ 
nomenological input parameters within the SM, should become calculable 
providing the explanation of their observed value. 

Unveiling the fundamental origin of the SM is the ultimate goal of “Be¬ 
yond the SM” (BSM) physics. Actually in this spirit the letter “B” of the 
acronym should better be read as “Behind” rather than “Beyond”, in the 
sense that we are interested in departures from the SM predictions only to 
the extent to which they will guide us towards the understanding of its fun¬ 
damental origin. A lack of discovery, i.e. the exclusion of some hypothetical 
alternative model, could be equally or even more helpful in this respect. 

The ambitious aim of BSM physics should not obscure the important 
byproducts that emerge from this line of research in the long path towards 
its final goal. First, BSM is of great help in developing a deep understanding 
of the SM itself, of the surprising and non-generic features that underlie its 
current phenomenological success and even to appreciate the true measure 
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of this success. Consider for instance the precise measurements of the EW 
bosons properties performed at LEP in the 90’s. It is impossible to explain 
why they provided such an important confirmation of the SM without refer¬ 
ring to the alternative constructions, perfectly plausible at that time, which 
were predicting deviations and were excluded by these measurements. In this 
respect, BSM physics is of great pedagogical value. Second, BSM is essential 
to design further experimental tests of the SM. It offers an assessment of 
which sectors of the theory are less accurately tested, outlining the experi¬ 
mental directions in which a new physics discovery is more likely to come or, 
equivalently, those in which further non-trivial confirmations of the SM could 
be found. By purely working within the SM, i.e. without comparing it with 
alternative models, one could only measure its parameters with increasing ac¬ 
curacy and check the statistical compatibility of the overall fit. If the latter 
program succeeds we will have established that the SM is one possible viable 
description of the data, but this will not strengthen our belief that it is really 
the SM, and not something else, what we are seeing in Nature. Exploring 
possible alternatives is essential for the latter purpose. As alternatives one 
could consider uncontrolled and unmotivated modifications of the SM Eeyn- 
man rules, which are unfortunately often employed in SM studies, or sensible 
hypotheses resulting from BSM speculations. The third byproduct of BSM 
physics is that it stimulates theoretical research in quantum field theory, in 
a direction that lies in between pure SM phenomenology and abstract theo¬ 
retical speculations. Being neither narrowly directed to a single theory like 
the former, nor detached from phenomenology like the latter, BSM offers a 
complementary viewpoint. 

In this spirit, we wrote the present Notes with a threefold aim. First, to 
describe the composite Higgs scenario in view of its possible relevance as the 
true extension of the SM. Namely we will assess, at the best of the present-day 
theoretical and experimental understanding, how likely it is that a model of 
this class might be actually realized in Nature. Second, we will identify the 
most promising possible experimental manifestations of the scenario, out¬ 
lining relevant directions for BSM discoveries or SM confirmations. These 
directions include indirect studies of the Higgs and the top quark couplings 
and the direct production of new particles with specihc features. Third, we 
will carefully explain the tools that underlie the formulation of the scenario 
and the study of its implications. Some of these are old concepts. Some oth¬ 
ers are recent ideas or modern rephrasing of old ones. We think that these 
will hnd other applications in the future, inside but also outside the compos¬ 
ite Higgs domain. The material is presented in a pedagogical fashion. Basic 
knowledge of quantum field theory and of the SM is the only prerequisite. 

These Notes are organized as follows. The Introduction is devoted to the 
Naturalness problem and to how it is addressed by a composite Higgs. The 
next three chapters provide a hrst characterization of the phenomenology in 
the EW, top and Higgs sectors by only relying on symmetries and power¬ 
counting estimates. This leads to robust but semiquantitative conclusions. 
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which should be conhrmed by concrete models. A class of such models, based 
on collective breaking, is introduced in Chap. 5. They serve as benchmarks for 
the detailed study of the collider and EW precision phenomenology presented 
in Chaps. 6 and 7, respectively. 
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Chapter 1 


Introduction 


The Higgs is a scalar boson and all the other known particles of this sort are 
bound states of a strongly interacting sector (namely QCD) whose confine¬ 
ment scale is not far from the particle’s mass. It is thus legitimate to ask if 
the same could be true for the Higgs. Clearly QCD cannot be responsible 
for the formation of the Higgs particle and a new strongly interacting sector, 
i.e. the existence of a new strong force, needs to be postulated if we want to 
explore this possibility. 

The argument above provides a first, heuristic but strong, motivation for 
the composite Higgs scenario. However it is not the main one. The main 
motivation has to do with the very special role played by the Higgs in the 
Standard Model (SM), where it is responsible for the breaking of the Electro- 
Weak symmetry (EWSB).^ Understanding the origin of the Higgs boson is 
thus an essential step towards the microscopic comprehension of the EWSB 
phenomenon. As we will see in the following, according to the Naturalness 
argument this comprehension will either come from TeV-scale physics or it 
will never come. The Higgs being a composite object with a compositeness 
scale (or geometric size) of TeV order is one of the very few known options 
for “Naturally” generating its mass and in turn the EWSB scale. 

The present chapter consists of three sections. In the first two sections 
we will describe the salient features of the SM, outlining the main struc¬ 
tural features that underlie its phenomenological success, but also its main 
structural limitation, i.e. the problem of Naturalness. In the third section 
we will provide a first qualitative description of the composite Higgs scenario 
explaining how it addresses the Naturalness issue. 


^Exhaustive textbooks on the subject are Refs. [1, 2] and [3]. 
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Figure 1.1: Pictorial view of the SM as an effective field theory, with its Lagrangian 
generated at the scale Asm- 


1.1 The SM is an effective field theory 

A complete description of gravity is missing in the SM and this requires the 
latter to be extended. The statement can be made more precise because 
a partial description of gravity, obtained by quantizing general relativity in 
a semiclassical expansion, is instead unavoidably present in the SM. This 
quantum theory of gravity is intrinsically based on perturbation theory, which 
is perfectly applicable at low energy but looses its validity for energies above 
around the Planck mass, E > AnMp ~ 10^®GeV, because the effective gravity 
coupling strength grows like go — E/Mp? Some new physics must emerge 
at Mp to replace the perturbative gravity theory, or much below Mp to stop 
the growth of the coupling strength. If we denote as “Asm” the SM cutoff, 
i.e. the energy at which non-SM particles and interactions emerge, we have 
that Asm ^ Mp. 

The breakdown of perturbative quantum gravity serves to demonstrate 
that the SM, given that it has a finite cutoff, is for sure an effective field 
theory. This does not mean that the first layer of Beyond the SM (BSM) 
physics is necessarily the one that addresses the quantum gravity issue, nor 
that it must arise at the Planck scale. Instead, it might provide the micro¬ 
scopic explanation of other mysteries of the SM such as the origin of flavor, 
of neutrino masses or of EWSB. We will see below that EWSB plays the 
most important role in the discussion. This explanation will come to us in 
the form of predictions of the SM Lagrangian operators, and of their coeffi¬ 
cients, in terms of the more fundamental parameters of the BSM theory. As 
depicted in Eigure 1.1, the SM Lagrangian will be computed at the scale Asm 
by integrating out the heavy dynamics and retaining in the theory only the 
light SM matter fermions, vector and Higgs boson degrees of freedom.^ 

^The result is obtained by estimating the energy scale where the four-graviton vertex, 
Qq, reaches the perturbativity bound of 

® Other light degrees of freedom might well be present in the low-energy theory, provided 
they are coupled weakly enough to have escaped detection. Their presence would not affect 
the considerations that follow. 











1.1. THE SM IS AN EFFECTIVE FIELD THEORY 


3 


A technically consistent description of the vector bosons requires gauge 
invariance and phenomenological viability requires the gauge group of the SM 
SU(3)cXSU(2)j;,xU(l)y. But apart from being gauge (and Lorentz) invariant 
there is not much we can tell a priori on how the SM effective Lagrangian will 
look like. It will consist of an infinite series of local gauge-invariant operators 
with arbitrary energy dimension “d”, with coefficients that on dimensional 
grounds (given that [£] = E'^ and Asm is the only relevant scale) must be 
proportional to l/Ag^"^. We can then classify the operators by their energy 
dimension and discuss their implications. 

First we consider the d = 4 operators. They describe almost all what we 
have seen in Nature, namely EW and strong interactions, quarks and charged 
leptons masses. They define a renormalizable theory and thus, together with 
the d = 2 operator we will discuss later, they are present in the textbook SM 
Lagrangian formulated in the old times when renormalizability was taken as 
a fundamental principle. 

Several books have been written (see for instance Refs. [4-6]) on the ex¬ 
traordinary phenomenological success of the renormalizable SM Lagrangian 
in describing the enormous set of experimental data [7] collected in the past 
decades. In a nutshell, as emphasized in Ref. [8], most of this success is 
due to symmetries, namely to “accidental” symmetries. We call “accidental” 
a symmetry that arises by accident at a given order in the operator clas¬ 
sification, without being imposed as a principle in the construction of the 
theory. The renormalizable (d < 4) SM Lagrangian enjoys exact (or per- 
turbatively exact) accidental symmetries, namely baryon and lepton family 
number, and approximate ones such as the flavor group and custodial sym¬ 
metry. For brevity, we focus here on the former symmetries, which have the 
most striking implications. Baryon number makes the proton absolutely sta¬ 
ble, in accordance with the experimental limit Tp/nip 10“®^ on the proton 
width over mass ratio. It is hard to imagine how we could have accounted 
for the proton being such a narrow resonance in the absence of a symmetry. 
Similarly lepton family number forbids exotic lepton decays such as /i —> ey, 
whose branching ratio is experimentally bounded at the 10“^^ level. From 
neutrino oscillations we know that the lepton family number is actually vio¬ 
lated, in a way that however nicely fits in the SM picture as we will see below. 
Clearly this is connected with the neutrino masses, which exactly vanish at 
d = 4 because of the absence, in what we call here “the SM”, of right-handed 
neutrino fields. 

We now turn to d > 4 operators. Their coefficient is proportional to 
1/AgM, with n = d — 4 > 0, thus their effect on low-energy observables 
is suppressed by (A/Asm)" with respect to renormalizable terms. Current 
observations are at and below the EW scale, E < toew — 100 GeV, the 
suppression being effective thus requires Asm ^ 100 GeV. This simple ob¬ 
servation could explain why Nature is approximately well described by a 
renormalizable theory, without renormalizability being a principle. 

Non-renormalizable operators violate the d = 4 accidental symmetries. 
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Lepton family number stops being accidental already at d = 5 because of the 
Weinberg operator [9] 

( 1 . 1 . 1 ) 

Asm 

where II denotes the lepton doublet, £1 its charge conjugate, while H is the 
Higgs doublet and H‘^ = ia^H*. The SU(2 )l indices are contracted within 
the parentheses and the spinor index between the two terms. A generic 
lepton flavor structure of the coefficient is understood. Surprisingly enough, 
the Weinberg operator is the unique d = 5 term in the SM Lagrangian. For 
Asm — 10^^ GeV and order one coefficient it generates neutrino masses of the 
correct magnitude ^0.1 eV) and it can perfectly account for all observed 
neutrino oscillation phenomena. Baryon number is instead still accidental at 
d = 5 and its violation is postponed to d = 6. We thus perfectly understand, 
qualitatively, why lepton family violation effects are “larger”, thus easier to 
discover, while baryon number violation like proton decay is still unobserved. 
At a more quantitative level we should actually remark that the bounds on 
proton decay from the d = 6 operators, with order one numerical coefficients, 
set a limit Asm ^ 10^® GeV that is in slight tension with what required by 
neutrino masses. However few orders of magnitude are not a concern here, 
given that there is no reason why the operator coefficient should be of order 
one. A suppression of the proton decay operators is actually even expected 
because they involve the first family quarks and leptons, whose couplings 
are reduced already at the renormalizable level. Namely, it is plausible that 
the same mechanism that makes the first-family Yukawa couplings small also 
reduces proton decay, while less suppression is expected in the third family 
entries of the Weinberg operator coefficient that might drive the generation 
of the heaviest neutrino mass. 

The considerations above suggest an extremely plausible picture for high 
energy physics. Maybe the SM cutoff is extremely high; just to set a reference 
we might place it at Asm ~ 10^® GeV = Mgut- This choice happens to 
coincide with the gauge coupling unification scale, but this doesn’t mean 
that the new physics at the cutoff is necessarily a Grand Unified Theory 
(GUT) (see for instance Refs. [10, 11]). On the contrary, the physics at 
the cutoff can be very generic in this picture, precisely because the cutoff 
is high. Gompatibility with low-energy observations is ensured by the large 
scale separation Asm ^ rriEw- New physics at Mqut is not really one specific 
BSM scenario. Given that it makes no requirement on how the physics at 
the cutoff should look like and that it does not require new particles that we 
might be capable to observe in the foreseeable future^, it just coincides with 
what we typically call the “SM-only” option for high energy physics. We just 
rephrased it in the educated language of effective field theories. 

The effective field theory language is essential in order to properly discuss 

^This doesn’t make it completely untestable. Purely Majorana neutrino masses would 
be a strong indication of its validity while observing a large Dirac component would make 
it less appealing. 
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the limitations of the SM. One of those, which was already mentioned, is 
the hierarchy among the Yukawa couplings of the various quark and lepton 
flavors, which span few orders of magnitude. This tells us that the new 
physics at Asm cannot actually be completely generic, given that it must 
be capable of generating such a hierarchy in its prediction for the Yukawa’s. 
This limits the set of theories allowed at the cutoff but is definitely not 
a strong constraint. Whatever mechanism we might imagine to generate 
flavor hierarchies at Asm Afoux, it will typically not be in contrast with 
observations given that the bounds on generic flavor-violating operators are 
“just” at the 10® GeV scale. Incorporating dark matter also requires some 
modification of the SM picture, but there are several ways in which this 
could be done without changing the situation dramatically. Perhaps the 
most appealing solution from the viewpoint of the SM is “minimal dark 
matter” [12], a theory in which all the symmetries which are needed for 
phenomenological consistence are accidental. This includes not only the SM 
accidental symmetries, but also the additional Z 2 symmetry needed to keep 
the dark matter particle cosmologically stable. Similar considerations hold for 
the strong CP problem, for inflation and all other cosmological shortcomings 
of the SM. The latter could be addressed by light and extremely weakly- 
coupled new particles or by very heavy ones above the cutoff. In conclusion, 
none of the above-mentioned issues is powerful enough to put the basic idea 
of very heavy new physics scale in troubles. The only one that is capable to 
do so is the Naturalness (or Hierarchy) problem discussed below.® 

We have not yet encountered the Naturalness problem in our discussion 
merely because we voluntarily ignored, in our classification, the operators 
with d < A. The only such operator in the SM is the Higgs mass term, 
with d = 2.® When studying the d > A operators we concluded that their 
coefficient is suppressed by l/Agj^j"^. Now we have d = 2 and we are obliged 
to conclude that the operator is enhanced by Agjyj, i.e. that the Higgs mass 
term reads 

cAImH^H, ( 1 . 1 . 2 ) 

with “c” a numerical coefficient. In the SM the Higgs mass term sets the scale 
of EWSB and it directly controls the Higgs boson mass. Today we know that 
ruH = 125 GeV and thus the mass term is = m|^/2 = (89GeV)^. But if 
Asm ~ Mqut, what is the reason for this enormous hierarchy? Namely 

why -10-2® <^1 ? 

^SM 

This is the essence of the Naturalness problem. 

^See Refs. [13] and [14] for recents essays on the Naturalness problem. The problem 
was first formulated in Refs. [15] and [16, 17], however according to the latter references it 
was K.Wilson who first raised the issue. 

^There is also the cosmological constant term, of d = 0. It poses another Naturalness 
problem that we will mention later in this chapter. 
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Further considerations on the Naturalness problem, its implications and 
the possible solution offered by the composite Higgs scenario are postponed 
to the next section. However, we can already appreciate here how radically it 
changes our expectations on high energy physics. The SM-only picture gets 
sharply contradicted by the Naturalness argument since the problem is based 
on the same logic (ie., dimensional analysis) by which its phenomenological 
virtues (be., the suppression of d > 4 operators) were established. The new 
picture is that Asm is low, in the 100 GeV to few TeV range, such that a light 
enough Higgs is obtained “Naturally”, be. in accordance with the estimate in 
Eq. (1.1.2). The new physics at the cutoff must now be highly non-generic, 
given that it cannot rely any longer on a large scale suppression of the BSM 
effects. To start with, baryon and lepton family number violating operators 
must come with a highly suppressed coefficient, which in turn requires baryon 
and lepton number being imposed as symmetries rather than emerging by 
accident. In concrete, the BSM sector must now respect these symmetries. 
This can occur either because it inherits them from an even more fundamental 
theory or because they are accidental in the BSM theory itself. Similarly, if 
Asm ~ TeV flavor violation cannot be generic. Some special structure must 
be advocated on the BSM theory. Minimal Flavor Violation (MFV) [18, 19] 
being one popular and plausible option. The limits from EW Precision Tests 
(EWPT) come next; they also need to be carefully addressed for TeV scale 
new physics. On one hand this makes Natural new physics at the TeV scale 
very constrained. On the other hand it gives us plenty of indications on how 
it should, or it should not, look like. 


1.2 A Natural electroweak scale 

The reader might be unsatisfied with the formulation of the Naturalness 
problem we gave so far. All what Eq. (1.1.2) tells us is that the numerical 
coefficient “c” that controls the actual value of the mass term beyond di¬ 
mensional analysis should be extremely small, namely c ~ 10“^® for GUT 
scale new physics. Rather than pushing Asm down to the TeV scale, where 
all the above-mentioned constraints apply, one could consider keeping Asm 
high and try to invent some mechanism to explain why c is small. After all, 
we saw that there are other coefficients that require a suppression in the SM 
Lagrangian, namely the light flavors Yukawa couplings. One might argue 
that it is hard to find a sensible theory where c is small, while this is much 
simpler for the Yukawa’s. Or that 28 orders of magnitude are by far much 
more than the reduction needed in the Yukawa sector. But this would not 
be fully convincing and would not make full justice to the importance of the 
Naturalness problem. 

In order to better understand Naturalness we go back to the essential 
message of the previous section. The SM is an effective field theory and 
thus the coefficients of its operators, which we regard today as fundamental 
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input parameters, should actually be derived phenomenological parameters, 
to be computed one day in a more fundamental BSM theory. Things should 
work just like for the Fermi theory of weak interactions, where the Fermi 
constant is a fundamental input parameter that sets the strength of the 
weak force. We know however that the true microscopic description of the 
weak interactions is the EW theory. The reason why we are sure about this 
is that it allows us to predict Gp in terms of its microscopic parameters gw 
and mw, in a way that agrees with the low-energy determination. What we 
have in mind here is merely the standard textbook formula 


Gf 


9w 

4^2 771 ^ ’ 


( 1 . 2 . 1 ) 


that allows us to carry on, operatively, the following program. Measure the 
microscopic parameters gw and mw at high energy; compute Gp] compare it 
with low-energy observations.^ Since this program succeeds we can claim that 
the microscopic origin of weak interaction is well-understood in terms of the 
EW theory. We will now see that the Naturalness problem is an obstruction 
in repeating the same program for the Higgs mass and in turn for the EWSB 
scale. 

Imagine knowing the fundamental, “true” theory of EWSB. It will predict 
the Higgs mass-term or, which is the same, the physical Higgs mass m'jj = 
2/r^, in terms of its own input parameters “ptrue” ■, by a formula that in full 
generality reads 

r°° 

mjj = J dE -j^{E;ptrne) ■ (1-2-2) 

The integral over energy stands for the contributions to from all the en¬ 
ergy scales and it extends up to infinity, or up to the very high cutoff of the 
“true” theory itself. The integrand could be localized around some specific 
scale or even sharply localized by a delta-function at the mass of some spe¬ 
cific particle, corresponding to a tree-level contribution to m^. Examples of 
theories with tree-level contributions are GUT [10, 11] and Supersymmetric 
(SUSY)® models, where mp emerges from the mass terms of extended scalar 
sectors. The formula straightforwardly takes into account radiative contribu¬ 
tions, which are the only ones present in the composite Higgs scenario. Also 
in SUSY, radiative terms have a significant impact given that the bounds on 
the scalar (SUSY and soft) masses that contribute at the tree-level are much 
milder than those on the colored stops and gluinos that contribute radia- 
tively. In the language of old-fashioned perturbation theory [1], “U” should 
be regarded as the energy of the virtual particles that run into the diagrams 
through which is computed. 

^Actually Gp is taken as an input parameter in actual calculations because it is better 
measured than gw and mw, but this doesn’t affect the conceptual point we are making. 

® Standard textbooks and reviews on supersymmetry are in Refs. [20-25]. 
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Figure 1.2: Some representative top, gauge and Higgs boson loop diagrams that 
contribute to the Higgs mass. 


Consider now splitting the integral in two regions defined by an interme¬ 
diate scale that we take just a bit below the SM cutoff. We have 


rriH 


/•<Asm ^^2 roo ^9 

= / dE —-^{E;ptrue) + dE —^{E;ptrue) 
Jo dE J<Asm dE 

= -b (5 bSMW^ , 


(1.2.3) 


where Sssm'itt-'h is a completely unknown contribution, resulting from energies 
at and above Asm, while comes from virtual quanta below the cutoff, 

whose dynamics is by assumption well described by the SM. While there is 
nothing we can tell about before we know what the BSM theory is, 

we can easily estimate by the diagrams in Figure 1.2, obtaining 
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from, respectively, the top quark, EW bosons and Higgs loops. The idea is 
that we know that the BSM theory must reduce to the SM for E < Asm- 
Therefore no matter what the physics at Asm is, its prediction for must 
contain the diagrams in Figure 1.2 and thus the terms in Eq. (1.2.4). These 
terms are obtained by computing dmJp[ /dE from the SM diagrams and inte¬ 
grating it up to Asm, which effectively acts as a hard momentum cutoff. The 
most relevant contributions come from the quadratic divergences of the dia¬ 
grams, thus Eq. (1.2.4) can be poorly viewed as the “calculation” of quadratic 
divergences. Obviously quadratic divergences are unphysical in quantum field 
theory. They are canceled by renormalization and they are even absent in cer¬ 
tain regularizations schemes such as dimensional regularization. However the 
calculation makes sense, in the spirit above, as an estimate of the low-energy 
contributions to rnj^. 

The true nature of the Naturalness problem starts now to show up. The 
full finite formula for obtained in the “true” theory receives two con¬ 
tributions that are completely unrelated since they emerge from separate 
energy scales. At least one of those, Ssurrij^, is for sure very large if Asm 
is large. The other one is thus obliged to be large as well, almost equal and 
with opposite sign in order to reproduce the light Higgs mass we observe. A 
cancellation is taking place between the two terms, which we quantify by a 
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fine-tuning A of at least 

^ ^ SsMmfj ^ ^ / AsmV 
“ mjj Stt^ \ rriH J 


/ Asm \ ^ 
^450 GeVy 


(1.2.5) 


Only the top loop term in Eq. (1.2.4) has been retained for the estimate 
since the top dominates because of its large Yukawa coupling and because 
of color multiplicity. Notice that the one above is just a lower bound on the 
total amount of cancellation A needed to adjust uih in the true theory. The 
high energy contribution ^bsmw|^, on which we have no control, might itself 
be the result of a cancellation, needed to arrange for ~ 

Examples of this situation exist both in SUSY and in composite Higgs. 

The problem is now clear. Even if we were able to write down a theory 
that formally predicts the Higgs mass, and even if this theory turned out to 
be correct we will never be able to really predict mn if Asm is much above 
the TeV scale, because of the cancellation. For Asm = AfcuT, for instance, 
we have A > 10^^. This means that in the “true” theory formula for mn 
a 24 digits cancellation is taking place among two a priori unrelated terms. 
Each of these terms must thus be known with at least 24 digits accuracy 
even if we content ourselves with an order one estimate of mn. We will 
never achieve such an accuracy, neither in the experimental determination 
of the ptrue “true” theory parameters itih depends on, nor in the theoretical 
calculation of the Higgs mass formula. Therefore, we will never be able to 
repeat for mn the program we carried on for Gp and we will never be able to 
claim we understand its microscopic origin and in turn the microscopic origin 
of the EWSB scale. A BSM theory with Asm = AfcuT has, in practice, the 
same predictive power on niH as the SM itself, where Eq. (1.2.2) is replaced 
by the much simpler formula 


rup = nip . ( 1 . 2 . 6 ) 

Namely if such an high-scale BSM theory was realized in Nature niH will 
remain forever an input parameter like in the SM. The microscopic origin of 
rriH, if any, must necessarily come from new physics at the TeV scale, for 
which the fine-tuning A in Eq. (1.2.5) can be reasonably small. 

The Higgs mass term is the only parameter of the SM for which such 
an argument can be made. Consider for instance writing down the ana¬ 
log of Eq. (1.2.2) for the Yukawa couplings and splitting the integral as 
in Eq. (1.2.3). The SM contribution to the Yukawa’s is small even for 
Asm = Mqut, because of two reasons. First, the Yukawa’s are dimensionless 
and thus, given that there are no couplings in the SM with negative energy 
dimension, they do not receive quadratically divergent contributions. The 
quadratic divergence is replaced by a logarithmic one, with a much milder 
dependence on Asm- Second, the Yukawa’s break the flavor group of the SM. 
Therefore there exist selection rules (namely those of MFV) that make ra¬ 
diative corrections proportional to the Yukawa matrix itself. The Yukawa’s, 
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and the hierarchies among them, are thus “radiatively stable” in the SM. 
This marks the essential difference with the Higgs mass term and implies 
that their microscopic origin and the prediction of their values could come 
at any scale, even at a very high one. The same holds for all the other SM 
parameters apart from niH- 

The formulation in terms of fine-tuning (1.2.5) turns the Naturalness 
problem from a vague aesthetic issue to a concrete semiquantitative question. 
Depending on the actual value of A the Higgs mass can be operatively harder 
or easier to predict, making the problem more or less severe. If for instance 
A ~ 10, we will not have much troubles in overcoming a one digit cancella¬ 
tion once we will know and we will have experimental access to the “true” 
theory. After some work, sufficiently accurate predictions and measurements 
will become available and the program of predicting mn will succeed. The 
occurrence of a one digit cancellation will at most be reported as a curios¬ 
ity in next generation particle physics books and we will eventually forget 
about it. A larger tuning A = 1000 will instead be impossible to overcome. 
The experimental exploration of the high energy frontier will tell us, through 
Eq. (1.2.5), what to expect about A. Either by discovering new physics that 
addresses the Naturalness problem or by pushing Asm higher and higher un¬ 
til no hope is left to understand the origin of the EWSB scale in the sense 
specified above. One way or another, a fundamental result will be obtained. 

The discovery of “Unnaturalness” by the non-observation of new physics 
at the TeV scale would prevent us from predicting mn as an effective phe¬ 
nomenological parameter, but this does not necessarily mean that we will 
never get some control on its value. The idea of anthropic vacuum selection, 
first applied by Weinberg to the cosmological constant problem [26], might 
help in this respect. The cosmological constant operator suffers of exactly the 
same Naturalness problem as the Higgs mass. Provided we claim we under¬ 
stand gravity well enough to estimate them, radiative corrections push the 
cosmological constant to very high values, tens of orders of magnitude above 
what we knew it had to be (and was subsequently observed) in order for 
galaxies being able to form in the early universe. Weinberg pointed out that 
the most plausible value for the cosmological constant should thus be close 
to the maximal allowed value for the formation of galaxies because galaxies 
are essential for the development of intelligent life. The idea is that if many 
ground state configurations are possible in the fundamental theory, typically 
characterized by a very large cosmological constant but with a tail in the 
distribution that extends up to zero, the largest possible value compatible 
with galaxies formation, and thus with the very existence of the observer, 
will be actually observed. A similar argument can be made for the Higgs 
mass (see for instance Ref. [27]), however it is harder in the SM to identify 
sharply the boundary of the anthropically allowed region of the parameter 
space. The anthropic argument basically says that we might be following a 
radically wrong path in our search for the fundamental laws of Nature. The 
Higgs mass might not be fundamental, but instead dictated by the environ- 
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merit, and in this case there could be no true mystery about its value. Poorly 
speaking, ttih could be like the average temperature on the surface of Earth, 
of around 15 °C. It is the one we observe, rather than the one on the surface 
of the Sun, of around 5500 °C, because of anthropic selection. Plausible or 
not, the very existence of such speculative ideas demonstrates the relevance 
of the Naturalness problem and the importance of further investigating it. 
Once again, we see that even discovering Unnaturalness in mH by excluding 
Natural new physics at the TeV scale would be a fundamental result that 
would change our perspective on the physics of fundamental interactions. 


1.3 Dimensional transmutation 

The composite Higgs scenario offers a simple solution to the problem of Nat¬ 
uralness. Suppose that the Higgs, rather than being a point-like particle 
as in the SM, is instead an extended object with a finite geometric size Ih- 
We will make it so by assuming that it is the bound state of a new strong 
force characterized by a confinement scale m* = 1/Ih of TeV order. In this 
new theory the dmjj/dE integrand in the Higgs mass formula (1.2.2), which 
stands for the contribution of virtual quanta with a given energy, behaves as 
follows. Low energy quanta have too a large wavelength to resolve the Higgs 
size Ih- Therefore the Higgs behaves like an elementary particle and the inte¬ 
gral grows linearly with E like in the SM, resulting in a quadratic sensitivity 
to the upper integration limit. However this growth gets canceled by the 
finite size effects that start becoming visible when E approaches and eventu¬ 
ally overcomes to*. Exactly like the proton when hit by a virtual photon of 
wavelength below the proton radius, the composite Higgs is transparent to 
high-energy quanta and the integrand decreases. The linear SM behavior is 
thus replaced by a peak at E ~ to* followed by a steep fall. The Higgs mass 
generation phenomenon gets localized at to* = 1/Ih and mn is insensitive 
to much higher energies. This latter fact is also obvious from the fact that 
no Higgs particle is present much above to*. Therefore there exist no Higgs 
field and no d = 2 Higgs mass term to worry about. 

Clearly it is essential for this to work that the Higgs size, or its inverse 
that we associated with a confinement scale, is itself Natural. Namely we 
must not encounter a new Naturalness problem when trying to put to* at 
the TeV scale. The complete composite Higgs picture, which by the way is 
common to all the non-SUSY attempts to address Naturalness, beginning 
with technicolor [17, 28, 29] (see Ref. [30] for a review), is as follows. The 
main ingredient is a new “composite sector” that will eventually deliver the 
Higgs as a bound state. At least part of the composite sector dynamics will 
have to take place in a strongly-coupled non-perturbative regime, therefore 
it is appropriate to say that the new sector describes a new strong force. 
The composite sector emerges from an even more fundamental theory at a 
very high scale Ayv 3> TeV, whose precise value will not matter for us given 
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that the whole point of the construction is precisely to make the EW scale 
insensitive to it. We might think, just for definiteness, Ayv ~ ATgut- 

At Auv the composite sector sits close to a fixed point of its Renormal¬ 
ization Group (RG) evolution and it is assumed that no strongly relevant 
deformation exists around this fixed point. Namely, we assume that no oper¬ 
ator in the composite sector Lagrangian has scaling dimension considerably 
below 4, which corresponds to the absence of parameters with strongly pos¬ 
itive dimensionality. This is the educated way to express the absence of 
unprotected energy scales in the UV theory, which would reintroduce the 
Naturalness problem. The SM, with its d = 2 Higgs mass operator and the 
corresponding d = 2 parameter /r^, is an example of how the composite sector 
should not look like. A sector with the features above, realized in Nature, 
is low-energy QGD. Low-energy QGD emerges, after integrating out the EW 
bosons and the heavy quarks, as a weakly-coupled theory close to the triv¬ 
ial (free) fixed point.® No strongly relevant deformation is present because 
the only d < 4 operators, the quark mass terms, are protected by the chiral 
symmetry and thus they evolve under the RG flow as if they had d ~ 4. 

The absence of strongly relevant deformations makes the RG flow towards 
the IR a “slow” process. Deviations from the fixed point are controlled by 
the RG “time” t = log [Ay v/A’] so that the theory can significantly depart 
from the fixed point, confine and eventually develop the composite Higgs 
bound state, only at an exponentially suppressed scale to* defined hy t = 
log [AuvThe time t by which the RG running ends can be arbitrarily 
long, depending on how close to the fixed point we started from at Auv- It 
could be easily of order 10, allowing for a Natural huge hierarchy between 
Auv and to*. The analogy with QGD is once again extremely useful to 
clarify the situation. For 3 light quark flavors and the running starting at 
mz = AuV) the habitual formula for the QGD confinement scale Aqcd = w*, 
can be expressed as 



(1.3.1) 


The loop expansion parameter ^I/IOtt^, with gs evaluated at Auv = niz 
controls the departure of the UV theory from the free fixed point. This is why 
its inverse sets the total RG running time and hence the hierarchy between 
Auv and to*. This mechanism, by which a scale to* is generated through 
the running without dimensionful parameters but only d = 0 couplings being 
present in the UV theory is called “dimensional transmutation” in QGD 
textbooks. The name is appropriate also in the more general context we 
have in mind here, where the absence of relevant deformations corresponds 
to the absence of dimensionful parameters in the microscopic theory. 

theory with nearly massless u, d and s quarks, and all the others with masses at 
the EW scale ~ mz, at which gs ~ 4-71/10 well within the perturbative regime, is what we 
actually have in mind for our analogy. 
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The second ingredient we need for a potentially realistic theory is one 
extra “elementary” sector that contains all those particles that we know, by 
phenomenology, can not be composite at the TeV scale unlike the Higgsd° 
Those are basically all the other SM particles, the only possible exception 
being, as we will see, the right-handed component of the top quark. The ele¬ 
mentary sector is a weakly-coupled gauge theory with the gauge group of the 
SM and its particle content aside from the Higgs. The most relevant operators 
in its Lagrangian, namely those that are not suppressed by l/A^y, are thus 
just the ordinary d = 4 SM gauge and fermion kinetic terms. Obviously no 
Yukawa couplings are present since there is no Higgs. The phenomenological 
need of describing the SM vector bosons as elementary gauge fields obliges 
the whole theory, including the composite sector, to respect the SM gauge 
symmetry. Namely, the composite sector will be characterized by an exact 
symmetry group containing one SU(2 )lxU(1)y subgroup. The elemen¬ 
tary Wfj, and Bfj, helds make the latter subgroup local by the habitual gauging 
procedure. This amounts to couple them to the global SU(2)ixU(l)Y con¬ 
served current of the composite sector, giving rise to one sure communication 
channel between the elementary and the composite sectors. 

In the analogy with QCD, the elementary sector consists of the pho¬ 
ton field and the light leptons. The global group ^ is the chiral symmetry 
SU(3)LxSU(3)i^ and the photon gauges its U(l)e.m. subgroup. The major 
difference between our construction and QCD is, in this respect, the fact that 
the chiral group is explicitly broken by the quark masses while our composite 
sector is exactly invariant under Q. The latter assumption could actually be 
relaxed, allowing for some amount of breaking inside the composite sector. 
However this would not introduce radically new phenomena, therefore we will 
ignore this possibility in the following and assume that the explicit breaking 
of ^ is entirely due to the presence of the elementary sector. This breaking 
gets transmitted to the composite sector by the elementary/composite inter¬ 
action /lint- The same would happen in QCD if we set the quark masses to 
zero. The breaking of the chiral group would solely come from the coupling 
of the elementary photon. 

In obvious analogy with QCD, the global group g will generically be bro¬ 
ken spontaneously to a subgroup yl at the confinement scale m*, delivering 
exactly massless Nambu-Goldstone Bosons (NGB) in the g/ill coset. In 
the scenario described in these Notes, the Higgs is one of those Goldstone 
bosons. It acquires a mass and a potential, triggering EWSB, through the 
explicit breaking of the Goldstone symmetry group Q induced by the elemen¬ 
tary sector. The Higgs being a NGB, or more precisely a pseudo NGB since 
the Goldstone symmetry is explicitly broken, is essential for the composite 
Higgs scenario having a chance to be realistic and marks the difference with 
the old composite Higgs constructions [15, 16] (see for instance Ref. [31] for 
an even earlier attempt) where the Higgs was emerging as a generic bound 

^'^Those particles might be “partially composite”, a concept that we will introduce and 
discuss extensively in these Notes. 
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Figure 1.3: The basic structure of the composite Higgs scenario. 


state of the composite sector. In the latter case, the Higgs mass would be 
set directly by the confinement scale m*, which we would thus be obliged to 
take in the 100 GeV range rather than at the TeV or multi-TeV scale. But a 
large number of bound states, called “resonances”, are expected at m*, very 
much like plenty of hadrons emerge from the QCD confinement at Aqcd- 
None of such particles is observed at 100 GeV, therefore must be at the 
TeV and mn much below that. This is Naturally the case for a NGB Higgs, 
whose mass is controlled by the explicit breaking of the Goldstone symmetry, 
provided of course the breaking effects are small. But Q breaking comes from 
the elementary sector and it is communicated to the composite one by the 
elementary/composite interactions £int- Keeping it small thus requires £int 
being a weak perturbation of the composite sector dynamics. This condition 
is also crucial in order to ensure that the presence of the elementary sector 
does not destabilize the hierarchy among m* and Ayv induced by the com¬ 
posite sector dynamics, invalidating our solution of the Naturalness problem. 
The elementary sector being a weak perturbation of the composite one at 
all scales between Ayv and m* requires that no strongly relevant operator, 
compatible with symmetries and selection rules, should be present in £int- 
This is indeed the case in QGD and it is why the electromagnetic interactions 
are small corrections to the hadron dynamics. The approximate Goldstone 
symmetry can also explain, at the price of a mild tuning, why the composite 
Higgs particle not only is light, but also it couples in approximately the same 
way as if it were elementary as in the SM. This comes, as we will see in the 
next chapter, from the mechanism of “vacuum misalignment” discovered in 
Refs. [32-34]. 

In summary, the composite Higgs setup is defined by the three basic el¬ 
ements depicted in Figure 1.3. We have a composite sector, an elementary 
one and an interaction /lint between the two, which transmits to the compos¬ 
ite sector the explicit breaking of Q. Characterizing the features they must 
possess in order to produce a potentially realistic theory is the purpose of the 
present Notes. The reader should be aware the she/he will not find here any 
attempt to formulate a microscopic UV realization of the composite Higgs 
scenario. It is relatively easy, and was done already in the original literature 
[32-34], to produce QCD-like models, weakly coupled at Ayy and thus de¬ 
scribed by “technigluons” and “techniquarks” constituents at that scale, with 
a g ^ yl symmetry breaking pattern suited to deliver a NGB Higgs. These 
models typically result in a phenomenologically satisfactory description of the 
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EW bosons and Higgs dynamics. Very few attempts have been made [35-39] 
to extend these constructions to the fermionic sector. Here the challenge is to 
find a microscopic realization of the “partial compositeness” hypothesis [40] 
that, as we will see, requires a peculiar structure of the elementary/composite 
fermionic interactions. The best examples we have of composite Higgs mod¬ 
els with partial fermion compositeness are five-dimensional gauge theories on 
truncated anti-de Sitter space [41-43], which however are not UV-complete. 
Their completion might not be an asymptotically-free four-dimensional gauge 
theory, it could instead be some other kind of construction flowing towards 
a strongly-coupled UV fixed point. Given the extra dimensional nature of 
these model a string theory completion, possibly dual to a strongly-coupled 
theory in four dimensions, could be also envisaged. Our viewpoint on the UV 
completion of the composite Higgs scenario is the following. What we can 
definitely do is to identify and spell out as precisely as possible the required 
assumptions on the UV dynamics and, by the power of symmetries, selection 
rules and effective field theory techniques, study their compatibility with 
current observations and make prediction for future experimental searches. 
Which is by the way how we would proceed even if we knew the microscopic 
theory given the difficulty of performing explicit calculations in the strong 
coupling regime. If, as a result of this effort, something that resembles the 
composite Higgs is discovered, we would be sure that microscopic theory 
with the required features exists and finding one will become a priority. If 
conversely the composite Higgs scenario will be found to be experimentally 
excluded, or too much tuned to be relevant, finding a UV completion will still 
remain an interesting theoretical quantum field theory question, but with no 
direct phenomenological relevance. 
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Goldstone boson Higgs 


This chapter provides a first illustration of the composite Higgs scenario and 
a first characterization of its phenomenology. In particular of those aspects of 
the phenomenology that robustly follow from the Nambu-Goldstone Boson 
(NGB) nature of the Higgs in a model-independent way. Interestingly enough, 
this includes a specific pattern of Higgs coupling modihcations with respect 
to the SM predictions. The basic concept behind the formulation of the 
composite Higgs scenarios is “vacuum misalignment”, a mechanism by which 
the composite Higgs boson can effectively behave as an elementary one. This 
concept is explained in Sect. 2.1 and further illustrated in Sect. 2.2 with the 
help of two simple examples. Sect. 2.3 is more technical. It reviews the 
Gallan-Goleman-Wess-Zumino (GGWZ) approach to spontaneously broken 
symmetries, an essential tool for the study of the composite Higgs scenario. 
Finally, in Sect. 2.4 we explain the concept of partial fermion compositeness, 
which is how the elementary SM fermions are assumed to couple with the 
composite sector in our construction. 


2.1 Vacuum misalignement 

We now consider, in addition to the SM fermions and gauge fields, a new 
sector endowed with a global Lie group of symmetries Q. This is the “com¬ 
posite sector”, in the language of the previous chapter. Since we want our 
setup to address the Naturalness problem by the mechanism of dimensional 
transmutation we imagine dealing with a strongly-interacting sector, con¬ 
ceptually similar to a QGD-like confining theory. However the forthcoming 
discussion applies to weakly-coupled theories as well and indeed illustrative 
weakly-coupled examples will be worked out in the following section. We 
assume that the vacuum state of the composite sector, when the latter is 
considered in isolation, is only invariant under a subgroup H d Q lead¬ 
ing to Q ^ spontaneous breaking and thus to the appearance of mass¬ 
less NGB’s in the coset The subgroup H is assumed to contain the 
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EW group Gew = SU(2)z, x 11(1)^ C ^ and ^ is assumed to be large 
enough for at least one Higgs doublet to be present in the coset. In order 
to study this system we must first of all introduce a reference system in the 
Lie algebra of ^ by choosing a basis of linearly independent generators 
and splitting them into “unbroken” (A = a = 1,... ,dim[itf]) and “broken” 
(A = d = i,..., dim[^/.:^]) sets as 

{T^} = {T“, f“} . (2.1.1) 

The set {T“} generates the Lie algebra of the subgroup itf. It is also conve¬ 
nient to introduce a reference vacuum field configuration F, that describes 
one of the degenerate vacua of the composite sector. It is chosen to satisfy 

r“E = 0, f^F^O. (2.1.2) 

To be precise, what we mean with the second equation is that {T°'F} forms 
a linearly independent (over the reals) set of vectors. 

Notice that Eq. (2.1.1), and consequently Eq. (2.1.2), is merely a conven¬ 
tional choice of the reference system in the Q algebra. Erom the viewpoint of 
the composite sector alone, for which Q is an exact symmetry, there is no pre¬ 
ferred system. Any embedding of Jl in g, obtained by acting on Eq. (2.1.1) 
with ^ elements, is completely equivalent.^ However, ^ is eventually broken 
in our construction by identifying some of its generators with those of the 
EW group. In view of this breaking, it is convenient to choose the reference 
system in such a way that the embedding of !>I contains all the Gew gen¬ 
erators. Namely, the SM gauge fields and B^, that gauge the Gew 

group, will couple to some of the global currents associated with the {r“}’s 
and not to the {T“}’s. This is our definition of the {T“} set and of the refer¬ 
ence vacuum F, it does not entail any assumption on the Q ^ 9{ symmetry 
breaking pattern. 

As well known, and reviewed in Sect. 2.3, the NGB fields are local trans¬ 
formations in the direction of the {T°‘} generators and correspond to the 
ansatz _ 

$(a:) (2.1.3) 

in the space of the field operators $ of the theory. Among the 0a fields we 
identify the four real components of one Higgs doublet, plus possibly other 
scalars of an enlarged Higgs sector. The Higgs field taking a Vacuum Expecta¬ 
tion Value (VEV) eventually breaks Gew down to the electromagnetic group 
exactly like in the SM. To illustrate how this works, let us first consider the 
composite sector in isolation and ignore the ^-breaking perturbations that 
arise from the coupling with the SM gauge fields.^ In this case the 0 fields 

^This is clearly not the case when is embeddable in multiple inequivalent ways in 
namely when different choices of the !}{ algebra generators are not all related by inner 
automorphisms. Which inequivalent embedding is selected is in this case a dynamical 
question and depends on the details of the underlying theory. 

^The couplings with the SM fermions also break Q explicitly, as we will see in Sect. 2.4. 
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Figure 2.1: A geometrical illustration of EWSB through vacuum misalignment, in 
the case of the spatial rotations group Q — SO(3) with = SO(2). The SO(2) 
breaking from vacuum misalignment is proportional to the projection of F on the 
S0(2) plane, v = fshi{6). 


are exact NGB’s, therefore they have no potential and their VEV’s {9a) are 
completely arbitrary. Moreover the VEV’s are unobservable because any con¬ 
stant 9 configuration merely corresponds to one equivalent vacuum obtained 
by acting on F with the Q transformation exp[—i{9a)T°‘]- Technically, we 
will be able to get rid of any {9a) by a suitable redefinition of the 9 fields that 
induces the transformation $ —exp[—*(0a)T“]$. In this way it is possible 
to set, in full generality, (0“) = 0. The concept that the composite Higgs 
VEV is unobservable in the absence of explicit breaking of ^ is often useful 
in the study of composite Higgs theories. 

When we take ^-breaking into account and 9 becomes a pseudo NGB 
(pNGB) the situation changes. First of all, 9 develops a potential and its 
VEV is not arbitrary anymore. Moreover, {9) becomes observable as it can 
not be set to zero by an exact symmetry transformation. Its physical effect 
is to break Gew, embedded in giving rise to EWSB. Geometrically, as 
depicted in Fig. 2.1, {9) measures the angle by which the vacuum is misaligned 
with respect to the reference vector F, which we have chosen to be orthogonal 
to the plane of iV V Gew- The convenience of this choice should now be clear: 
the field 9 defined by Eq. (2.1.3) behaves exactly like the SM Higgs field in the 
sense that its non-vanishing VEV triggers EWSB. More precisely, we expect 
all the EWSB effects such as the SM particle masses to be controlled by the 
projection of F on the GEwJ>lane, i.e. we expect the EWSB scale to be set 
Uy V = /sin(0) where / = |F| is the scale of ^ iV spontaneous breaking. 
This expectation is confirmed by the examples that follow. 

The actual value of {9) depends on the details of the composite sector and 
on those of the symmetry-breaking perturbations. It can be obtained, in each 
given explicit model, by minimizing the pNGB potential. In the absence of 
some special mechanism or of an ad-hoc cancellation, we generically expect 
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a minimum for {9) ~ 1. Namely, the vacuum does not generically point in a 
direction close to F and the EW symmetry is maximally broken, i.e. u ^ /. 
If this is the case our setup is merely a non-minimal technicolor model where 
we enlarged the group yl to contain also the broken SM generators and not 
only the electromagnetic U(l). But if these additional generators are broken 
with maximal strength u ^ / we will find no qualitative difference with the 
minimal technicolor case, aside from the presence of additional pNGB asso¬ 
ciated with the new broken generators. The composite Higgs construction 
becomes interesting, and different from technicolor, only if the misalignment 
angle is small, (9) 1, such that a gap is generated among / and the EWSB 

scale V. This condition is conveniently expressed as 

e = ^=sin"(0)«l, (2.1.4) 

in terms of the important parameter ^ which appears ubiquitously in the 
study of composite Higgs. The limit ^ 0, at fixed v, corresponds to decou¬ 

pling the composite sector from the low-energy physics by sending to infinity 
its typical scale /. In this limit, only the Goldstone boson Higgs remains 
in the spectrum while all the other bound states decouple. The theory, as 
shown explicitly in the examples that follow, systematically reduces to the 
SM for ^ 0 and the composite Higgs becomes effectively elementary. Un¬ 

like technicolor, composite Higgs theories are endowed with one adjustable 
parameter ^ that controls all the departures from the Standard Higgs model. 
The experimental confirmations of the SM, in particular its successful de¬ 
scription of EW precision physics, can be systematically recovered by a small 
enough This mechanism is called “vacuum misalignment” [32-34]. 

However, we generically expect a large misalignment angle, (9) ~ I, and 
therefore ^ ~ I. Two attitudes are possible towards the problem of obtaining 
a small enough The first one is to assume a certain degree of acciden¬ 
tal cancellation, or fine-tuning, taking place in the scalar potential ensuring 
^ <C I. Though not completely satisfactory, this might well be the correct 
explanation as long as not too a small not much smaller than around 0.1, 
is required. Moderate cancellations, of the order of one part into ten, are 
acceptable from the viewpoint of Naturalness, or at least of its formulation 
in terms of fine-tuning we insisted on in the previous chapter. A microscopic 
model of EWSB, which explains the huge Planck (or GUT) to weak hierar¬ 
chy and complies with all the precise tests of the SM at the only price of a 
10% tuning of a single parameter would definitely be an extremely plausible 
possibility. The second approach to the small ^ problem is to try to design 
some specific mechanism which leads to a small {9 ), not by tuning but rather 
through a structural cancellation taking place in the potential. One incarna¬ 
tion of this idea is provided by the so-called “little Higgs” program [44, 45] 
(for a review see Refs. [46, 47]), which foresees a parametric reduction of the 
Higgs mass term in the potential relative to the quartic, leading to a natu¬ 
rally small VEV. Unfortunately this is not achieved by reducing the Higgs 
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mass term, but by enlarging the quartic, leading to a serious tension with 
the observed Higgs mass. Furthermore the proposed constructions are rather 
complicated and rely on seemingly artificial model-building. In comparison, 
the explanation based on some degree of unnatural tuning seems more plau¬ 
sible. We will not elaborate any further on these ideas, nevertheless they 
could be the right starting point towards the construction of a more Natural 
“self-tuned” version of the composite Higgs scenario. 


2.2 Two simple examples 

For a concrete illustration of the general idea we discuss two examples, for¬ 
mulated as renormalizable and weakly-coupled scalar theories or, as we will 
sometimes denote them in what follows, “linear cr-models”. The first one 
is a toy model with SO(3) —>■ SO(2) spontaneous breaking, which provides 
a composite realization of the Abelian Higgs model. The second example, 
based on the breaking SO(5) —)■ SO(4), is instead more realistic and leads to 
a SM-like Higgs theory of EWSB. 


2.2.1 The Abelian composite Higgs model 

We consider a triplet $ of real scalar fields, described by the Lagrangian 

= . ( 2 . 2 . 1 ) 

In spite of being just a simple scalar theory, which we will study in the 
perturbative weakly-coupled regime g* < Itt, we interpret it here as the 
strongly-interacting composite sector we described in the previous chapter. 
The theory is invariant under SO(3) transformations acting on <i> as 

5 = e SO(3), (2.2.2) 


where the SO(3) generators, normalized to Tr[T^T^] = , can be conve¬ 

niently chosen as = {T, T*} 


T = 


1 

71 


' 0 -i O' 

- 

f 1 

■ 0 0 -i' 

1 

1 

o 

o 

o 

1 

i 0 0 

0 0 0 

, r = < 

72 

0 0 0 
i 0 0 

’71 

0 0 -i 

0 i 0 

) 

(2 


with i = 1,2. Geometrically, the three generators correspond to rotations in 
the 1-2, 1-3 and 2-3 planes. 

The field $ acquires a non vanishing VEV breaking SO(3) to the SO(2) 
subgroup of rotations around (I*). The tree-level minimization condition 
reads (4>^)(<1>) = p, so that the manifold of equivalent vacua is the two- 
sphere depicted in Fig. 2.1. Given the basis (2.2.3) we adopted for the gen¬ 
erators, the representative vacuum, selected by the condition in Eq. (2.1.2), 
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reads 



(2.2.4) 


In order to study the fluctuations around the vacuum it is convenient to 
perform a field redefinition and to trade the three $ components for one 
radial coordinate a plus two “angular” variables Ili ^2 (the Goldstone fields) 
describing the fluctuations around the broken generators as in Eq. (2.1.3). 
We write 


$ = e*"fn‘G)T, 


(2.2.5) 


f + a{x) 


where the normalization factor has been chosen (see below) to obtain a canon¬ 
ical kinetic term for the Goldstone boson helds 11^. The exponential matrix 
in the above equation is a space-time dependent element of SO(3) which we 
call the “Goldstone matrix” U [H]. It can be defined for any Q ^ breaking 
and it ubiquitously appears in composite Higgs. 

The Goldstone matrix can be computed explicitly in this simple case and 
it is given by 


c/[n] = G- 




1 — (l — cos j) ■ 
_ sin n JH 

Sm j: 


n n" 

n2 


sin 3 n 

sm ^ n 
cos J 


( 2 . 2 . 6 ) 


where H = v H'^H. Actually, the expression above is more general and holds 
for any SO{N) SO{N — 1) breaking provided the A^ — 1 broken generators 
are chosen, in analogy with Eq. (2.2.3), to have one non-vanishing entry in 
the last line and column. The field redefinition (2.2.5) becomes 


$ = (/ + a) 


sin h — 
sm J, n 

cos J 


(2.2.7) 


We see that the new variables furnish a full one-to-one parametrization of 
the field space, aside from the singular point <& = 0, provided / -I- ct is taken 
to be positive and the Goldstones are restricted to the region H e [0,7r/). 
By substituting in the Lagrangian we straightforwardly obtain 


Cc = 

V 2 e 2 


2 9*f 3 9* 4 

a - —a - —a 

2 8 


( 2 . 2 . 8 ) 




^ sin^ 


4n4 


^ - sin^ J ) 


Many interesting and generic properties of the composite Higgs scenario 
are well illustrated by the expression above. Eirst, by Taylor-expanding 
around H = 0 (which is a perfectly regular point) we see that the Lagrangian 
contains an infinite set of local interactions involving an arbitrary number 
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of Goldstone fields but only two derivatives. Each Goldstone leg insertion is 
weighted by the Goldstone symmetry breaking scale /. This is simply be¬ 
cause n enters in the Goldstone matrix as 11//. In analogy with the theory 
of QCD pions, where the role of / is played by the pion decay constant /^, 
we will sometimes refer to / as the “Higgs decay constant”. In agreement 
with the Goldstone theorem the H’s describe two massless bosons associated 
with the two broken generators T^’^. 

The a field has instead a mass 

. (2.2.9) 

In analogy with a strongly coupled sector, which we would like to mimic by 
our example, the cr particle is called a “resonance”. We generically call a res¬ 
onance any particle that emerges from the composite sector aside from the 
Goldstone bosons. In the analogy, the mass m* corresponds to the strong sec¬ 
tor’s confinement scale, conceptually similar to the QCD scale Aqcd- The 
parameter g* controls the interactions in our Lagrangian. It is thus inter¬ 
preted as an effective low-energy coupling of the composite sector. In Chap. 3 
we will see that in a genuine strong theory g* could easily be of order 47r, 
outside the perturbative regime, but it could also be parametrically reduced 
in the case of a confining gauge group with a large number of colors. 

We now inspect the symmetries of the Lagrangian in the non-linear form 
of Eq. (2.2.8). We immediately recognize the presence of an SO(2) group 
under which H forms a doublet and transforms as 




( 2 . 2 . 10 ) 


We call this a “linearly realized” symmetry as it acts in a linear and homo¬ 
geneous way on the field variables. We can switch to the complex notation 
by defining 


ni-in2 

^ = - r= - 

V2 


( 2 . 2 . 11 ) 


which we identify with the Higgs field, with unit charge under U(l) = SO(2), 
of the Abelian Higgs model we are constructing. Obviously, the linearly 
realized SO(2) invariance follows from one of the symmetries of the original 
Lagrangian (2.2.1). It is indeed immediate to see that it induces an SO(3) 
rotation along the unbroken generator T 




( 2 . 2 . 12 ) 


This correspondence guarantees the invariance of the Lagrangian in Eq. (2.2.8), 
which is a mere rewriting of the original one. 

For the two broken generators T® identical considerations hold. Therefore, 
even if it would have been hard to tell at a first sight, Eq. (2.2.8) must have 
other symmetries. It is not hard to work out, at the infinitesimal level, the 
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Goldstone field transformations that induce rotations of 4) along the broken 
generators. These read 

( 2 ^ 2 . 13 , 

< 1 ) <& + . 

As for the unbroken U(l), the correspondence ensures that the transforma¬ 
tions above are symmetries of the Lagrangian in Eq. (2.2.8). This can also 
be directly verified by a lengthy but straightforward calculation. Differently 
from those associated with the unbroken U(l), the broken transformations 
act non-linearly on the Goldstone field variables If and thus they are said to 
be “non-linearly realized”. Moreover they also act non-homogeneously, in the 
sense that the zero field configuration is transformed into one with constant 
n fields, i.e. 0 —>■ fa. Conversely, any constant field configuration, such 
as the one that defines a generic vacuum (11), can be transformed into the 
trivial vacuum (11) = 0. This implies that, as explained on general grounds 
in the previous section, the composite Higgs VEV has no physical effect in 
the absence of an explicit breaking of the Goldstone symmetry. Clearly for 
the argument above being conclusive we would need the finite form of the 
transformation, which however is too involved to be written explicitly. An 
implicit but compact form is reported in the following section. 

Now that a NGB Higgs scalar has been obtained the last ingredient to 
construct the Abelian Higgs model is a U(l) gauge field. Rather intuitively it 
is introduced by gauging the unbroken U(l) subgroup, namely by replacing 
in the original Lagrangian 

^ D^^=(^d^-iV2eA^T^^, (2.2.14) 

where is a U(l) gauge field with canonical kinetic term. In the language 
of Chap. 1, A^ is an elementary sector field and its gauge couplings with 
$ are elementary/composite interactions. The gauging, since it selects one 
generator among three, breaks SO(3) explicitly to SO(2). The composite 
Higgs has now became a pNGB. One might wonder whether the choice of 
the embedding in SO(3) of the SO(2) gauge group, which we take exactly 
aligned with the generator T, hides some dynamical assumption. In view 
of this possible confusion we stressed in the previous section that the choice 
of the generators of the Q group, performed in such a way that the gauged 
directions are exclusively in is completely conventional and does not rely 
on any assumption. In the present example this is immediately verified. 
Suppose we had started from a generic embedding of the gauge group, defined 
by an arbitrary (but normalized) linear combination of generators T. In full 
generality, T can be rotated to T by an SO(3) transformation, namely it can 
be expressed as T = gTg"'". In this case our prescription for the choice of 


H —>• H -I- H cot y a 
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the reference system in the algebra would have been to work with rotated 
generators, obtained by acting with g on Eq (2.2.3). However this would not 
have changed the results because g can be eliminated by a field redefinition 
$ —)■ g $ and thus it has no physical effect. Therefore the choice T = T in 
Eq. (2.2.14) is completely general. 

We can finally write down our Abelian composite Higgs theory. The only 
effect of the gauging is to turn ordinary derivatives into covariant ones in 
Eq. (2.2.8), with 

(2.2.15) 

By turning to the complex field notation the terms of the Lagrangian involv¬ 
ing the Higgs become 


1 

2 





A\H\'> 


f 

\Hl 

P 




(2.2.16) 


while the a field Lagrangian remains unchanged. The covariant derivative in 
the previous equation is just the usual one 


D^H = df,H-ieA^H. 


(2.2.17) 


Now that the Goldstone symmetry has been broken by the gauging two 
new important features emerge. First, the emergence of a Higgs potential is 
no longer forbidden, as it would be in the unbroken case because of the non- 
linearly realized symmetry of Eq. (2.2.13). Even if the potential still vanishes 
in our tree-level Lagrangian, it is radiatively generated by the gauge field 
loops, which transmit to the Higgs sector the Goldstone symmetry breaking. 
This potential, whose generation is not particularly enlightening and not 
worth discussing in this example, eventually gives a VEV to the composite 
Higgs field. Second, the Higgs VEV becomes observable and the breaking of 
the U(l) symmetry can take place. By setting the Higgs to its VEV 

H={H) = ^, (2.2.18) 


the first term in the square bracket of Eq. (2.2.17) gives to the gauge field a 
mass 


rriji = ef sin 


V 

7 


= ev. 


(2.2.19) 


In the second equality of the above equation we have defined the scale v of 
U(l) symmetry breaking in analogy with the ordinary elementary Abelian 
Higgs mass formula. In the latter case the scale v is directly provided by the 
Higgs field VEV while in the composite case 


V = f sin 


V 

7 
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= sin^ 


V 

7' 


( 2 . 2 . 20 ) 
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The situation is thus precisely the one depicted in Fig. 2.1, where the symme¬ 
try breaking scale is provided by the projection of the vacuum configuration 
on the plane associated with the unbroken generator. 


2.2.2 The minimal composite Higgs model 


It is not hard to turn our toy example into a model of EWSB. To this end we 
must enlarge the unbroken group in a way that it contains Gew- Furthermore 
we need at least four spontaneously broken generators giving rise to one 
complex doublet of NGB Higgs fields. One possibility is to consider SO(5) 
spontaneously broken to an SO(4) subgroup. As explained in Appendix 2. A, 
SO(4) is locally isomorphic to the chiral group SU(2)^ xSU(2)i^. We interpret 
the SU(2)i factor as the SM one and we identify the hypercharge with the 
third SU(2)fl generator, Y = t\. The 10 SO(5) generators acting on the 5 
representation, normalized as Tt:\T^T^] = 6^^, are conveniently taken to be 
where 


II 

II 

1 1 

o o 

1_I 

rp<y 

^ — 





( 2 . 2 . 21 ) 


The 6 first generators Ta span the SO(4) sub-algebra and are written in 
SU(2)ixSU(2)i^ notation in terms of the 4x4 generators t‘1 defined in 
Appendix 2.A. The remaining four, Ti, are instead broken and the associated 
NGB helds provide the two complex Higgs doublet components. As shown 
below the Goldstones transform in the 4 = (2, 2) of the unbroken SO(4) and 
thus they have the correct SM quantum numbers to be identified with the 
Higgs field by applying Eq. (2.A.14) in Appendix 2.A. 

The composite sector Lagrangian is again the one in Eq. (2.2.1), where 4) 
is now an SO(5) fiveplet. The manifold of equivalent vacua is the 4-sphere and 
the representative vacuum configuration points along the fifth component. In 
complete analogy with the Abelian model example, the 5 real components of 
$ are conveniently parametrized as 


$ = e*"fn.(x)T- 


0 

f + a{x) 


= (Z + o-) 


sinnn 

cos J 


( 2 . 2 . 22 ) 


in terms of the resonance field a and of four NGB’s H. The above expression 
was derived by employing Eq. (2.2.6) which, as previously stated, applies in 
general to SO{N) —>• SO(A^ — 1) and thus in particular to the present case. 
By substituting in the Lagrangian we obtain Eq. (2.2.8) exactly like in the 
Abelian model. 

The symmetry content of the Lagrangian is also a trivial generalization of 
the Abelian case. The linearly-realized group consists now of SO(4) rotations 
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of the n fourplet and it corresponds to the action of the unbroken generators 
on $. This is immediately verified by noticing that a rotation of 11 in 
Eq. (2.2.22) induces a rotation of $ in the SO(4) subgroup embedded in the 
first 4x4 block, i.e. 

(2.2.23) 


As anticipated, the Goldstones live in the fourplet of SO(4) and thus they 
can be expressed, by inverting Eq. (2. A. 14) in terms of the two Higgs doublet 
components H = {hu,hd)'^ as 


Hi' 


'-i {hu - hly 

n2 
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Ha 

"71 

* {hd - h\) 

n4 


hd + h^d 


(2.2.24) 


The theory is of course also invariant under four non-linearly realized transfor¬ 
mations associated with the broken generators T*. Their infinitesimal action 
on the fields is the same as in the Abelian model, reported in Eq. (2.2.13). 

The electroweak interactions are introduced in the theory by gauging, 
with coupling strength g and g', the SU(2)i xU(l)i^ subgroup of SO(4). The 
covariant derivative reads 

(d^ -igW;T£ -ig'B^Tl) ¥. (2.2.25) 

Non-Abelian gauge kinetic terms are also introduced and collected in a purely 
elementary Lagrangian 

= (2.2.26) 

This implies that at leading order in ^ the EW boson propagators and self¬ 
interactions vertices are identical to the SM ones. Important subleading 
modifications will be discussed in Chap. 3. 

Now that the model is fully specified we can discuss its phenomenology. 
It describes the bosonic sector of the SM, namely the Higgs and the EW 
bosons, plus the resonance a with a mass 

rrit = g^^f . (2.2.27) 

Given that no particles are observed beyond the SM ones we will be interested 
in a situation where the resonance is heavy, with m* in the TeV or multi- 
TeV range much above the EW scale. ^ This separation of scales emerges 
from two combined effects. Eirst, some gap among v and / is due to the 

^Actually in the present example, in which the resonance is just an EW-neutral scalar 
singlet, there is not a concrete phenomenological need of taking it so heavy. We assume 
m* above the TeV in order to mimic the generic situation encountered in the genuine 
strongly-coupled models we eventually aim to describe where such a strong bound applies. 
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condition ^ 1 which, as anticipated in Sect. 2.1 and discussed at length 

in the following chapters, is essential to ensure the viability of the composite 
Higgs scenario. However making ^ small costs fine-tuning and our hope is 
to achieve a realistic theory for ^ ^ 0 . 1 , for which the separation among v 
and / is moderate. Second, a gap between / and m* is naturally achieved 
by a strong enough composite sector coupling 5 *. Thorough this review we 
will consider 5 * values in the range 5 * G (1, 47 r), taking however into account 
that a moderately large values 5 * > 1 are preferred to keep the resonances far 
from the EW scale. Because of the scale separation, resonances are effectively 
decoupled from the SM particles and their presence can be simply ignored 
at a first approximation as we will do in the forthcoming discussion. Their 
effects on the SM particles phenomenology can be treated in a low-energy 
effective theory expansion as we will see in Chap. 3. 

Ignoring the resonance, the Lagrangian (2.2.8) becomes 






/ J 


where we employed the standard Higgs covariant derivative 


B^H= (d^-zgW^^-zg'B^^jH. 


(2.2.28) 

(2.2.29) 


The phenomenological implications of Eq. (2.2.28) can be illustrated in two 
ways, which we describe in turn. The first approach is to compute directly 
the physical couplings by going to the unitary gauge, defined as usual by 


H = 


0 

V+h(x) , 


(2.2.30) 


where V denotes the Higgs VEV, which we take to be real without loss of 
generality, and h(x) describes the physical Higgs fluctuations. In the unitary 
gauge the Lagrangian is surprisingly simple 

I sin^ (^\W\^ + , (2.2.31) 

where W and Z denote the ordinary SM mass and charge eigenstate fields, 
Cu, is the cosine of the weak mixing angle defined as usual by tan 9^ = g'/g. 
We immediately read the vector bosons masses 

1 VI 

mw = CyjTTiz =-gf silly = -gv , (2.2.32) 

out of which we have extracted the definition of the physical EWSB scale 
V ~ 246 GeV. As already discussed in the Abelian model, the latter is not 
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directly provided by the composite Higgs VEV, but it is related to it and to 
the Higgs decay constant / precisely as in Eq. (2.2.20). 

On top of the vector boson masses, the Lagrangian also contains an infinite 
set of local interactions involving two gauge and an arbitrary number of Higgs 
fields. By Taylor-expanding around h = 0 we easily compute the first few 
terms 


9 2 

g 


|VE|^ 


2c2 


2 ^ 1 ^ ^ + (1 - 20 ^ ^ 


(2.2.33) 

where we traded the parameters V and / for the physical EWSB scale v and 
^ = v^/f^. Exactly like in the SM we find single- and double-Higgs vertices, 
but with modified couplings 


kv 


= 9hvv 

gfvv 


^r^<i 


9hhVV 

9hfvv 


1-20 


(2.2.34) 


Moreover, higher-dimensional vertices with more Higgs field insertions emerge 
and might trigger new interesting phenomena which are absent in the case 
of an elementary SM Higgs. It is important to remark that in the limit 
^ 0, taken at fixed v by sending / —>• oo, both these effects disappear. The 

couplings approach those of the elementary Higgs and the new interactions 
are suppressed, being weighted by inverse powers of /. The composite Higgs 
becomes effectively elementary in this limit. 

An alternative way to inspect our Lagrangian in Eq. (2.2.28), which helps 
in clarifying why the composite Higgs reduces to the elementary SM one for 
small is to expand it for large /, obtaining a series of two-derivative op¬ 
erators with higher and higher energy dimension weighted by inverse powers 
of /. The first terms in this expansion, up to dimension 6, are 

D^H^D^H-^\H\‘^D^H^D>^H+-^d^{H^H)d^{H^H) + ... . (2.2.35) 

The first term is just the SM Higgs kinetic Lagrangian and this clearly does 
not occur by accident. The reason is that the Higgs enters in the Lagrangian 
only through the Goldstone boson matrix U which in turn depends on the 
combination H/f. For / —>■ oo the only relevant term is the one with two 
Higgs field insertions, which corresponds to a d = 4 renormalizable opera¬ 
tor. Since the elementary Higgs theory is the most general renormalizable 
Lagrangian compatible with gauge invariance, it is the only model we might 
have ended up with. The situation would have been slightly different if we 
had considered a generic Q ^ 9{ symmetry breaking pattern, which delivers 
more Goldstone bosons than just one Higgs doublet. In that case the / —)■ oo 
limit would not correspond to the SM, but to a renormalizable theory of an 
extended Higgs sector. The presence of extra scalars, which potentially mix 
with the SM Higgs, might induce additional corrections to the couplings on 
top of those emerging from the higher-dimensional operators. 
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Going back to our model, and to the Lagrangian in Eq. (2.2.35), we see 
that the d = 6 operators provide the leading corrections to the SM. Actu¬ 
ally the two operators have the same effect on the Higgs coupling to the 
vector bosons because one can be transformed in the other by a field re¬ 
definition, up to operators of even higher dimension. Namely, by sending 
H —>■ H + [|i7p/(3/^)]77 the first can be eliminated in favor of the second 
one with coefficient 1/2/^. In the notation of Ref. [48], where the d = 6 
operators that emerge in theories with a pNGB Higgs are classified, the op¬ 
erator is denoted by Oh- It is interesting to notice that Oh does 

not correct the Higgs vertices with vector bosons directly but it induces, 
after EWSB, corrections to the physical Higgs kinetic term and new Higgs 
derivative self-interactions. When the the canonical kinetic term is restored 
by the appropriate rescaling this leads to a modification of the trilinear hVV 
coupling, which can be readily checked to match with ky in Eq. (2.2.34) for 
small Computing the quadrilinear coupling hhVV requires more care be¬ 
cause the new trilinear h interactions induced by Oh also contribute to the 
physical hhVV amplitude through virtual Higgs exchange. Therefore they 
must be eliminated by a further field redefinition before reading the phys¬ 
ical coupling and reproducing the second equation in (2.2.34). Details are 
reported in Appendix B of Ref. [48] . 

A crucial phenomenological virtue of our model, which we have not yet 
outlined, is that it respects the tree-level p = 1 relation at all orders in 1 //, 
where p = /{cwTUzY, as apparent from Eq. (2.2.32). Correspondingly, 

the d = 6 operator ^ 

Ot = ^ (h^Kh) (h^'B^h) , (2.2.36) 

which would induce p — 1 ~ B is not present in the expansion of 
Eq. (2.2.35). Experimentally, p = 1 is valid at the percent level and the 
deviations are well described by SM loop effects. The accuracy of the mea¬ 
surement bounds non-SM contributions to p at the per-mille level. Therefore 
if p — 1 was of order ^ reconciling the model with observations would require 
^ ^ 10”^ and thus an unacceptable level of tuning. The reason why p equals 
1 in our case is “custodial symmetry”, namely the fact that the SM group 
generators are embedded in the global unbroken SO(4), which is an exact 
symmetry of the composite sector and is only violated by the gauging. More 
precisely, since SO(4) ~ SU(2)ixSU(2)i^, the gauging of SU(2 )l preserves 
SO(4) and the only breaking is due to the hypercharge. The Higgs is a 
fourplet and therefore its VEV breaks SO(4) down to the custodial SO(3)c 
subgroup. The IT“ fields transform as a triplet under SO(3)c. This symmetry 
is sufficient to fix the ratio among the W and Z bosons mass terms ensuring 
p = 1. For a careful description of this mechanism the reader is referred 
to the original literature [50] and to Appendix 7. A. The p = 1 constraint is 

^We use again the notation of Ref. [48], see also Ref. [49] for the bounds on this operator 
from EW precision measurements. 
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so strong that all the viable composite Higgs models must be endowed with 
custodial symmetry protection. Our SO(5) —>■ SO(4) example is the “Mini¬ 
mal Composite Higgs Model” (MCHM) [42], in the sense that it delivers the 
minimal number of pNGB Higgs fields and relies on the minimal number of 
symmetry generators but still obeys custodial symmetry. An even more min¬ 
imal possibility would be the SU(3) —>■ SU(2)x U(l) breaking. However it 
must be discarded because of the lack of custodial protection. See [51, 52] for 
non-minimal composite Higgs constructions where additional Higgs scalars 
emerge. 

After reading this section, where we worked out in detail a model with 
a pNGB Higgs based on a weakly-coupled linear cr-model, the reader might 
be led to overestimate the importance of this kind of constructions. We thus 
stress that models of this sort are not interesting, the examples presented 
here have exclusively an illustrative purpose and the theories we eventually 
aim to discuss are very different from these. The first obvious limitations is 
that these models are unable to address the Naturalness problem since they 
are formulated in terms of an elementary scalar multiplet $. Its mass m* 
is sensitive to the UV physics in exactly the same way as the Higgs mass in 
the SM. Still, one might think that the Higgs boson being a pNGB might 
lead to some advantage, given that at least its mass is protected from large 
radiative corrections by the Goldstone symmetry. However this protection 
is insufficient, the Higgs mass receives quadratically divergent contributions 
from loop diagrams involving the SM helds, like the ones depicted in Fig. 1.2. 
In particular consider those from the gauge fields loops. They originate from 
the Higgs coupling to the vector bosons, which we saw above are not much 
different than in the ordinary SM. Therefore the result is expectedly similar, 
namely 

( 2 . 2 . 37 ) 

Notice that no special cancellation occurs because the gauge field couplings 
break the Goldstone symmetry explicitly so that the Higgs mass is not pro¬ 
tected at the radiative level. The occurrence of a divergence in rriH, while no 
Higgs mass term was present in the original Lagrangian, also signals that the 
model is actually non-renormalizable. More precisely, the composite sector 
defined by Eq. (2.2.1) is renormalizable if considered in isolation, renormal- 
izability gets spoiled by the coupling to gauge fields through the covariant 
derivative in Eq. (2.2.25) which breaks the Goldstone symmetry. In other 
words, the breaking requires the introduction of Goldstone-breaking countert¬ 
erms, among which the Higgs mass, which was not present in the Lagrangian 
in Eq. (2.2.1). By looking at Eq. (2.2.37), and taking also into account that 
a contribution from the top quark loop, identical to the SM one, would have 
arisen if we had tried to introduce the top quark in our model, we immediately 
realize that no progress has been made. The essential feature of composite 
Higgs being a solution of the Naturalness problem is the strongly-coupled 
nature of the underlying UV theory, by which the Higgs mass is stabilized 
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through dimensional transmutation. The Goldstone symmetry is required to 
keep the Higgs naturally lighter than the other strong sector’s resonances, it 
is in itself of no help in addressing the Naturalness problem. 


2.3 General CCWZ construction 

It is clear, also in light of the previous discussion, that we can not rely on 
the example of the previous section for the study of composite Higgs phe¬ 
nomenology. Some of the results we obtained, and in particular the pattern 
of Higgs coupling modifications in Eq. (2.2.34), are actually of general va¬ 
lidity and do not rely on the specific model we considered, but in order to 
establish this fact we need a general treatment of theories with spontaneous 
symmetry breakdown: the famous Callan-Coleman-Wess-Zumino (CCWZ) 
construction [53, 54]. This formalism allows to write general low-energy effec¬ 
tive Lagrangians for strongly- or weakly-coupled theories characterised by a 
generic Q ^ 9{ symmetry breaking pattern, describing the Coldstone bosons 
associated with the breaking and the heavy resonances. It is also readily 
extended to incorporate explicit symmetry breaking, a property we will ex¬ 
tensively make use of in Sect. 2.4. Furthermore the generality of the method 
makes it an essential tool for the systematic study of non-minimal cosets, 
when trying to go beyond the canonical SO(5) —)■ SO(4) example. 


2.3.1 The basic formalism 

The starting point is to identify the correct degrees of freedom that describe 
the massless NCB, one for each broken generator as predicted by the Cold- 
stone theorem. Suitable candidates are obtained by considering, in the field 
space of the underjjing theory, configurations that are related to the repre¬ 
sentative vacuum E by a local Q transformation, namely 

$(x) = (2.3.1) 

where denotes, following the notation of Sect. 2.1, the full set of gen¬ 
erators of the group Q. Each ^^(a;) is potentially a massless field because 
any constant 9a configuration corresponds to a global symmetry transfor¬ 
mation and thus it leads to one of the equivalent vacua of the theory, with 
the same energy as the original one. Therefore 9a(x) has no potential and 
consequently zero mass, its energy is entirely kinetic and it originates from 
derivative terms in the Lagrangian. 

However not all these fields are physical, some of them are redundant and 
they can be dropped from the ansatz (2.3.1). In order to see how this works, 
and with the purpose of introducing the basic formula out of which CCWZ 
is constructed, we notice that a generic, global or local group element (;[aA], 
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can be decomposed in a unique way as the product ® 

g[aA] = . e*/oHT“ ^ ^2.3.2) 

where, as in Eq. (2.1.1), T“ and T“ denote the unbroken and broken gen¬ 
erators, respectively. The transformation on the right is an element of the 
subgroup 9{ and as such it leaves the representative vacuum invariant.® By 
applying the above equation to the ansatz (2.3.1) we thus obtain 

$(x) = C/[n]F, (2.3.3) 

where we defined the Goldstone matrix 

C/p] = (2.3.4) 

in terms of canonically-normalized scalar NGB helds na(a;). In accordance 
with the Goldstone theorem we have one massless scalar for each broken 
generator. The fields associated with the unbroken ones drop out from the 
ansatz and thus do not lead to physical degrees of freedom. Because of 
Eq. (2.3.2), the Goldstone bosons span the left coset space defined as 

the equivalence class of Q modulo iT elements multiplication. 

Symmetries are the central aspect of the CCWZ construction, let us then 
work out the action of the Q group on the Goldstone bosons. Namely, we 
seek for an operation on the held variables 

fl(a;) ^ (2.3.5) 


associated with a generic element g € Q, which results in a symmetry trans¬ 
formation of the ansatz conhguration dehned by Eq. (2.3.3). The hrst at¬ 
tempt would be to look for a transformation that induces U ^ g ■ U on the 
Goldstone matrix, however this immediately fails because g ■ U is a, generic 
element of ^ and as such it can not be expressed as the exponential of broken 
generators only. Therefore it is impossible to induce U ^ g ■ U hy acting on 
the Goldstone helds. However by Eq. (2.3.2) we can decompose g ■ U, in a 
unique way, as the product of one broken generator exponential and one 
element and dehne H^®^ implicitly by the relation 

g-U[H] = 17[n(s)] ■ h [H; g] , (2.3.6) 


where 

hp; g] = . (2.3.7) 

Or, equivalently 


t/p] 


U 


n(9) 


= g-17p]-h-pn; g] 


(2.3.8) 


^It is trivial to verify the equation that follows for an infinitesimal group transformation 
and it is not hard to believe that it can be extended by continuity to finite group elements 
that are continuously connected to the identity. 

®An analogous decomposition obviously holds with the element on the left. 
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This operation, given that h leaves F invariant, induces a symmetry trans¬ 
formation on the the ansatz (2.3.3) 

<I)(a:) —>■ (2.3.9) 

Being the latter a symmetry of the underlying theory, it has to be respected 
also by the effective Lagrangian for the Goldstone bosons. Only a very pe¬ 
culiar set of terms, invariant under Eq. (2.3.8), are thus allowed. 

Before discussing the implication of the symmetry, few comments are in 
order. First, it must be clarified that the above derivations do not rely on 
the explicit matrix representation adopted for the group generators. Indeed 
the coefficients fa and fa appearing in the decomposition (2.3.2) are uniquely 
hxed by the generators commutation relations and not by their explicit form. 
Consequently, the same holds for the Goldstone transformation function 
and for the coefficients Cap; g] of h, which are derived from Eq. (2.3.2). This 
means that the Goldstone matrix 17 [11] can actually be defined for any rep¬ 
resentation of the generators. Nevertheless if not otherwise specified we 
will call Goldstone matrix the one in the fundamental representation. Sim¬ 
ilar considerations apply to the h transformation. Second, it is important 
to stress that the relevant symmetry for the classihcation of the operators 
is provided by the full group Q and not only by the unbroken subgroup IK. 
A spontaneously broken symmetry is thus not really broken, in the sense 
that it still implies powerful constraints on the allowed operators, not much 
differently from an unbroken one. This is expressed mathematically by the 
fact the Goldstone boson transformation defined by Eq. (2.3.8) provides a 
full-fledged representation of the whole Q because it respects the group mul¬ 
tiplication rule, namely 


]q(9i-92) 



(2.3.10) 


Of course is rather different from the habitual group representations. 
The latter ones simply consist of constant transformation matrices acting 
linearly on the field variables while carries a complicated non-linear de¬ 
pendence on n. For this reason it is called a “non-linear” representation 
and the spontaneously broken group is sometimes said to be “non-linearly 
realized” rather than broken. We will soon encounter other non-linear repre¬ 
sentations, suitable for describing the transformation properties of the heavy 
resonance fields. 

It is easy and instructive to derive the Goldstone bosons transformation 
explicitly in the particular case of an 9{ subgroup transformation, we just 
need to recall few elementary properties of Lie algebras. ' Namely, we will 


^See for instance Ref. [55] for a concise review on Lie algebras and a computer package 
that could be useful in the study of composite Higgs models with non-minimal cosets. 
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use the fact that the Q generator algebra decomposes as 

[T“, T'] = i r\T- + f = = T- , 

[T“, f = i = f" , 

[f f i + i /“^f ^ , (2.3.11) 

where the first equality, i.e. the fact that no broken generator appears in the 
commutator of unbroken ones, is due to being a subgroup and the second 
equality follows from the first one because the g structure constants 
are completely antisymmetric.® In the commutator of broken generators, 
instead, both terms are present aside from the special cases called “symmetric 
cosets” where only unbroken generators appear because = 0. Symmetric 
cosets are endowed with an algebra automorphism under T —>■ —T which 
can be associated with a Z 2 parity on the Goldstones, leading sometimes 
to interesting phenomenological consequences. In Eq. (2.3.11), tAd“ is the 
adjoint representation of the Lie algebra of the subgroup iT while the matrices 
which can also be shown to obey the 9{ algebra by the Jacobi identity, 
form a not yet specified iT representation denoted as r^^.. We will readily see 
that is the representation in which the Goldstones transform under H. It 
can be identified, for any coset, by looking at the decomposition under of 
the adjoint of namely at 


Ad^ = Ad,;g 0 . (2.3.12) 

For SO(A)/SO(A — 1) cosets, r.^. is the fundamental representation in accor¬ 
dance with the results of the previous section. 

When g & R, namely for 

5 = = (2.3.13) 


Eq. (2.3.6) is immediately worked out and reads 
gji ■U[U]= exp 


/2 

i^Uaix) gy{ ■ f°- -g-^ 


■ 9 ^ 


= U 




■ 


(2.3.14) 


having employed the exponentiated version of the commutation relation in 
Eq. (2.3.11), i.e. 


. fa . g-i«aT“ ^ fb _ (2.3.15) 

®We consider here a compact Lie group whose structure constants are indeed com¬ 
pletely antisymmetric. The extension of Eq. (2.3.11) to non-compact case is possible. For 
a composite Higgs model based on a non-compact coset, see Ref. [56]. 
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Therefore, as anticipated, 11 transforms in 



(2.3.16) 


and the transformation on the right side of the Goldstone matrix in 
Eq. (2.3.6) is hp; = gj{. Contrary to the general ones, ^ subgroup 
transformations act linearly on the Goldstones. Verifying ^ invariance can 
thus serve as a simple check of the consistency of our effective Lagrangian. 

The situation is different for the transformations along the broken gen¬ 
erators. There is no simple way to write them explicitly, not even at the 
infinitesimal level, aside from particular cases such as the SO(7V)/SO(iV — 1) 
coset in Eq. (2.2.13). Their action is relatively simple only on the Goldstone 
matrix, as shown in Eq. (2.3.8), and this is why Gp] is the fundamental 
object to construct invariants in CCWZ. The broken transformations can 
however be worked out in a combined expansion on the transformation pa¬ 
rameters Ua, dehned by g = ~ 1 -|- and on the held variables, 

leading to 



(2.3.17) 


This is the famous “shift symmetry”, which forbids non-derivative potential 
terms in the Goldstone Lagrangian. The implications of the symmetry on the 
terms involving derivatives are instead more subtle, and harder to recognize 
in the Lagrangian because of the polynomial corrections to the shift. The 
latter implies that the transformation relates operators with different number 
of helds, leading to invariant Lagrangians with an inhnite series of polynomial 
terms. For instance, out of the Goldstone kinetic terms a whole set of two- 
derivative interactions with any number of Goldstone legs would be generated 
by applying Eq. (2.3.17). By the GCWZ construction all these terms are 
automatically written at once. 

A particular case in which the transformation can be written explicitly is 
when the Goldstone fields are constant, namely when they are set to their 
VEV n = (n) and we perform a transformation g = 17“^[(LI)]. In this case 
we trivially find 

(fl) ^ o’, (2.3.18) 

showing, as anticipated in the previous sections, that the Goldstone bosons 
VEV is unobservable because it can be set to zero by a symmetry transfor¬ 
mation. This makes that in composite Higgs EWSB effects are mediated by 
the explicit breaking of the Goldstone symmetry. 

Let us hnally turn to the classihcation of the operators allowed by the 
symmetry. The two fundamental objects employed in the construction are 
the dpj^^a and epj^^a symbols, which carry, respectively, one a index of 
the Goldstone representation and one a in the adjoint of .?7. They also 
contain one derivative, leading to the space-time index /i, because we saw 
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that derivatives are needed to construct non-trivial invariants. The d and e 
symbols are defined by decomposing on the Q algebra the Maurer-Cartan 
form constructed with U, namely 

iU[\I]-^ ■ a^C/p] = d^.ap]r“ + e^.ap]T“ = , (2.3.19) 

where the shorthand notations and have been introduced. Under Q, 
following Eq. (2.3.8), the Maurer-Cartan form transforms as 

i U[U]-^ ■ d^U[Il] ^ dp; g] ■ (i C/p]-^ • 9^C/p]) • dp; 

+ ^dp; g]-a^dp; (2.3.20) 

We notice that the shift term on the second line is itself a Maurer-Cartan 
form, the one associated with the transformation d[n; g], which is an element 
of the subgroup Jl. Therefore it decomposes on the Lie algebra of IT and it 
does not have components along the broken generators. It follows that the 
shift is carried entirely by the e symbol while d transforms linearly with d ® 

d;,p] ^ dp; g] ■ d^p] • dp; g]~^ , 

epn] ^ h[Il; g]-ie^[Il]+id^)-h[Il; g]-\ (2.3.21) 

When rewritten in components by Eq. (2.3.15), the d symbol transformation 
is a simple rotation of the d index in the representation Tjr 

d^.a ^ d(®V.a= (e*(2.3.22) 

We see that d^^a transforms like the Goldstones and this is not surprising 
because the d symbol is a sort of derivative of the Goldstone fields, in the 
sense that when expanding it we find 

d^.a - + o {dn/f ■ nV/2). ( 2 . 3 . 23 ) 

However d^, differently from ^^^H, keeps transforming in under the full 
Q and not just under the subgroup IT, this is why it is useful to construct 
invariants. The e symbol components a have an index in the adjoint of IT 
and they transform, as the above equation clearly shows, as if they were gauge 
fields associated with a local Tl invariance. As such they can be employed to 
construct covariant derivatives and field-strengths, as we will see later, but 
they can not be inserted directly in the operators. 

The CCWZ prescription is to construct ^-invariant operators by combin¬ 
ing d and e symbols and derivatives. With the remarkable exception of the 
Wess-Zumino-Witten term [57-59] (which signals the presence of a global 

®Of course h is itself highly non-linear, therefore d still lives in a non-linear representa¬ 
tion of Q. 
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anomaly in ^), all the invariant operators can obtained in this way. The 
reason why this results in a systematic and simple procedure is that the 
transformation rules are now entirely expressed in terms of the linear action 
of the matrix h. Therefore we just have to worry about building 91 invariants 
with the standard group theory tools and the full Q invariance will follow au¬ 
tomatically. In doing so one must however remember that IT is effectively a 
local group because h depends on the Goldstone fields n(x). The simplest 
operators we can think to, which contain only two derivatives, are the ones 
constructed by two powers of the d symbol, with the two indices properly 
contracted to form an ^ invariant. The most general combination of such 
operators defines the so-called 2-derivative non-linear cr-model Lagrangian. 
If is compact, since is real, one such an invariant always exists and it 
is given by 



(2.3.24) 


n 


It provides the Goldstone bosons kinetic terms plus an infinite set of two- 
derivative interactions, which are all fixed by the symmetry and controlled 
by the unique parameter /. In general, other 2-derivative operators might 
exist, provided there is more than one way to form invariants out of two 
indices. One example which might be relevant for composite Higgs is the coset 
SO(6)/SO(4) which delivers 9 Goldstones in the representation = 40401. 
Being r.^. reducible, several invariants can be formed (4, in this case) and more 
free parameters appear in the non-linear cr-model Lagrangian. 

For the minimal composite Higgs coset SO(5)/SO(4), instead, = 4 is ir¬ 
reducible and there is only one invariant. Therefore all the 2-derivative Higgs 
interactions are predicted in terms of the Higgs decay constant /. Given that 
the GGWZ construction is completely general, this means that any explicit 
composite Higgs model, provided it is based on the minimal symmetry break¬ 
ing pattern SO(5) —>■ SO(4), leads to the exact same Lagrangian and physical 
predictions at the 2-derivative level. We will see in the next section that this 
remains true when gauge fields are included. We can thus conclude, even 
before computing the Lagrangian explicitly, that all the results previously 
obtained in the linear cr-model example are completely general, in spite of 
the fact that the linear cr-model is just one possible realization of the compos¬ 
ite Higgs idea and furthermore not a particularly motivated one. This first 
application of the GGWZ method should be already sufficient to illustrate 
the tremendous predictive power of the non-linearly realized symmetry on 
the physics of a pNGB Higgs. 


is not worth considering the case of non-compact since it leads to negative-defined 
kinetic terms for the Goldstones. 
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2.3.2 Gauge sources and local invariance 

Before going on with the discussion we need to take one step back and to 
add an additional bit of complication. Until now we have been considering 
a global Q invariance, now we want to extend the formalism to the case in 
which Q is made local by introducing the appropriate set of gauge fields A^^a, 
transforming in the standard way 

A^ = A^^ aT^ 4®^ = 9{x) -{A^ + id^) ■ g{x )-^, (2.3.25) 

under a local Q element g. 

This is almost the situation we have to deal with in the study of composite 
Higgs theories where a subgroup of the global Q is gauged to describe the EW 
vector bosons. On general grounds, the gauging procedure means modifying 
the composite sector Lagrangian by adding couplings with the currents 
associated with the global symmetry generators 

Lc —^ Cc + A^^aJ^’^ ■ (2.3.26) 

The A-J term is of course precisely designed, by the definition of the Noether 
currents, to compensate for the variation of Cc under space-time dependent 
g transformations leading to a locally invariant theory. If the full g group 
has to be gauged, kinetic terms have to be introduced for all the but 

nothing forbids us to gauge a subgroup by giving a kinetic term only to a 
subset of the fields. Equivalently, all the fields can be formally gauged and 
the unwanted ones eventually decoupled by an infinite kinetic term, which 
corresponds to vanishing coupling strength. Any process which does not 
involve gauge bosons propagation is completely insensitive to the presence 
or to the absence of the kinetic terms and to the couplings, therefore all the 
A/i^a’s can be treated on the same footing as external sources. Some of them 
will be made dynamical by the kinetic terms and the others will be regarded 
as non-dynamical and eventually set to zero at the end of the calculation. 
The advantage of retaining the extra non-dynamical fields is of course the 
presence of the enlarged local g group under which the sources transform 
as in Eq. (2.3.25). With this method one can study the effective composite 
Higgs Lagrangian for Goldstone, gauge and possibly resonance fields obtained 
by integrating out the composite sector dynamics. Propagating gauge fields 
effects, which of course are sensitive to the kinetic terms, are conveniently 
added at a second stage by working in perturbation theory. Notice that the 
latter effects break g because the truly dynamical fields do not fill a complete 
g representation. This structure complies with the picture outlined in the 
Introduction and with the examples of the previous section. In the minimal 
SO(5)/SO(4) model we turn on all the 10 SO(5) gauge fields and eventually 
identify as physical only the 4 ones associated with the SM SU(2)x U(l) 
gauge group. In this case the physical value of the source reads 

A^ = A^,aT^ = gW^Tl + g'B^Tl 


( 2 . 3 . 27 ) 
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in accordance with Eq. (2.2.25). 

It is not hard to generalize the CCWZ construction to the local case. 
The Goldstone transformation property is still defined by Eq. (2.3.8) where 
g is now a local group element. The Maurer-Cartan form, which we used 
to define the d and e symbols, generalizes to the object constructed with 
the following logic: the Goldstone matrix C/[n] is a local element of ^ and 
as such it can be used to act on the gauge field following Eq. (2.3.25). 
The result of this operation is still an element of the ^ algebra and as such 
it can be decomposed in terms of broken and unbroken generators similarly 
to what we did for the Maurer-Cartan form in Eq. (2.3.19). Actually it is 
worth acting with U~^, and not with U, defining 

A^ = Af) = U[n]-^ ■ (A^ + id^)- C/p] = d^p, A] + e;,p, A]. (2.3.28) 

The Maurer-Cartan form is immediately recovered in the ungauged limit 
A^ = 0.^^ Furthermore, A^ transforms under g exactly like the Maurer- 
Cartan form does in the global case, namely as in Eq. (2.3.20). By exploiting 
the group multiplication rules the latter property is shown by a one-line 
calculation 

A, = A(^-^) ^ = Af =h{A, + ^ d,) h -^. (2.3.29) 

The generalized d and e symbols thus transform precisely as in Eq. (2.3.21) 

d^P, A] ^ dp; g] ■ d^p. A] • dp; g\~^ , 

epn, A] ^ dp; g]-(epn, A]+i5pdp;5]-p (2.3.30) 

though of course, now, under the full local Q group. According to the defi¬ 
nition (2.3.28), the generalized d and e symbols are provided by those of the 
global case, which contain one derivative of the Goldstone field, plus non¬ 
derivative terms proportional to A^. In order to maintain the homogeneity 
of the operators constructed out of d and e it is thus convenient to treat the 
gauge fields on the same footing as derivatives and to regard both d and A as 
0[d) or equivalently, by going to the momentum space, as 0{p) objects. The 
reader can get an idea of how the d and e symbols look like in concrete by 
Eq. (2.B.13) in Appendix 2.B, where these objects are explicitly computed 
for the minimal Coset SO(5)/SO(4). 

From this point on, since we encountered exactly the same transformation 
rules, the classification of locally invariant operators proceeds in parallel with 
the globally invariant ones. In both cases, local Jl invariance is all what we 
have to worry about. The 2-derivative non-linear tr-model Lagrangian, for 
instance, trivially generalizes to 

= ^rf^.ap, A]PP'^j,p, A], (2.3.31) 

Notice that can also be regarded as the trivial generalization of the Maurer-Cartan 
form obtained by replacing the ordinary derivative with the covariant one. Expressing it 
in terms of the gauge-transformed is not just a fancy but also a useful rewriting. 



2.3. GENERAL CCWZ CONSTRUCTION 


41 


and contains now not only the Goldstone kinetic terms and self-couplings, 
but also interactions involving the gauge fields, which are all dictated by the 
local Q invariance and predicted in terms of the sigma-model scale /. All 
the previous considerations about the unicity of the cr-model Lagrangian in 
SO(5)/SO(4) remain the same, meaning that also the Higgs/gauge interac¬ 
tions are completely determined by the coset structure. In particular the 
modifications of the Higgs couplings to the gauge helds we obtained in the 
linear u-model example in Eq. (2.2.34) must be regarded as robust model- 
independent predictions of the SO(5)/SO(4) composite Higgs. We verify in 
Appendix 2.B that as given above coincides as expected with the La¬ 
grangian (2.2.28) we derived in the linear cr-model. 

2.3.3 Two derivative tensors and resonances 

The classification of 0{p^) (two-derivatives) invariant operators, out of which 
we defined the non-linear cr-model Lagrangian, has been extremely simple 
because the d symbol was the only object which could have appeared in 
these operators. Going to higher orders, as we will need to do in the next 
chapter, requires more care and some additional technicality. A simple way 
to proceed is to forget momentarily about invariants and classify instead all 
the possible two-derivative tensor operators which transforms homogeneously 
under h. 

The first ones we might think to are those constructed with two d-symbols, 
of the form 


(2.3.32) 


b € 0 ... . 


They transform in the tensor product of two Goldstone representations, 
whose decomposition contains the adjoint, the singlet, plus eventually other 
representations depending on the nature of the group Notice that the 
decomposition in irreducible representations is what matters for the GCWZ 
method. Since 9{ invariance is all what is required, tensor product com¬ 
ponents belonging to different irreducible representations can be employed 
separately to construct invariant operators. The singlet and the adjoint com¬ 
ponents are immediately worked out for a generic coset 



in terms of the structure constants / appearing in Eq. (2.3.11). The existence 
and the form of other tensors depend instead on the coset. In SO(5)/SO(4) 
one extra tensor is found in the 9 of SO (4). 

A second class of operators is formed by acting on the d symbol with one 
derivative, or more precisely with a suitable covariant derivative which takes 
care of the local nature of the d symbol transformation rule in Eq. (2.3.22). 
The e symbol transforms precisely like a gauge connection (2.3.30) and thus 
the covariant derivative is given by 


{T) • a — a ^ a (G )b b ^ ' 


(2.3.34) 
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It transforms, by definition, in the representation r,r- Whether D ■ d con¬ 
stitutes a single CCWZ tensor or not depends on the number of irreducible 
components of 

Another object we can form, exploiting once again the fact that trans¬ 
forms like a gauge field, is the field strength tensor 


= i - i [e^, e^] , (2.3.35) 

which transforms homogeneously with h in the adjoint representation, namely 
E^4H, A] ^ h[H; g] ■ E^^H, A] • h[H; g]-^ . (2.3.36) 

In components, E reads 

Efiu^ a — a a E f c ^ . (2.3.37) 

It turns out that D-d and E exhaust the most general 0{p^) tensor, 
but this is not yet apparent because in our discussion we have ignored the 
possibility of constructing tensors directly from the gauge fields A^ rather 
than starting from the d and the e symbols. Notice that A^ is very different 
from the other CCWZ objects because it transforms directly with the ^ 
transformation g{x), as in Eq. (2.3.25), rather than with the matrix h. 
This is the reason why we had to “dress” it with the Goldstone matrix in 
Eq. (2.3.28): the Goldstone matrix, since in transforms with g on one side 
and with h on the other, is precisely what is needed to change an index 
transforming with g into a one transforming with h. We might consider 
dressing the A^ field strength defining an object 

= c/[n]-^ • F^ 4 A] ■ U[U] 

= C/[n]-^ • {d^A, - d,A^ - i [A^, A,]) ■ t/[n], (2.3.38) 


that transforms homogeneously with h. Clearly, E belongs to the algebra of 
Q and therefore decomposes along the broken and the unbroken generators 
leading to two tensors 

= + G Ad^0r^, (2.3.39) 

in the adjoint and in the r,r representation, respectively. However the E ten¬ 
sors are redundant, and thus they can be ignored in the operator classification 
because they can be expressed as linear combinations of the others. This is 
readily shown by noticing that the field strength F^i,[A\ reacts linearly to a 
gauge transformation of the argument so that 


= U[H]-^ ■ F^^A] ■ U[H] = F^^ 
= F^i, [d -k e] , 


ae- 


(2.3.40) 


where we made use of the definition of d and e in Eq. (2.3.28). The object 
on the second line of the equation is an 0{p^) tensor constructed in terms 
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of the d and the e symbols and thus it must be, according to the previous 
classification, a linear combination of D-d and E. 

Notice that Eq. (2.3.40) could be used in two ways, either for eliminating 
J- in favor of the others or for expressing two linear combinations of d^, D-d 
and E in terms of and ■ This second option might be convenient 
for certain applications. For instance in composite Higgs one might want to 
separate the operators constructed with the J^’s, which are entirely induced 
by the SM gauging and vanish in the ungauged limit —>• 0, from the ones 

which emerge from the composite sector alone. Moreover the T components 
are easy to compute because they contain no Goldstone boson derivatives 
and thus it might be useful to express the other tensors in terms of them. 
For those applications Eq. (2.3.40) needs to be explicitly worked out. By 
exploiting the commutation relations in Eq. (2.3.11) we obtain 

(-TAd)^[^^a = a + ('^Ad)/^!^. a i 

~ — [D - d)^^_a + , (2.3.41) 

where d^ is a d^ operator in the r,r representation defined as 

«)M..a = r^d^,ad,_g. (2.3.42) 

Notice that for symmetric cosets, where = 0, d^ vanishes. 

Aside from being a derivation of Eq. (2.3.41), the discussion above il¬ 
lustrates how the gauge source fields can be ignored in the classification of 
CCWZ tensors or invariant operators. The d^ symbol, the E^^, field-strength 
and the covariant derivatives is all what is needed, any object directly formed 
with the sources can be systematically expressed in terms of the latter as we 
saw above for the J- tensors. It is actually even simpler than that because 
Efj^t, is the commutator of two covariant derivatives as in Eq. (2.3.35). There¬ 
fore dfj_ and D^ are, strictly speaking, the only needed objects. However for 
practical purposes derivative commutators are conveniently traded for the 
field-strength. In Sect. 3.2.1 we will make use of those rules for the classifi¬ 
cation of the complete SO(5)/SO(4) Lagrangian at 0{p‘^). 

In what follows we will occasionally need to include in our model, on top 
of the Coldstone and of the gauge bosons, also some of the composite sector 
resonances. The latter states are parametrically heavier than the former ones, 
but it might still be worth including some of them in the effective field theory 
if their mass happens to be smaller than the typical composite sector scale. 
CCWZ is the ideal framework to discuss resonances. In full analogy with 
what we found for the d-symbol components in Eq. (2.3.22), we introduce 
resonance fields 4'^ transforming as 

^ ^(9). = ^ , (2.3.43) 

where Cap; g] are the parameters of the Jl transformation dp; g] as in 
Eq. (2.3.7) and are the generators of in a given representation r<p. 


44 


CHAPTER 2. GOLDSTONE BOSON HIGGS 


The d-symbol transformation property corresponds to the particular case 
= r^. This is a consistent assignment because it respects the Q group 
multiplication rules 


V[/(9i-92) 



(2.3.44) 


thanks to the following property of h 


h P; gi ■ 92 ] = h 


n(92 


9i 


h P; 92] 


(2.3.45) 


The latter is easily shown from the definition in Eq. (2.3.6). Notice that all 
the structural properties of h, among which the one above, only depend on 
the commutators algebra of the generators employed in its definition and not 
on their explicit representation. Therefore Eq. (2.3.45) holds for as well, 
in spite the latter being defined as the exponential of fR generator matrices 

We stress once again that the resonance transformation property is defined 
in terms of a representation of itf, and not of the full Q group. Therefore the 
resonance fields organize themselves in “short” multiplets, corresponding to 
irreducible representations, each of which can be treated separately. If for 
instance Q = SO(5) and = SO(4), resonances in the 4 or in the 1 can be 
introduced individually rather than grouping them in a complete 5 of ^ as we 
would have been obliged to do if Q were unbroken. Indeed we know that in 
spontaneously broken theories no degenerate Q multiplets are expected and 
the spectrum is classified in terms of the irreducible representations of the 
unbroken group. It is thus reassuring that the formalism allows us to deal 
with 9{ multiplets individually. 

In CCWZ, effective Lagrangian are written in terms of the resonance fields 
and of the d and the e symbols, with the indices properly contracted to form 
!>I invariants. Clearly when taking derivatives of the resonances the local 
nature of II must be taken into account by using the covariant derivative 

(tr/)/' ■ (2.3.46) 

If for instance 'k is a fermionic resonance its kinetic Lagrangian is simply 

i . (2.3.47) 

Notice that it contains, through the “e” term in the covariant derivative, a 
full set of interactions with the Goldstone and the gauge fields which are all 
dictated by the symmetry and controlled by the cr-model scale /. 


2.4 Partial fermion compositeness 

Nothing has been said up to now on how we plan to introduce in our con¬ 
struction the SM matter fermions, their interactions with the Higgs and 
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eventually generate their mass. This is actually a delicate task, which is 
achieved in modern composite Higgs models by relying on the so-called “par¬ 
tial compositeness” hypothesis, partial compositeness was first introduced 
by D.B. Kaplan in Ref. [40] and more recently rediscovered in the context 
of extra-dimensional models of EWSB [60]. Interestingly enough, partial 
compositeness emerges naturally and automatically in those models. This 
provides a hint that the partial compositeness hypothesis might eventually 
find a microscopic realization. See Sect. 1.3 for additional considerations on 
this aspect. 

2.4.1 The basic idea 

It is convenient to illustrate partial compositeness in opposition to the “stan¬ 
dard” approach to matter fermions in strongly-coupled EWSB models, namely 
the one which was originally adopted in technicolor models [16, 17, 28-30] 
and later in the composite Higgs context [34] (see also Ref. [61] for a recent 
example). In technicolor, and in composite Higgs as well as explained in 
Sect. 1.3, the SM fermions are introduced as elementary fields external to the 
composite sector and coupled to the latter by bilinear operators of the form 

•^Int = ’ (2-4.1) 

^uv ^uv 

where qL = {tL,bL)^, tn and bn denotes one of the SM quark fields families, 
even though for the present discussion we will be mainly interested in the 
third one as the notation suggests. Leptons could be included along similar 
lines but they play no role in what follows. All the fields are assumed to be 
canonically normalized, with SM-like kinetic terms 

= QL'^lPqL + inilptR + bnilpbn -I-... , (2.4.2) 

that originate, exactly like for the gauge fields, from the elementary sector of 
the theory. In equation (2.4.1), Os is meant to be one Lorentz scalar operator 
composed of strong sector fields. Its SM quantum numbers are precisely those 
of the Higgs field and as such it can form Yukawa-like couplings. 

Writing down Os explicitly in one example helps to clarify what we have 
in mind. In minimal technicolor, which consists of a scaled version of two- 
flavor QCD, we have 

(Os)/ ={10j + z a„Og)/ = ^, (2.4.3) 

where l.r are the chiral techniquark helds, endowed with flavour indices 
i,j = 1,2 in SU(2)ixSU(2)ii;. The equation above provides the Os compo¬ 
nents in the real fourplet notation, one could switch to the complex doublet 
notation trough Eq. (2.A.14). Therefore in technicolor Os is a techniquark 
bilinear with energy dimension d = 3, the elementary/composite interactions 
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Figure 2.2: A pictorial view of the partial compositeness approach to SM fermion 
couplings compared with the old-fashioned technicolor way. 


are dimension-6 four-fermion operators and as such are suppressed by two 
powers of the high scale, AuV) at which they are generated. Eq. (2.4.1) 
provides the obvious generalization, based on dimensional analysis, for an 
arbitrary Os dimension d. 

The physical origin of the suppression scale Apv is pictorially represented 
in Fig. 2.2 and it can be understood as follows, along the lines of Sect. 1.3. 
At around the TeV the strong sector confines and it dynamically generates 
the new physics scale m*, which can be identified with the typical mass of 
the composite resonances. Above that scale the strong sector approaches 
a conformal fixed point around which the energy scaling is dictated by the 
operators dimensionality. In minimal technicolor models the conformal fixed 
point merely correspond to the free theory of techniquarks and technigluons, 
weakly perturbed by the technicolor interactions, but on general grounds 
strongly interacting fixed points might also be considered. See Ref. [62] for a 
review and Ref. [63] for a concise but clear discussion. An explicit realization 
is the so-called “walking technicolor” model [64-69]. The fermion fields are 
not part of the strong sector, therefore their origin as physical particles and 
their interactions will emerge from a more complete theory at a scale Apv 3> 
m*. The scale Auv should be regarded as the cutoff scale of the BSM theory 
itself. For example Ayv might be the extended technicolor scale (see Refs. [30, 
70]) at which the four-fermion interactions among quarks and techniquarks 
are generated by the exchange of heavy gauge fields. 

The interaction strength is dictated by dimensional analysis, up to dimen¬ 
sionless coefficients At and A;, which depend on the couplings of the underlying 
microscopic theory. In the extended technicolor example, ~ 5 etci where 
5ETC is the extended technicolor gauge coupling. On general grounds At,b 
could be small, if the underlying couplings are weak, but they can not be too 
much larger than unity if the underlying theory has to remain perturbative. 
This implies an upper bound At,f, < AMaxj where for simplicity we treat AMax 
as an order-one parameter even if its numerical value might be larger, for 
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instance AMax ~ IGtt^ in extended technicolor. More formally, the bound 
on A comes from the fact that the elementary quark interaction must be a 
small perturbation of the strong sector dynamics in the full [m*, Ayv] range, 
otherwise our picture is not self-consistent and the scale separation among 
m* and Ayv gets destabilized. 

As depicted in Fig. 2.2, the elementary quark interactions in Eq. (2.4.1) 
must be evolved down to m* before reading their low-energy implications. In 
our hypothesis the evolution is driven by the operator dimension 

At,b[m*] ~ Xt,b ( ) , (2.4.4) 

V^uv/ 

up to corrections due to departures from the fixed point, either intrinsically 
present in the strong sector or induced by the elementary quark interaction 
itself. The quark masses, or equivalently the Yukawa couplings, are thus 
estimated to be 

yt,b = ~ At,6[m*] ~ At,b (■ (2.4.5) 

By taking into account that d — 1 can be shown to be necessarily positive 
by unitarity arguments, so that the couplings get power suppressed when 
running to the IR, we see that the above equation is problematic in two 
respects. First, the presence of the upper bound A < Ajuax makes hard 
to generate large Yukawas in our setup, which foresees a considerable scale 
separation Ayy S> m*. If for instance AMax ~ 1 and d is significantly larger 
than 1 no realistic top Yukawa coupling yt — I can be obtained. Second, even 
if it was possible to get yt right by a large enough AMax this could definitely 
not be achieved for an arbitrarily large scale separation. Since m* is tied to 
the TeV scale by the Naturalness problem we end up with an upper bound 
on Ayv, which reads 

Ayv m* < A^, TeV. (2.4.6) 

But Ayv is where the Yukawa’s are generated, therefore the full flavor struc¬ 
ture of the SM must emerge at that scale. If it is not heavy enough, above 
around 10® TeV, large and phenomenologically unacceptable extra flavor- 
violating interactions will also arise, at least in the absence of special mech¬ 
anisms and selection rules in the underlying microscopic theory. In the tech¬ 
nicolor case, where d = 3 and AMax = Ayy can be quantitatively 

estimated to be 

Ayy <10TeV, (2.4.7) 

^^The equation below trivially follows from the fact that the interaction operator stays 
unchanged during the evolution at a fixed point. The coupling runs just because of the 
different normalization of the operator in the IR, which is provided by the scale m* rather 
than by Ayv- The IR normalization is the appropriate one to read the low-energy effects 
of the interaction. 
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far below what phenomenologically acceptable. 

As proposed in Ref. [63] , one way out to this situation would be to consider 
theories where the scalar operator dimension d is close to one, namely d = 
1 + e. This would allow, in principle, to maintain a large scale separation 
while still obtaining the correct top quark Yukawa. The problem here is that 
d = 1 is the dimension of the elementary Higgs field and furthermore it can 
be shown that the only theory where d is exactly equal to 1 is the one of a free 
scalar, which suffers from the Naturalness problem. This somehow suggests 
that by taking d = 1 + £ we might run into the risk of reintroducing the 
Naturalness problem in our construction. More concretely, the issue comes if 
we ask ourselves about the scaling dimension of the scalar operator squared, 
0|, which is the analog of the Higgs mass term in the SM. If d[Og] < 4, its 
presence in the Lagrangian reintroduces the Naturalness problem like for a 
free scalar where ^[Ol] = 2. In Ref. [71], the following bound was derived 

dpi] < m , (2.4.8) 

where f{d) is a continues function and /(I) = 2. Therefore for d = 1 + £ 

dpl]<2 + 0{e), (2.4.9) 

and we are pushed into the dangerous region dpg] < 4. Though qualitative 
and not completely accurate the above discussion is sufficient to illustrate 
the difficulties with the standard technicolor-like approach to fermion mass 
generation and to motivate the study of alternative mechanisms. 

We now turn to partial compositeness. Also in this case, matter fermions 
are introduced as elementary fields external to the composite sector and cou¬ 
pled to the latter at the high scale Ayvi with the only possible exception 
of the right-handed top quark which might instead be a completely compos¬ 
ite state. Leaving aside this possibility, on which we will return later, the 
elementary/composite interactions now read 

+ ■ ■ • > (2.4.10) 

^uv 

plus analogous terms for the bottom and the other quarks. The crucial 
difference with the technicolor way is that the interaction terms are linear in 
the elementary fields rather than bilinear and correspondingly the composite 
sector operators are fermionic rather than scalar. The reason why 

this setup is called “partial compositeness” is that the linear couplings give 
rise, in the IR, to mixings of the elementary quarks with some composite 
resonances so that the physical mass eigenstates are linear combinations of 
elementary and composite degrees of freedom. The compositeness fraction, 
and eventually the Yukawa couplings which emerge from this mechanism 

^®For instance, potentially important numerical factors have been ignored in the estimate 
of Eq. (2.4.5) while they could emerge in concrete technicolor-like theories. 
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as we will see below, is controlled by the couplings duly evolved to 

the IR scale to*. Assuming for simplicity > 5/2 and ignoring self- 
induced contributions to the Renormalization Group evolution, which become 
numerically important for dL,R close to 5/2 [60] but do not change the picture 
qualitatively, the low-energy couplings are 

/ \ di—5/2 / \ dji — b/2 

A*,[to*]:=.A,, . (2.4.11) 

We see that for a large scale separation Ayv 'm* they can remain sizable, 
thus generating a large enough top Yukawa, if the operator dimensions are 
taken to be close to the critical value dL,_R ~ 5/2. 

Partial compositeness is superior to the technicolor way in two respects. 
First, there is no known obstruction in having fermionic operators of dimen¬ 
sion nearly 5/2 while we saw that d ~ 1 for a scalar is problematic. There 
is no risk of reintroducing an Naturalness problem because already in the 
simplest cases where d[(fy^] = 2d[(j>\, like in the free theory or for gauge the¬ 
ories with a large number of colors, the operator square has a safely 

irrelevant dimension equal to 5. Furthermore the five-dimensional models in 
anti-de Sitter space do provide explicit examples of conformal field theories 
(in the sense that they obey the conformal group algebra and unitarity) where 
dimensions close to 5/2 can be realized. Differently from the scalar operator 
of dimension one, there can thus not be any first principle obstruction against 
dbM ~ 5/2. 

The second point in favor of partial compositeness concerns the genera¬ 
tion of the flavor hierarchies. With the technicolor approach the small masses 
of the bottom, the charm and the other quarks must find a justification in 
the underlying microscopic theory, where some selection rule must be at 
work ensuring an hierarchy among the At and A;, UV couplings of the differ¬ 
ent families. These hierarchies are maintained by the running since all the 
Yukawa-like operators have the same scaling dimension, which is dictated by 
the one of the scalar operator Os- In partial compositeness, instead, each 
quark flavor couples to the composite sector through its own set of fermionic 
operators Opj , each characterized by its own dimensions dp p. The oper¬ 
ators in top quark sector are required to have d]^ p ^ hj^ while the others 
could have different dimensions. If dj) « ~ 5/2 = 0(1) >0 the couplings at 

TO* are naturally reduced by the running as in Eq. (2.4.11) and light quark 
masses are obtained even if no hierarchy was present in the UV couplings 
Ah^c,... ~ At. More details on this mechanism, and on how it could lead to 
a realistic Vqkm matrix and to the suppression of extra flavor transition 
among the light quarks, will be reviewed in Chap. 4. 

Partial compositeness means, as mentioned above, that the physical SM 
particles are linear superimpositions of elementary and composite degrees of 

^^The unitarity bound on fermionic operators is > 3/2, therefore we might well 

consider also the case 3l2 < dp n < 5l2 [60]. 
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freedom, namely 


|Phys.j) = cos0i|Elem.i) + sin0i|Comp.j), 


(2.4.12) 


let us see how this works in detail. At the scale to* the strong sector condenses 
and it generates, on top of the pNGB Higgs, a set of resonances with typical 
mass TO*. At least one resonance is expected for each gauge-invariant local 
operator, in the sense that each operator is expected to be capable to excite 
from the vacuum a single-particle state with the same Lorentz and internal 
quantum numbers. The fermionic operators Op are thus associated, for 
each family, to fermionic resonances Q and T for which 


{0\O^\Q)^0, {0\O^\f)^0, 


(2.4.13) 


and similarly for the down-type sector. The resonances are called “partners” 
and their basic properties are easily deduced from the equation above. First 
of all, they must carry the same SU(2)ixU(l)v quantum numbers of the 
corresponding SM fields, namely Q and T are one doublet with 1/6 hyper¬ 
charge and one singlet with Y = 2/3, respectively. One hypercharge —1/3 
singlet, B, will also emerge from the bottom sector. These representations 
are actually part of larger multiplets because in composite Higgs the SM 
group is embedded in an unbroken SO(4). Second, the Partner’s mass origi¬ 
nates from the strong sector confinement irregardless of the breaking of the 
EW symmetry. The partners must thus be endowed with a Dirac mass term, 
as opposite to a Majorana one because they are charged, which means that 
both chiralities must be present with the same quantum numbers. Fermions 
of this kind are said to be “vector-like”. 

Finally, and very importantly, the partners carry QCD color because the 
fermionic operators must come in color triplets in order to be consistently 
coupled with the quarks. This property marks another relevant conceptual 
difference with the technicolor approach to fermion masses. In the latter 
case the composite sector needs not to carry color and all its constituents 
might well be assumed to be color singlets. In partial compositeness this 
is not possible: the color group must be present as a global and unbroken 
SU(3) symmetry of the composite sector and the QCD interactions must 
be introduced by gauging this symmetry through elementary gluon fields 
similarly to what we saw in the previous section for the SU(2)^ xU(l)y group. 
This has important phenomenological implications on which we will come 
back later. 

Since the partners are excited from the vacuum by Opj :, the partial 
compositeness interactions in Eq. (2.4.10) makes them mix with the quarks, 
with a strength proportional to the IR couplings. The energy dimensionality 
of the mixing is carried by the composite sector’s confinement scale to* and 
the result is also weighted, as we will discuss in details in the next chapter, 
by one inverse power of the typical composite sector coupling g*. The mass 
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Figure 2.3: Yukawa couplings generation in partial compositeness, under the sup¬ 
plementary hypothesis of VMD as explained in the text. 


terms of the quark/quark-partners system are estimated to be 

-^Mass = -m*QQ - —m* {q^Q + h.c .), 

9* 

>CSass = -mcff - (tflf + h.c.). (2.4.14) 

9*^ 

Even if we did not indicate it explicitly, the ^ couplings in the above 
equation are clearly the ones evolved to m* according to Eq. (2.4.11). How¬ 
ever from the low-energy viewpoint we can ignore their microscopic origin 
and regard them as free input parameters. The mass matrices are easily di¬ 
agonalized leading to two massless Eigenstates, which we identify with the 
physical ql and t/j quarks, plus heavy resonances. The light states are par¬ 
tially composite as in Eq. (2.4.12) with compositeness fractions 


sinyt = 


/ _ 
L 


^II 


Vs* + {^ilY 


9* 


sinfi'fl = 


V 9^ + 


9* 


(2.4.15) 

In the second set of equalities we took the limit A/^ ^ j which is most likely 
appropriate for the light flavors but not necessarily so for the top quark. 

We are finally in the position to estimate the Yukawa couplings, out of 
which the SM particles eventually acquire their mass after EWSB. The Q 
and T partners couple to the Higgs with coupling strength g* and this gives 
rise, after the rotation to the mass basis, to Yukawa couplings of the massless 
eigenstates which are proportional to the left- and right-handed composite¬ 
ness fractions. As depicted in Fig. 2.3 the Yukawas are given by 


Uf = 9* sin sin ~ 


^II ^Ir 


(2.4.16) 


Light SM particles, with small Yukawas, are thus characterized by small A’s 
and thus by a tiny compositeness fraction sin 1 while the top is 

obliged to be composite to a large extent in order to obtain its large Yukawa. 

This concludes our first illustration of partial compositeness. Though 
qualitative, it should be sufficient to transmit the general idea. However it 
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is important to stress that our discussion, and in particular the derivation 
of the Yukawa couplings in Eq. (2.4.16), is not only qualitative but it also 
relies on one extra assumption which is not intrinsic of partial compositeness 
and could have been avoided. Namely, the estimate (2.4.16) is based on the 
idea that the only interactions of the elementary degrees of freedom with the 
Higgs are the ones mediated by the mixing with the composite resonances. 
Otherwise, extra contributions to the Yukawa would have been present in 
Fig. 2.3 from contact interactions involving the elementary states directly. 
This might be motivated by an analogy with hadron physics, where it is 
known that the interactions of the photon are mostly driven by the mixing 
with a resonance of appropriate quantum numbers, the p meson. This is 
the so-called Vector Meson Dominance (VMD) hypothesis which we might 
generalize in the present context to the dominance of the partner’s exchange 
in the interaction of the elementary helds with the composite sector. However, 
VMD is not a robust and theoretically well understood feature and we should 
not take it too seriously.^® It is thus important to remark that Eq. 2.4.16 does 
not rely on VMD. The reader will easily realize this after reading Chap. 3. 

2.4.2 Higgs couplings to fermions 

Now that the general idea is clear, let us see how to implement partial com¬ 
positeness concretely in the composite Higgs framework. We will show how 
sharp leading-order predictions can be obtained for the physical Higgs cou¬ 
plings to fermions. However, differently from the gauge boson couplings in 
Eq. (2.2.34) which we saw to be model-independent and completely deter¬ 
mined by the choice of the coset, the fermion interactions depend on one 
extra model-building assumption related with the detailed implementation 
of partial compositeness. The simplest and most common options will be 
discussed in turn. 

In partial compositeness the quarks interact with the composite sector 
through fermionic operators Op’^ as in Eq. (2.2.34). In order to make quan¬ 
titative predictions more details must be specified on the nature of those 
operators. In particular, we do need to specify their representation under the 
SO(5) global group. Notice that the full SO(5), irregardless of being spon¬ 
taneously broken to SO(4), is what matters here because it must be kept in 
mind that the elementary/composite interactions were originally written at 
the high Ayv scale, far above the one where spontaneous breaking occurs. 
At that scale the operators are classified into full SO(5) multiplets. Stated 
differently, the UV operators are made of the strong sector constituents of 
the underlying microscopic theory, for which SO(5) is still an unbroken fla¬ 
vor symmetry and particles are grouped in SO(5) representations. Choosing 
the SO(5) representations of Op^ is the model-building ambiguity we were 
referring to in the previous paragraph. A priori, any complicated and re- 

^®Nevertheless, as stressed in Ref. [72], it might still be a convenient simplifying assump¬ 
tion for the study of composite Higgs models. 
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ducible representation might be considered. However the only mixing that 
matters in the IR is the one with the operator of lowest dimension, given 
that the effect of the others is washed out by the running. This singles out 
a unique irreducible representation, barring the implausible possibility that 
the strong sector contains several multiplets with accidentally comparable 
scaling dimensions. A case-by-case study of the irreducible representations, 
starting from the smallest multiplets which are more likely to have low energy 
dimension, is thus sufficient to cover all the plausible theoretical options. 

The operator multiplets must be such as to contain the SM quarks rep¬ 
resentations, 2i/@, I 2/3 and l_i/ 3 , when decomposed under the EW group 
Gew- These components of the multiplet are the only ones that actually 
participate in the elementary/composite interactions. However, it turns out 
that no such representation exists if Gew is entirely embedded in SO (5). An 
extension of the global symmetry group of the composite sector is required 
in order to implement partial compositeness. The simplest possibility is to 
add a new unbroken U(l)jv factor, extending the original breaking pattern 
SO(5) ^ SO(4) to 16 

SO(5) X \J{l)x SO(4) X \J{l)x ■ (2.4.17) 

In the scheme we had in mind until now, which was introduced in Sect. 2.2.2, 
Gew was embedded in the unbroken SO(4) = SU(2 )e xSU(2)fl and the hy¬ 
percharge was provided by the third SU(2)fl generator, Y = T^. We now 
instead give to the hypercharge also one component along the newly intro¬ 
duced U(l)x generator, namely 

y = r|-kA. (2.4.18) 

In practice, this means introducing a new term in the elementary/composite 
interactions of Eq. (2.3.26), namely to take i*" 

aJ^' (2.4.19) 

where is the U(l)x global current and is the associated source field. 
The physical value of the new source is 

= g'B^ , (2.4.20) 

where is the hypercharge field. also enters in the T| term of 
(2.3.27) and therefore it couples with Y as required by Eq. (2.4.18). 

This might seem a radical deformation of our setup, however it is not 
because U(l)x is unbroken and thus it does not lead to a new Goldstone. 

^®Partial compositeness requires, as described in the previous section, one further exten- 
sion by an unbroken color SU(3)c group under which the fermionic operators are triplets. 
The complete group is thus SO(5)xU(l)xxSU(3)c- 
^^An analogous term gs Ga ■ Jq be introduced for the gluon fields a, coupled 

to the currents of the SU(3)c color group introduced in Footnote 16. 
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Furthermore it commutes with SO(5) and therefore the bosonic fields whose 
dynamics we have been studying so far, namely the Higgs and the gauge 
fields, are all neutral objects. All the derivations of the previous sections, the 
definition of the CCWZ d and e symbols and their properties are unaffected 
by the extension of the group and hold in exactly the same way. The pres¬ 
ence of the U(l)js: must of course be taken into account when dealing with 
charged fields, in particular the covariant derivative of Eq. (2.3.46) should be 
supplemented by a term with the source in order to respect local U(l)x 
invariance. 

We now return to our problem of identifying suitable representations for 
the fermionic operators. The simplest one is the 5, let us thus start from 
the case in which the Op , namely those that mix with the elementary 
and tji as in Eq. (2.4.10), are part of a fiveplet with an appropriate choice, 
X = 2/3, of the U(l)x charge. When decomposed under SO(4), the fiveplet 
splits into a singlet plus one fourplet 4 = (2, 2), which in turn leads to two 
SU(2)i doublets of opposite Tp charges as shown in Appendix 2.A. Given 
our new definition of the hypercharge (2.4.18), the 62/3 decomposes under 
Gew 9-8 

^2/3 ^ 2/3 0 I 2/3 —t 27 /g 0 2x/g 0 I 2/3 . (2.4.21) 

The two last terms could couple to qL and to tn respectively. The easiest 
one is the tji coupling. The fermionic operator, {Op)j, is endowed with a 
fiveplet index I but the only component which couples to Ir is the singlet 
embedded in the last entry 1 = 5. Nevertheless, it is convenient to express 
the interaction as 

= >^tjR (0^)5 0 h.c. = Xt, (TrY 0 h.c. , (2.4.22) 

in terms of an incomplete fiveplet 

Tr = {0, 0, 0, 0, Ir}^ , (2.4.23) 

which we denote as the embedding of Ir in the 5. Notice that the interac¬ 
tion has been written in a shorthand notation in which represents the 
coupling strength at the IR and the powers of m* needed to match energy 
dimensionality have been reabsorbed in the operator normalization. The “ ^ 
” symbols is just the transpose, needed because we want to work with column 
vectors. 

The rewriting in terms of Tr is extremely useful to read the implications 
of the symmetries on the elementary fermions interactions. Suppose one is 
willing to compute the effective Lagrangian for the SM fermions, the gauge 
and the Higgs fields, obtained by integrating out the composite sector dy¬ 
namics and ignoring the virtual effects from elementary fields exchange, which 
could be possibly added on top. The fact that Tr is an incomplete multiplet 
is irrelevant for this calculation, we might formally uplift it to a complete 
multiplet of external source fields and eventually set it to its physical form 
by Eq. (2.4.23). The idea is exactly the one we introduced in Sect. 2.3.2 to 
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deal with the elementary gauge helds. But if Tj^ is regarded as a complete 
multiplet we can consider transforming it under the global group and its ef¬ 
fective Lagrangian must stay invariant. The transformation must clearly be 
the same one of Op in order for the interaction to be formally invariant. 
Therefore under SO(5) 

(Tp),^ g/{Tp)j , (2.4.24) 


and the U(l)x charge is equal to 2/3. In order to write down invariant 
Lagrangians by employing the general CCWZ construction it is convenient 
to “dress” the source with the Goldstone matrix and to define the following 
objects 

{T^, Tkf = U[U]-^ ■ Tr . (2.4.25) 

This dressing procedure is fully analog to the one we adopted for the gauge 
source in Eq. (2.3.28): by multiplying with U~^ we turn an index transform¬ 
ing with g into one transforming with /i[n; g\. The latter can be eventually 
contracted, together with all the other CCWZ objects defined in Sect. 2.3, 
by respecting the local SO(4) symmetry and the result will be automati¬ 
cally invariant under the full SO(5). Notice that /ijll; g] is the exponential 
of unbroken SO(4) generators only, for which we took a block-diagonal form. 
Therefore h itself is block diagonal, with the first 4x4 block made of an SO(4) 
rotation and “1” in the remaining entry. The two objects defined above, Tp 
and Tp, thus belong to two distinct SO(4) representation, namely 

G 42 / 3 , T}, G I 2 / 3 , (2.4.26) 

with 2/3 U(l)x charge. They can be employed independently in the con¬ 
struction of invariants. 

We now turn to the qL coupling. The corresponding operator, {Op)i, 
is still an SO(5) hveplet with X = 2/3, but it is not necessarily related 
with {Op)j. Two independent operators might well exist in the composite 
sector, characterized by different scaling dimensions dp ^ dp. Furthermore, 
the opposite chirality components of Op and Op participate to the mixing, 
namely the right-handed chirality for Op, which mixes with qp, and the 
left-handed one for Op. If the composite sector does not respect the parity 
symmetry the two chiralities correspond to independent operators. If on the 
contrary the composite sector does respect parity we might be entitled to 
regard Op and Op as the two components of one single Dirac operator and 
in this case dp = dp. The discussion which follows is independent of which 
of the two options is realized. 

In very much the same way as for the tp we write the qp interaction as 
CZ = Xt, {Qj' {0^p)j + h.c., (2.4.27) 


where Qt^ is again an incomplete multiplet, this time given by 


L 


1 

7 ^ 


{-ibp, 


-bh, 


-itp, tp, 0}^ . 


Qt 


(2.4.28) 
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The ql doublet is embedded in the SO (4) fourplet components of the fiveplet 
according to Eq. (2.A.19), it corresponds to the = —1/2 doublet 4>_. 
Exactly like for Tr (2.4.25), we can act on Ql with the Goldstone matrix 
and obtain two new SO (4) multiplets 

Qt^ S j QIl ^ ^2/3) (2.4.29) 

which we will employ in the construction of the invariants. 

The leading order invariants are the ones made of two source fields and 
no derivatives. These are 0{p^) operators in the counting we introduced in 
Sect. 2.3. The contraction of two Tr or of two Qti sources vanishes because 
of chirality and one is left with mixed Qt^-Tn terms. Two invariants might 
be formed, a priori, by contracting Qf^ with and with T^, however 
the two are not independent because of the following relation 


{q 


{Tr), + Q\tI = (Q*J" [tz/t/t/ + 
= (q*j'(Tr), = o, 


(Tr)^ 


(2.4.30) 


which vanishes because Qtj, and Tr are orthogonal. We thus find a unique 
effective operator with two elementary fermions and no derivatives, which 
leads to a generalized top Yukawa Lagrangian 


/’* 

^Yuk 




+ h.c. 




1 . 2^\H\_ 

sm-;- q^H tji + h.c. 


2V2\H\ 


f 


(2.4.31) 


where H‘^ = ia^H*. The parametrization of the operator coefficient in the 
equation above is actually irrelevant for the results which follow, however 
it requires some explanation. The Ql and sources interact with the 
composite sector only in combination with the coupling strength and 
A(^, respectively. Therefore each source insertion is necessarily accompanied 
by one power of the corresponding coupling. The composite sector scale m* 
provides the energy dimensionality of the operator and c* is an order one free 
parameter. The justification of the 1/g* factor, which is similar to one we 
encountered in Eq. (2.4.14), is instead more complicated and it is postponed 
to the next chapter. 

Eq. (2.4.31) is an infinite series of operators with more and more insertions 
of the Higgs field, each weighted by the Higgs decay constant /. The leading 
operator is just the dimension 4 SM up-type Yukawa interaction. All the 
others, starting from d = 6, provide corrections to the Higgs-top coupling 
with respect to the SM. This whole set of interactions is controlled, at fixed 
/, by a single multiplicative parameter which however is not free because we 
still have to impose the constraint of the top quark mass. When the Higgs is 
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set to its VEV, Eq. (2.4.31) becomes the top mass term with 


mt 


\/C(l ~ 0 


-m. 




(2.4.32) 


By trading the prefactor for mt and going to the unitary gauge the generalized 
Yukawa Lagrangian in Eq. (2.4.31) becomes 


^Yuk 


mt 1 . 2{y + h) 

= — —- , sm--- tt 

2 / 

^ mt, - mt, o- 

= —mtU — kt — htt — + ... 

V 


(2.4.33) 


It provides the top mass term, plus a set of top interactions with the physical 
Higgs. The first one is a SM-like coupling, but with a modified strength 


comp 

_ 9htt 
o — „SM 
y/itt 


1 - 2 C 


(2.4.34) 


The result is labeled by the superscript “ ®” because it relies on our choice 
of embedding the operators in the fiveplet. The second interaction is a di¬ 
mension 5 vertex with two Higgs bosons, obviously absent in the SM, with 
coefficient 

C2=-2^. (2.4.35) 

As expected on general grounds, the couplings reduce to the SM ones in the 
limit ^ 0. Namely /cf —?► 1 and c| —>■ 0. 

The bottom quark sector, namely the interactions needed to generate 
the bottom mass and Yukawa couplings, are introduced in complete analogy 
with the top ones. We consider, on top of Eq. (2.4.10), two further elemen¬ 
tary/composite couplings 


rb _ 
•^int — 


^br 


+ 


a4-5/2 


Abe 


.<-5/2 


bRO‘ 


F I 


(2.4.36) 


where 0’’p and 0’’p are, respectively, in the 2i/g and l_i /3 of the SM group. 

Notice that O^p has the same SM quantum numbers of the corresponding 
operator in the top sector. In spite of this, the two are independent objects, a 
priori. The bottom sector operators can be embedded in a 5_i/3 of SO(5) x 
U(l)x, which decomposes as 


5-1/3—>■ 4-1/3 0 1-1/3—>■ 2i/6 0 25 /g 0 l_i/3 , (2.4.37) 

under Gew- The interaction (2.4.36) is rewritten as 

4„t = Ab. (Qbj' + Ab„ (BrY , 


(2.4.38) 
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where, for shortness, the dimensionful normalization has been reabsorbed in 
the operators. The two new source fields and Bj^ are given by 


QbL 


1 

75 


{—Hl, II, ibL, bL, 0 }^, 


Br = { 0 , 0 , 0 , 0 , . 


(2.4.39) 


Differently from the one for the top in Eq. (2.4.28), the source is chosen 
to project on the = 1/2 doublet in the decomposition (2.A. 19). 

By acting with the inverse of the Goldstone matrix we turn the sources 
into SO(4) multiplets 

QbL ^ 4_i/3 , QI^ G 1-1/3 j 

Br G 4_i/3, Br G 1-1/3, (2.4.40) 


out of which we can form invariants. Contractions with the top sector sources 
are forbidden by U(l)x and the only invariant is found to be 


pb 

^Yuk 


, Xhn 


rriifQbj^B^ + h.c. 




9l 2V2\H\ 


1 . 2^/2\H\_ 

sm-;- qj^HoR + h.c. 


f 


(2.4.41) 


This generalized down-type Yukawa Lagrangian gives mass to the bottom 
quark. After trading the prefactor for mb and going to the unitary gauge 


^Yuk 


mb 


75 ( 1-0 


sin ■ 


2{V + h) 

1 


bb 


= —mbbb — kb^^h bb - 

V 


(2.4.42) 


where kb, the modification of the bottom-Higgs coupling with respect to the 
SM is found to be 


k 


5 

b 


gl^b 


1 - 2 $ 

7W' 


(2.4.43) 


Additional higher dimensional vertices, such as hmb, are also present in 
Eq. (2.4.42). However they are suppressed by the small bottom mass and 
thus, differently from the h'^tt coupling in Eq. (2.4.33), hardly play a relevant 
phenomenological role. 

The discussion proceeds along similar lines for any representation in which 
we might take the fermionic operators to transform. An “economical” choice 
is the spinorial 4 of SO(5) defined in Appendix 2.B. From the explicit form 
of its generators (2.B.5) we see that it decomposes as 4 = (2,1) 0 (1, 2) 
under SO(4), therefore if we assign to it a U(l)x charge X = 1/6 it will 
simultaneously contain all the SM representations of one complete quark 
family, namely 


4i/ 6 —^ (2, l)l/6 ® (1, 2)i/ 6 —^ 2i/g 0 I 2/3 © 1 - 1/3 . 


(2.4.44) 
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The elementary field embeddings become now 

QtL = QbL = bL, 0 , 0 }'^, 

Tr = { 0 , 0 , 0 }^ , 

= {0, 0, 0, , (2.4.45) 


out of which a total of 6 CCWZ tensors, 3 of which in the (2,l)i/g and 
the others in the (l, 2 )i/g, can be constructed by acting with the inverse 
of the Goldstone matrix. Clearly, the Goldstone matrix in the spinorial, 
reported in Eq. (2.B.9), has to be employed. Out of the 4 possible invariants 
only two are independent because, similarly to what we saw happening in 
Eq. (2.4.30) for the fiveplet, the sum of the (2,1) and of the (1,2) self¬ 
contractions vanishes. This is actually a general rule, which has to do with 
the fact the sum of the contractions among the different SO(4) multiplets 
reconstructs one SO(5) invariants from which the Goldstone matrix, which 
acts as an SO(5) transformation, systematically cancels. The net result is that 
only two invariants exist, corresponding to up- and down-type generalized 
Yukawas 


ct 

^Yuk 


^Yuk 


= • Tr^'^’^^ + h.c. 

gi 

fXt.Xtn 1 . V2\H\_ 

= -c - 2 —- Y^qLH^tR + h.c. 

gi ^\H\ f 


• Br^ ' -b h.c. 


,Xt,Xt^ 1 . ^\H\_ ^ 

^ ^J^^^HbR + h.c. 


(2.4.46) 


where the dot stands for the doublet indices contraction. By trading the pre¬ 
factor for the physical top and bottom masses, going to the unitary gauge 
and Taylor-expanding the Lagrangian we obtain the top and bottom Yukawa 
couplings modification and the coefficient of the hHt operator 


kt = kt = V^^, = (2.4.47) 

As anticipated, the predicted pattern of fermion coupling modification is 
different than the one we encountered in the case of the 5. 

The scenarios described above, with fermionic operators in the 5 and in 
the 4, correspond to the most popular Minimal Composite Higgs Models, 
denoted as MCHMg and MCHM 4 , respectively. The MCHM 4 was first pro¬ 
posed in Ref. [42] but subsequently abandoned in favour of the MCHM 5 [73] 
because it was found, as reviewed in the following chapters, that it leads 
to a large and phenomenologically unacceptable correction to the Z boson 
coupling to the left-handed bottom. The MCHM 4 and the MCHM 5 , aside 
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from the fact that they predict different modified couplings, share two pecu¬ 
liar features which are not representative of the generic situation one might 
encounter for other representations. The first peculiarity is that the Higgs 
couplings are uniquely predicted in terms of This came because in both 
cases we found only one invariant operator for the top and one for the bottom 
sector, the theory was thus completely specified in terms of two parameters 
only which we traded for mt and mb- There exist representations for which 
this is not the case. Suppose for instance embedding the top sector operators 
in an adjoint of SO(5) with X = 2/3, the SO(4)xU(l)x decomposition of 
this representation is 


102/3“^ (3, 1 ) 2/3 ® (1) 3 ) 2/3 0 (2, 2 ) 2/3 . (2.4.48) 

This is a viable representation since ql can be embedded in the bidoublet 
and tft in one of the components of the (1, 3 ) 2 / 3 . After being dressed with 
the Goldstone matrix, the Ql and Tr sources give rise, by the above decom¬ 
position, to three separate irreducible representations which we can use to 
write down the effective Lagrangian. Three singlets can thus be formed by 
contracting Ql with Tr and only one combination of those is trivial because 
it corresponds to a full SO(5) invariant. We are thus left with two indepen¬ 
dent operators in the top sector and thus with two free parameters.^® One 
combination is fixed by the top mass but the other remains free and affects 
the Higgs couplings which are no longer predicted. 

The second peculiarity is that in both the MCHM 5 and the MCHM 4 
scenarios the physical Higgs couplings to top and bottom are modified by 
the same amount with respect to the SM, namely kt = kb- This is obviously 
not a general feature, the simplest counterexample is to consider to different 
SO(5) representation for the top and the bottom sectors. If for instance 
we had taken the top sector operators are in the 5 but the bottom ones 
in the 4 we would have found kt = kf =/= kb = k^. Generic or not, the 
equality of top and bottom couplings modification is a robust feature of the 
MCHM 4^5 models, which we can exploit for a fast and easy comparison with 
the experimental measurements of the Higgs boson couplings. One way in 
which those experimental results are presented are Gonfidence Level (CL) 
curves on the ky-kp plane, where ky is the modification of the Higgs coupling 
to vectors and kp is a universal rescaling of the coupling to fermions with 
respect to the SM. Since the current experimental results are dominated by 
the top and bottom Yukawa couplings while the sensitivity to leptons and 
light quark couplings is extremely mild or absent, we can interpret kp as 
kp = kt = kb, without worrying about the other fermions. By combining 
our predictions for kp as a function of ^ with ky obtained in Eq. (2.2.34) we 
can draw a line on the ky-kp plane for each of the two models and compare 

^®By making extra assumptions on the composite sector the number of parameters might 
be reduced back to one. For instance, if we postulate that the composite sector is invariant 
under a Plr parity which interchanges left and right SO(4) generators the operators 
constructed from the (3,1) and the (1, 3) would be obliged to have the same coefficient. 
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Figure 2.4: Fit of the Higgs coupling strength to the gauge bosons (ky) and fermions 
(kp) obtained by the ATLAS (red contours) [74] and CMS Collaborations (blue 
contours) [75] from the combination of the 7 and 8 TeV LHC data. The solid black 
lines show the predictions in the MCHM 5_4 models for different values of C 


with the CL curves. The result, displayed in Fig. 2.4, shows that relatively 
large values of above around ^ > 0.2 are excluded by the Higgs data. As 
we will see in the following chapters, these limits are barely competitive with 
other constraints from the LEP electroweak precision tests and from direct 
resonance searches at the LHC, but they are sufficient to give an idea of the 
allowed parameter space of the composite Higgs models. 

For reasons related with the radiative generation of the Higgs potential 
which will become clear in the following chapter, one last case which is worth 
discussing is when the top sector operator 0*p is in a 142/3 of SO(5) and 
0*p in a singlet l 2 / 3 - The setup could be completed by different choice 
of representations in the bottom sector, which will turn out to have a mild 
impact on the Higgs potential. The 14 is the symmetric traceless tensor 
product of 2 fiveplets, thus it decomposes in SO(4) in terms the corresponding 
2-index tensor, the 9 = (3,3), plus one fourplet sitting on the last line and 
column and one singlet in the 5-5 entry, namely 


142/3(3, 3 ) 2/3 © (2, 2 ) 2/3 0 (1, 1 ) 2/3 • (2.4.49) 


The ql doublet mixes, as in previous cases, with the (2, 2 ) 2 / 3 , its embedding 
in the (QtL)ij source tensor reads 


QtL 


1 

71 


0 0 0 0 —ibp 

0 0 0 0 

0 0 0 0 -itL 

0 0 0 0 ti 

-ibp - bp -ith th 0 


(2.4.50) 


When dressed with the Goldstone matrix, the 142/3 splits into three irre¬ 
ducible representations in accordance with the decomposition above, but the 
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only one that matters is the singlet 





(2.4.51) 


which we will combine with the Tfj to form an invariant operator. 


G 


•t _ 

•Yuk ~ „2 



(2.4.52) 


where Tr = Ir is the trivial embedding of Ir in the singlet. With the usual 
procedure the modified Higgs couplings are easily found to be 



(2.4.53) 


The results happens to coincide with the one obtained for the 5. 

One further reason for being interested in the 14 © 1 pattern is that it 
can be also interpreted as describing the case of a completely composite Ir 
field, emerging directly from the composite sector rather than originating in 
the elementary one. This is possible because the tR couples to an operator 
in the I 2/3 of SO(5)xU(l)x, therefore its interaction 


£(« + h.c., 


(2.4.54) 


is perfectly invariant under the composite sector symmetry group, provided 
the Ir field is interpreted as a composite sector bound state in the I 2/3 of 
the unbroken group SO(4)xU(l)x- Also, being an SO(4) singlet, the CCWZ 
kinetic term for such a resonance (see Eq. (2.3.47)) would contain no term 
and it would just coincide with the SM one we assumed in Eq. (2.4.2).^® 
Therefore all the terms we wrote down for Ir could have come from the 
composite sector, compatibly with all its symmetries. The difference between 
the elementary and composite Ir interpretation of the 14 © 1 setup is purely 
quantitative and resides in the expected strength of Xtn- In the former case, 
At^ is an elementary sector coupling and thus we take it smaller than the 
composite sector one: At^, < g*- In the latter one, At^j is naturally of order 
5 *. By treating it as a free parameter and making no a priori assumption 
on its value we can smoothly interpolate among the two interpretations. In 
particular in Eq. (2.4.52) we can take At^ ~ g* showing (using the relation 
1 ^* = 9* f which we will discuss in the next chapter) that in the composite 
tR case the left-handed coupling must be Xt^ ~ yt in order to reproduce the 
top quark Yukawa coupling yt . These considerations will be important when 
we will study the generation of the Higgs potential. 


^®The gauging of U(l)x leads to an additional term in the resonance covariant derivative 
in Eq. (2.3.46) which precisely reproduce the SM gauge interaction. 








Appendix 


2.A The SO(4) algebra 

The Lie algebra of SO(4) is the 6-dimensional space of traceless Hermitian 
imaginary 4x4 matrices that define the fundamental (the 4) representation 
of the group. For applications to composite Higgs the most convenient choice 
of the Lie algebra basis is the one that makes explicit its connection with the 
algebra of the chiral group 811(2)^x811(2)^^, which has also dimension 6. The 
two groups are indeed locally isomorphic, i.e. 

SO(4)~SU(2)LxSU(2)fl, (2.A.1) 


which means that they have the same algebra. In order to prove the isomor¬ 
phism and to derive the 80(4) basis we proceed as follows. Be H a real vector 
in the 4 of 80(4), its four components are in one-to-one correspondence with 
the elements of a 2 x 2 pseudo-real matrix 


E = 


1 

71 


(t(T„n“ + i2n4) 



(2.A.2) 


where a = 1,2,3, cTq are Pauli matrices and 


CTj = {tcr„,l2} • (2.A.3) 

The ct’s obey the following normalization, completeness and reality conditions 

TrH^i] = 2 kj , E H)a*' = 2 > 

(Ai)* = (T2CTjCr2 , CTiff] - CTjctJ = 2aia'j - 2 5ijl2 , (2.A.4) 

from which E is immediately seen to be pseudo-real, i.e. 

E* = cr2Ecr2 ■ (2.A.5) 

The chiral group acts on E by matrix multiplication, 

S ^ gL^g\- (2.A.6) 
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and it preserves the pseudo-reality condition (2.A.5). Therefore the ma¬ 
trix E offers a consistent representation of the chiral group, which we call 
a pseudo-real bidoublet (2, 2) with a self-explanatory notation. In order to 
demonstrate the local isomorphism among the two groups we consider an 
infinitesimal chiral transformation on E and we show that it has the same 
effect as an SO(4) rotation on the 11 vector. This is because 

Tr [E^E] = |flp. (2.A.7) 

The trace is invariant under Eq. (2.A.6), which means that the norm of 11 is 
unchanged by the chiral transformations. Since SO(4) contains the most gen¬ 
eral norm-preserving infinitesimal transformation of a four-component vector, 
this demonstrates that any chiral transformation is an element of SO (4) and 
therefore the chiral group algebra is contained in the SO(4) one. However no 
sub-algebra exists, aside from the full algebra itself, with the same dimen¬ 
sionality of the original one. The isomorphism (2.A.1) is thus proven. 

Let us turn to the determination of the SO(4) generators. In light of the 
discussion above we can split them into two sets G = {t^, with a = 1, 2, 3. 
Each set obeys SU(2) commutation relations and the two sets commute in 
accordance with the SU(2)j;,xSU(2)ii; algebra, namely 


''Ll ''L 






‘'R 


= 0 . 




R ’ 


(2.A.8) 


Those generators, in the fundamental 4 representation, are easily extracted 
from the infinitesimal variations 


<5lS = z<5^^E, 

5flE = -afE^, (2.A.9) 

under chiral transformations gL,R — 1 + 12. The corresponding vari¬ 

ations of n have the form 


6LU = iSttlfi, 

= (2.A.10) 


from which, by matching with Eq. (2.A.9), we obtain 


= jTr[CTjCT“crj] = - ^ 

+ (SrSf - 




(2.A.11) 
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The generators obey the commutation relations in Eq. 
subject to the normalization and completeness relations 


Tr 




= Tr 




= S' 


'ab 


Tr 




= 0 


E {tDki + =-h - SuSjk) , 

a—l *- -* 


4 \itlhitl)u-itRhitR)kl 

Ot — 1 




(2.A.12) 


where Sijki is the anti-symmetric Levi-Civita tensor in 4 dimensions. 

In composite Higgs models the SU(2 )l group is identihed with the SM 
left-handed group and the hypercharge U(l)y is the third 811(2)^ generator 
up to the U(l)jf charge (see Sect. 2.4.2), which however vanishes for the Higgs 
held. In this case the four real components of the (2, 2) representation dehned 
in Eq. (2. A.2) form one complex SM-like Higgs doublet with 1/2 hypercharge. 
This is immediately verihed by noticing that E, thanks to pseudo-reality, can 
be written as 

E = H) , (2.A.13) 

in terms of the doublet H and of its conjugate = ia 2 H*. By remembering 
that is also a doublet but with — 1/2 hypercharge it is immediate to verify 
that the action of the chiral group in Eq. (2. A. 6 ) matches the expected Higgs 
transformation rules under the SU(2)ixU(l)y. By the dehnition (2.A.2) the 
H components are expressed as 


H = 



1 

71 


n2 -h 
H^ - iH^ 


(2.A.14) 


in terms of the fourplet helds Hy Conversely, one real 80(4) fourplet or, 
equivalently, one pseudo-real (2, 2), can be rewritten in terms of one complex 
Higgs doublet as in Eq. (2.2.24). This is to say that the real 80(4) fourplet 
decomposes as 

4= (2,2) ^ 2i/2, (2.A.15) 

under the SU(2)ixU(l)y subgroup. 

Similar considerations hold for the complex 80(4) fourplet, which we 
will encounter in the main text when dealing with the SM matter fermions. 
Its complex components '<p'‘ can be traded for the elements of a generic 
2 x 2 matrix 

^ (V’'‘ + * CTaV'“) = , (2.A.16) 

which transforms in the (2, 2) representation as in Eq. (2.A. 6 ). Since it does 
not obey the pseudo-reality condition we dub it a complex bidoublet ( 2 , 2 )c. 
Under the SU(2)ixU(l)y subgroup the two columns of 'k form two doublets 
with opposite ±1/2 Y charge, namely 


4i = 


1 

71 


iijj^ -\- ip; 
—'i/^^ p}^ — ipj 


1 ■ 

3 


= (^-, 'f+) ■ 


(2.A.17) 
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This corresponds to the decomposition 


4e = (2,2)c ^ 2 i/2©2_i/2. (2.A.18) 

From Eq. (2. A. 17) we can easily read the up and down components of the two 
doublets in terms of the fourplet fields. Conversely, the fourplet components 
are written in terms of as 




v2 




(2.A.19) 


The above equation is often referred to as the embedding of the two doublets 
in the complex 4. 

Other relevant representations are the ( 2 , 1 ) and the ( 1 , 2 ). As the no¬ 
tation suggests these are doublets under one of the chiral SU(2) factors and 
they are invariant under the other one. Their SU(2)iXU(l)v decomposition 
is obviously 


(2.1) ^ 2o, 

(1.2) li/2 ® 1-1/2 • (2.A.20) 

The adjoint of SO(4), the 6, also deserves some comment. Given that the 
algebra splits into the tensor product of two SU(2)’s, the adjoint is a reducible 
representation and it is represented, in 811(2)^x811(2)^; notation, as 

6= (3,1)0(1,3), (2.A.21) 

where two terms correspond to the generators respectively. The 

decomposition reads 


(3,1) ^ 3o, 

(1,3) ^ lo©li©l-i. (2.A.22) 

The last representation which is worth mentioning is the 9 = (3,3). It 
corresponds to a real 3x3 matrix with the chiral group acting in the spin 
one representation on the two sides, or to the symmetric traceless tensor 
product of two fourplets. It decomposes as 


9 — (3, 3) —^ 3q 0 3x 0 3_i . (2.A.23) 

2.B Explicit CCWZ for SO(5)/SO(4) 

The abstract definitions of 8ect. 2.3, where the CCWZ construction is illus¬ 
trated for a generic coset, become concrete and fully explicit in the 
particular case of the minimal coset S0(5)/80(4). 

The 80(5) generators, reported explicitly in Eq. (2.2.21) for the funda¬ 
mental 5 representation, can be split into an unbroken subset T“ which repre¬ 
sents the 80(4) subgroup and obeys the commutation relations in Eq. (2.A.8) 
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and a broken one T* associated to the four Goldstone bosons, with commu¬ 
tation relations 


rpi 

'f'i J’j 


= = fj (r)/, 

= ir\T<^ = {tay^T\ 


(2.B.1) 


where SO(4) generators in the 4 as in Eq. (2. A. 11). 

The generators in the 5, defined in Eq. (2.2.21), obey normalization and 
completeness conditions 


Tr [T^T^] = 5^^ , 

10 


(2.B.2) 


Given the generators, it is not hard to compute the Goldstone matrix in 
the fundamental representation 


/ n\ nn^ nn 

™7n 
n ff^ n 

— Sm — —— COS — 


(2.B.3) 


in terms of the four real Higgs field components. The complex Higgs doublet 
notation can be reached afterwards by substituting Eq. (2.2.24). The Gold¬ 
stone matrix considerably simplifies in the unitary gauge (2.2.30) and thus it 
is worth reporting it 


U = 

UG 


I 3 

0 

0 


0 ^ 

V + h 


cos ■ 




— sm ■ 


0 


sin 

cos 


V + h 

~r 

v + h 
~1~ - 


(2.B.4) 


where I 3 is the 3x3 identity matrix and 0 is the 3-dimensional null vector. 
The Goldstone matrix in the unitary gauge is a rotation in the 4-5 plane of 
the five-dimensional space. 

As explained in the main text, the Goldstone matrix can be defined in any 
representation of the group as the exponential of the appropriate generator 
matrices. Above we computed the one in the fundamental and one should 
worry of how to obtain the others. For all the representations constructed 
as tensor product of fundamentals, which can thus be expressed as tensors 
with fiveplet indices, this is completely straightforward and does not require 
any additional calculation: the Goldstone matrix acts by rotating each index 
with the 5x5 matrix U. However not all the SO(5) representations are 
tensor product of fundamentals, the simplest counterexample is the spinorial. 
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for which the Goldstone matrix needs to be recomputed. The spinorial has 
dimension 4 and its generators are 


T i oc 

4l — - 


1 

■cr“ O' 

rjl OL ^ 

0 

0 

2 

0 0 


0 cr“ 


n = 


2 V 2 




(2.B.5) 


where ct“ denotes the three Pauli matrices and a is defined in Eq. (2. A. 3). 
The spinorial can be also regarded as the fundamental of the symplectic 
group Sp(4), which is isomorphic to SO(5). The generators indeed obey the 
symplectic condition 

n-T^ + {T^f-0 = 0, (2.B.6) 

with the antisymmetric unitary matrix 




0 

0 


(2.B.7) 


For completeness, we report normalization and completeness relations also 
for the spinorial 


Tr [T^Ti] = , 

10 

E i^^)K = 4 i^i^K - ■ (2.B.8) 

A=1 

The Goldstone matrix in the spinorial is straightforwardly obtained by 
exponentiating the broken generators and it turns out to be most easily ex¬ 
pressed in the complex doublet Higgs notation rather than in terms of the 
real fourplet H. It reads 


U.= 




\H\ 

cos ^ I 2 i sm 

V2f 

. . \H\ St 

I Sin 


\H\ E 


V2f\H 


V2f\H\ 

\H\ 

cos^l. 


(2.B.9) 


where S is the pseudo-real bidoublet representation of the Higgs as defined 
in Eq. (2. A. 13). The result further simplifies in the unitary gauge 


C /4 


UG 


cos —12 
■ • ^ 

^ sin 12 


i sin 
cos 


V^h 

2/ ’ 


I 2 


(2.B.10) 


Any SO(5) representation, including the 5, is the tensor product of spinorials 
(the conjugate 4 is equivalent to the spinorial itself and its Goldstone matrix 
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is U-^ = UX = 01 / 40 ^). The knowledge of U 4 thus allows to derive the 
Goldstone matrix in any representation. 

Let us now turn to the determination of the and symbols. Those 
are defined in Eq. (2.3.28) in the presence of non-dynamical source gauge 
fields one for each of the 10 SO(5) generators. However, only a subset 

of those sources will be made physical by giving them a kinetic term, all the 
others will be eventually set to zero. The physical sources are the ones in 
the SM subgroup, which is embedded in the unbroken SO (4).^° We can thus 
split the A^^as in unbroken and broken components 

Afj,^A = {Afj_^a = {A^ fy;, Af^A — 0 } ) (2.B.11) 


and already set the latter ones to zero while retaining, for the moment, all 
the unbroken generator sources. The unbroken sources have been further 
split in the two sets that correspond to the two SU(2) factors of SO(4) ~ 
SU(2)i X SU(2)i^. The only truly dynamical sources are the ones associated 
with the four SM gauge fields, namely we will eventually set 


All,c, = {9W;,,gWlgW;^} , 

<a = {0,0,5%}, (2.B.12) 


in accordance with Eq. (2.3.27). 

The d and e symbols can be straightforwardly computed from the def¬ 
inition (2.3.28), or obtained in a somewhat faster way by first classifying 
the possible structures which they can contain compatibly with the SO (4) 
symmetry. The result is 


^/1 B 1\ n^D^B , B 

dy = V 2 1 — sm — ^ I ——B-sm —D^P , 


B 


/ / 
B 


- i^sin^ 




B 


sin^ , 




(2.B.13) 


where D^P is the SO(4) covariant derivative 


D^P= {d^ - iAf^^ - iA^^ J'^) fl, 


(2.B.14) 


not to be confused with the CCWZ covariant derivative introduced in Sect. 2.3.3. 
We have split the a symbol in two components associated with the decom¬ 
position 6 = (3,1) 0 (1, 3) of the adjoint in irreducible representations. In 
the absence of additional symmetries, the two objects can be employed sep¬ 
arately in the construction of invariants. Eor instance, it is possible to define 

^''Actually the hypercharge has a U(l)x component introduced in Sect. 2.4.2, which 
however plays nor role in the calculation of the d and e symbols. 
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two independent field-strength tensors following Eq. (2.3.37) 




E 


flU 

R ^ 

fiu 


= dfj_e 


-d. 


„R° 


+ o“/37gfl; pR 
\ ^ ^ 1','y ■) 


(2.B.15) 


in the (3,1) and (1, 3), respectively. In the following we will also occasionally 
employ a collective notation = {E ^for the six field-strength 
tensor components. 

For some practical calculation, especially when willing to switch to the 
complex Higgs doublet notation, the d and e objects in Eq. (2.B.13) are 
conveniently expressed in terms of 2 x 2 matrices obtained by contracting 
them with a and cr, namely 


= d* (Ti = 1 

^ \V2\H\ 


1 

/ f \HP \H\ f 


7 


Sl ^ 2 ^ 2|H|2 


= ( 2 ) 
-L A 

= ( 2 ) 


\H 


\H\ 


eflV = ®rY=<+^sin2^[EtZ?^E-7?^EtE] , (2.B.16) 


2|i7|2““‘ V2f 

where the Higgs matrix covariant derivative, in accordance with (2.B.14), is 


D^E = d^E-^-Al^E+^-EA^, (2.B.17) 

with Aj^’^ = A^’(J(t“/ 2. Notice that the symbol matrix representation is 
pseudo-real and those of are Hermitian and traceless, as obvious from 
the definition. In the chiral notation, where the SO(4) rotation gets split into 
two SU(2 )ixSU(2 )fl; transformations and gn, d^^^ and transform as 


4^^ ^ 9l ■ 4^^ ■ 4 . 

4^ ^ di ■ (4^ • dl, 

^r\ 9r ■ ieR\ + id^) ■ 9r , (2.B.18) 

i.e. respectively like one bidoublet and two gauge fields. 

Now that the basic objects are known we can straightforwardly apply 
the general CCWZ machinery and derive some useful formulas. First, we 
compute the 2-derivative non-linear cr-model Lagrangian of Eq. (2.3.31) and 
verify that it agrees with the expression reported in the main text. After 
setting the gauge sources to their physical value (2.B.12) we obtain 




P 

2|7d|2 


sin^ 


P2\H\ 

f 


D^H^D^^H 




V 2 |jd| ^ 


(2.B.19) 
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in accordance with the result in Eq. (2.2.28) obtained for the linear tr-model. 

We would also like to compute the field-strength components and the 
antisymmetric part of the two-derivative tensor D ■ d defined in Eq. (2.3.34), 
which we will need in the following chapter. These objects can be obtained 
directly from their definitions in Eqs. (2.B.15) and (2.3.34), or derived in 
fast way by employing the identity (2.3.41) proven in Sect. (2.3.3). In this 
second case we proceed by first computing the “dressed” field-strength tensors 
T defined in Eqs. (2.3.38), (2.3.39), which in our case consist of 3 CCWZ 
multiplets in the (3,1), (1,3) and (2,2) representations. Those are rather 
simple because they contain no derivatives of the Goldstone fields and read 

= cos^ ^ , 

= cos^ ^ , 

•^ 4 ;. = ^ sin j ^itl+ A^^,, „ i tlf n, , (2.B.20) 

where denote the field-strengths associated with the gauge sources 


aL,R°‘ _ c, AL,R°^_a aLM°^ , aM aL,R aL,R 


(2.B.21) 


After setting the sources to their physical values in Eq. (2.B.12), they reduce 
to the familiar and SM tensors. 

The last object we need in order to apply Eq. (2.3.41) (since = 0 for 
a symmetric coset) is the adjoint tensor formed out of two d-symbols 
defined in Eq. (2.3.33). In our case it splits in two components 




(2.B.22) 


The explicit form of d\ ^ in terms of 11 can be easily worked out, however the 
expression in terms of the d-symbol provided by the equation above is already 
the simplest one for practical calculations. The field-strengths and 

D ■ are, finally 


TP OL _ -r ot ^ 

^L^i/ J 

TP ot _ 77 ^ /72 ^ 

■> 

{D ■ = D^dl - D^d], = 7 - 4 ;, . (2.B.23) 


The above formulas can be also obtained by computing E and D ■ d directly 
from their definitions. This provides a non-trivial cross-check of Eq. (2.3.41). 
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In the matrix notation, E and D ■ d become 


= ^ St] 


V2f \HV ^/ 2 / 


/i '^12 ^ii 


= COS^ 

n fiy 


sin^ -y- ( St - -Tr[Stv4^,,S] 

/pr /. ay ' tj 2 /?; p I o L ay i 


/i y y 




(2.B.24) 


where A^’J^ = A^^^“(Ja/2. 

All the formulas above greatly simplify in the unitary gauge, in which 


V. y+h^ 


(2.B.25) 


For the d and e symbols we have 


UG + vt2isin-'^^(A^ - A^), 


,(2) 


A^ — sin^ 

V + h 

L fj. 

UG 


2/ 

,(2) 


AR _ 1 _ Qn-n^ 

V + h 

-R // 

UG 

Ji.,, -\- sm 

O' 

2/ 


■ • y ^ r aL 
*sm—^(A^ 


(aAA)> 


(2.B.26) 


while for E and D ■ d one finds 


L fj. 1 , yg 
H fll> yQ 


=«’ + i (<’b?’ - ■;?>’<>). 


° ■ “'Sj'I VO (Ai- - Kd ■ 


(2.B.27) 



Chapter 3 


Beyond 


the sigma-model 


In the previous chapter we restricted our attention to a specific class of new 
physics effects, that we can classify as “non-linear cr-model effects”. These 
are modifications of the SM driven by the pNGB nature of the Higgs and 
the associated non-linear u-model structure of the effective Lagrangian. The 
non-linear u-model effects are encapsulated in the generalized Higgs kinetic 
term and Yukawa Lagrangians that deliver the SM operators that couple the 
Higgs to vector bosons and fermions, plus a series of terms with additional 
Higgs field insertions weighted by the inverse of the non-linear cr-model scale 
/. The non-linear operators can be regarded as the minimal extension of the 
SM required to enforce the Goldstone symmetry on the Lagrangian. Thus 
they define the minimal set of SM deformations which we will unmistakably 
encounter in any explicit model with pNGB Higgs, if based on the minimal 
coset SO(5)/SO(4). The Goldstone symmetry relates operators with different 
number of Higgs insertions but with the same number of derivatives and 
gauge fields. For the uplift of the SM couplings to Goldstone symmetry 
invariants, therefore, only CCWZ operators of the minimal derivative order 
are considered. Those of 0{p^) in the bosonic sector and of 0{p^) in the 
fermionic one. Extending the operator analysis to higher orders is one of the 
goals of the present chapter. 

Going beyond the cr-model will carry us one step ahead in the theoretical 
comprehension of the composite Higgs scenario, but it will also force us to 
make additional assumptions on the dynamics of the composite sector besides 
the occurrence of spontaneous Goldstone symmetry breakdown. Namely, we 
will need to make a hypothesis on the typical size of the higher derivative 
operators induced by the composite dynamics in the low energy effective 
theory. Such operators estimate is what we call the “power-counting rule” 
of the effective field theory. Power counting did not play a major role in 
the previous chapter because the lower derivative order operators come in 
such a limited number that their coefficient needs not to be estimated but 
it can just be fixed by observations. This is what we saw happening in the 
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fermion sector in Sect. 2.4.2, where the generalized Yukawa coefficients have 
been traded for the top and bottom masses. Up to few exceptions this led us 
to coupling predictions that are uniquely dictated by the cr-model scale / or, 
equivalently, by the parameter ^ The situation will be different with 

higher derivative operators, each coming with its own independent parameter. 
By power-counting we will estimate the operator coefhcients and thus their 
contribution to the physical observables, even if we will still be unable to 
determine them completely. Their precise value depends on the microscopic 
details of the composite sector and it is not calculable within the effective 
theory. Other than estimating coefficients, and more importantly than that, 
power-counting serves as a criterion to identify the most relevant operators 
and to select only a finite number of them for practical calculations. Power¬ 
counting also tells us the size of the operators that we have neglected when 
truncating the effective field theory Lagrangian and thus it provides us with 
an estimate of the accuracy of our predictions. 

The second problem that we will address in the present chapter con¬ 
cerns the physics of the resonances, i.e. the additional non-Goldstone bound 
states that are present in the composite sector. While by powerful symmetry 
principles the pNGB low-energy dynamics is well under control, nothing has 
been said on the resonances up to now. But we need to characterize their 
phenomenology and thus we must find a way to at least estimate resonance 
couplings and masses. 

The two problems are actually related in the case of perturbative com¬ 
posite sector models because higher derivative operators originate from in¬ 
tegrating out resonance fields. By an estimate of resonance couplings one 
can thus derive the effective operators power-counting. This is conveniently 
illustrated in the linear tr-model example of Sect. 2.2.2, which describes one 
single scalar resonance cr on top of the pNGB Higgs and the SM gauge fields. 
The Lagrangian contains the 0{p^) non-linear cr-model operator (2.2.28) (or 
equivalently (2.B.19)) plus a resonance self-interactions (2.2.8) and a cou¬ 
plings to the SM fields which are given by 

(3.0.1) 

By integrating out a and Taylor-expanding for momenta below the resonance 
mass m*, the interactions above generate operators of higher and higher 
derivative order. The first one is 0{p‘^) and emerges from the first diagram 
in Fig. 3.1 by the exchange of one virtual a particle, it is 



Aside from the 1/2 prefactor, which results from the explicit calculation, 
the emergence of the other factors is easily understood from the diagram 
in Fig. (3.1). The two powers of f/2 come from the a vertices and 1/mJ 
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Figure 3.1: A schematic view of the Feynman diagrams that generate the effective 
field theory operators from the virtual exchange of the massive resonances. The 
blob denotes the resonance coupling to the light Higgs and gauge fields, given by 
Eq. (3.0.1). 


is the low-momentum propagator. If we compare the result with the 0{p^) 
operator with /^/4 coefficient, we reach the unsurprising conclusion that the 
0 {p‘^) term is weighted by one extra 1/m* factor for each extra derivative. 
The simplest guess is that this pattern continues to higher orders and the 
0 {p^) operators scale as 


4 ft = , (3.0.3) 

where denotes a linear combination of 0{p^) CCWZ invariants with 
order-one numerical coefficients. It is not hard to verify that the guess is 
correct. Consider for instance the 0(p^) operators. Some of them come from 
the single resonance exchange diagram by taking the second order in the 
propagator expansion. This leads to one p^/m* factor, which is i9^/m* in 
coordinate space, and Eq. (3.0.3) is respected. The second source of 0[p^) 
operators is the second diagram in Fig. 3.1, which gives 

£<“> ~ /’A(9.V) (£f = pMl! (Sf , (3,0.4) 

TTl^ Ul^ 

where the three / factors come from the a couplings to SM fields, 1/m® is due 
to the three tr propagators and gif is the trilinear a self-coupling. The result 
agrees with Eq. (3.0.3) because we saw that the resonance mass is related to 
5 * and / by 

w»=S*/- (3.0.5) 

The same is found for the third contribution depicted in Fig. 3.1 and it would 
not be hard to demonstrate by diagram inspection that the validity of the 
power-counting (3.0.3) extends to all orders in the derivative expansion. This 
has a simple and structural origin as we will explain in the following section. 
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3.1 One Scale One Coupling 


In order to illustrate the assumptions that we are going to make on the 
composite sector dynamics we start by summarizing, with the help of Fig. 3.2, 
the physical setup that we have in mind. There exists a new sector that 
delivers the NGB Higgs plus a set of massive resonances. We will generically 
denote the latter states as a, that stands for bosonic spin 0 or spin 1 particles, 
and that represents spin 1/2 fermions. Ideally also higher spin resonances 
might emerge, however since a weakly-coupled Lagrangian description of this 
kind of objects is problematic we are not going to discuss them explicitly in 
what follows. 

We consider a situation where the composite sector dynamics can be de¬ 
scribed perturbatively by a weakly-coupled Lagrangian £c- A simple ex¬ 
ample, the linear cr-model, was studied explicitly in Sect. 2.2.2. One could 
imagine complicating it by adding new scalar, fermion or massive gauge fields. 
Provided they fulfill the condition described below this kind of generalized 
linear a-models are within the scope of the present discussion. More inter¬ 
esting examples are the 5-dimensional holographic composite Higgs models, 
many of which have been proposed in the literature [42, 73, 76]. In this case 
what we call the composite sector is the 5-d bulk dynamics of the theory, 
namely the 5-d gauge theory with Dirichlet boundary conditions on the UV 
brane. After Kaluza-Klein reduction this theory describes the NGB Higgs 
plus an infinite set of weakly-coupled resonance fields. Details on the inter¬ 
pretation of 5-d models in these terms can be found in the original literature 
and in a comprehensive review [43]. Another set of explicit constructions to 
which these ideas apply will be discussed in Ghap. 5. Clearly, the hope here is 
that those models might faithfully reproduce the low-energy manifestations 
of a genuine strongly-coupled confining sector, possibly described at the mi¬ 
croscopic level by a 4-dimensional gauge theory. We will discuss at the end 
of this section how a genuine strong sector might indeed fit in the present 
discussion and truly obey the assumption which we are going to make on the 
resonance dynamics. The composite Higgs models also contains, as shown in 
Fig. 3.2, elementary SM fields coupled to the composite sector in a peculiar 
manner explained in the previous chapter. We momentarily ignore the ele¬ 
mentary fields interactions and we focus on the couplings among composite 
particles. 

Our assumption is that the composite sector Lagrangian involving space- 
time derivatives, Goldstones and resonance fields is of the form 




' d g^H g^a 

gl [m* ’ nii, ' rrii,' m*3/2 


(3.1.1) 


where £ is a dimensionless polynomial functional with arbitrary order-one 
numerical coefficients. The fields that appear in the equation are all supposed 
to be canonically normalized and indeed when applied to the kinetic terms our 
formula consistently predicts order-one coefiicients. Notice that Eq. (3.1.1) 
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Composite Sector 

^iiit 

Elementary Sector 

(7. 4/ - 


n - 


'tpL, tpR 


Figure 3.2: The composite Higgs setup. The elementary SM gauge fields are the 
three W’s, the hypercharge boson B and the eight QCD gluons. The elementary 
fermionic quark and lepton fields are collectively denoted as tpL and tpR. 


provides an estimate of the composite particle interaction vertices in terms of 
two parameters only, the typical resonance scale m* and the typical resonance 
coupling g*. Theories obeying Eq. (3.1.1) are thus said to be “One Scale 
One Coupling” (ISlC) models. We will show below how to define the ISlC 
assumption rigorously by dimensional analysis. The scaling of the Goldstone 
field insertions in Eq. (3.1.1) should be compared with what is predicted by 
the Goldstone symmetry, i.e. the fact that the 11 field only enters in the 
Lagrangian through the Goldstone matrix and thus it is weighted by the 
non-linear cr-model scale /. We must then identify 

/=—. (3.1.2) 

9* 

Notice that by this identification the parametric scaling of the 0{p^) La¬ 
grangian (2.B.19) is immediately seen to match with Eq. (3.1.1). Further¬ 
more, it is not hard to check that Eq. (3.1.1) is verified by the whole linear 
(T-model Lagrangian, including a self-interactions and its coupling with the 
Goldstone in Eq. (3.0.1). This qualifies the linear cr-model as a ISlC theory. 

The ISlC hypothesis can be phrased in a fancy but useful way in terms of 
dimensional analysis. The argument is extremely simple, however it cannot 
be made by just counting energy dimensions as we are used to do by work¬ 
ing in Natural Units where h = c= 1. We must take care of all the three 
fundamental physical quantities of the MKS system, namely the length L, 
the mass M and the time T. For the sake of the present discussion we will 
actually trade these three quantities for the energy E = M L'^ /T"^, length and 
time. In MKS units the quantum-mechanical action has dimension oi E ■ T, 
which is the one of the reduced Planck constant h. Therefore the Lagrangian 
density must have dimension ^ 

[C] = ET/L^ =[n]/L'^, (3.1.3) 

and thus canonically normalized bosonic and fermionic fields have dimensions 
[n] = [a] = m ■ (3.1.4) 

^We take = {ct, "x}, therefore the space-time volume is d^x = dx^d^x = cdtd?x 
and = djdx^ has dimension of L~^. 
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Parameter 

e 

Xh 

Of 

mw^z 

V 

u 

Dimension 

c 



L-i 


1 

1 


Table 3.1: The dimension of some important SM parameter. The results agree 
with the ones in Sect. 6-2-1 of the classical book in Ref. [77]. Comparing them with 
the PDG ones, namely those reported in Table 1 “Physical Constants” of Ref. [7] 
requires more care since the latter are given in an old-fashioned conventions (see 
for instance Ref. [78]) where h and c appear explicitly in the Lagrangian. 


In order for the interactions in Eq. (3.1.1) to have the correct dimension we 

TYinQi" QP'i" 

K] = , [g4 = . (3.1.5) 

This sharply defines m* as a scale, namely a length scale, and g* as a “cou¬ 
pling” C, i.e. a parameter that carries a dimension 

c = = (e;t)-i /2 ^ 

In Natural Units, C dimensions are lost and one might be tempted to treat 
5* on the same footing as a dimensionless numerical parameter. However it 
is enough to reintroduce h to appreciate the fundamental difference between 
g* and a pure number. Similarly, we can appreciate the difference between a 
“pure scale” like m* and an object like the Goldstone decay constant /, with 
dimension 

[/] = . (3.1.7) 

Dimensional analysis is extremely useful in many contexts and not just in the 
study of composite Higgs theory. Table 3.1 reports the dimensions of some 
important SM parameters. Those allow us to better understand a number of 
known results. For instance from the fact that the Higgs quartic coupling Xu 
has dimension we understand how it can appear at the first power in a 
tree-level 2 —>■ 2 scattering amplitude while the electric charge e, of dimension 
C, must come with the square.^ We also understand why supersymmetric 
relations among Xh and the weak coupling are of the form Xh ~ <7^- Similarly 
we understand in which sense the Fermi constant is a coupling, or actually a 
coupling squared. This is why it can mediate 2 —>■ 2 scattering. 

By turning around the dimension counting we can reformulate the ISlC 
hypothesis (3.1.1) in an equivalent and simpler way. The ISlC theories are 
those in which m* and g* are the only dimensionful parameters, with the 
dimensions in Eq. (3.1.5). The composite particle couplings are thus obliged 

^We can take creation/annihilation operators to have dimension L (and not to have 
h in their canonical commutators) by factoring out a y/h in the Fourier decomposition of 
the fields. The n-particles states thus have dimension [|n}] = L". The 2 n Feynman 
amplitude is conveniently defined as (n, out|2, in) = (27r)^5^(pout — Pin) so that 

[Mn] = and in particular [Ad 2 ] = ■ Having stripped out from the 

definition, no further powers of h appears in Ain at tree-level while a factor of emerges 
at L loops. 
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to be as in Eq. (3.1.1) because this is the only form they can have by di¬ 
mensional analysis. This reformulation is useful in at least two respects. 
First, it allows us to tell if the ISlC hypothesis is verified without having 
to work out the Goldstone and resonance couplings explicitly and to check 
that they agree with Eq. (3.1.1). For instance we might have told that the 
linear cr-model fits in this category by just looking at its original Lagrangian 
in Eq. (2.2.1), with no need of performing the field redefinition which isolated 
the Goldstones from the resonance a. A more interesting example is the one 
of 5-d holographic models. In that case the only two dimensionful parameters 
are the 5-d gauge coupling with [35] = C and the length of the extra 
dimension in conformal coordinates 1/giR with [l/fim] = L. This qualifies 
the 5-d model as a ISlC theory with 

m^=giR, g*=g5lJ-iR- (3.1.8) 


We can thus conclude that the resonance couplings obey Eq. (3.1.1) without 
computing them explicitly through a complicated Kaluza-Klein reduction. 

The second way in which the reformulation is useful is that it makes very 
simple to draw the implications of the ISIG hypothesis. Let us consider the 
low-energy effective theory for the Goldstones obtained by integrating out 
the heavy resonance fields. From our estimate of the resonance couplings we 
should be able to derive the effective field theory power-counting. If the reso¬ 
nances are integrated out at tree level, no dimensionful parameter appears in 
the calculation aside from m* and g* and therefore dimensional analysis tells 
us that the operator scaling in Eq. (3.1.1) must be respected also by the effec¬ 
tive field theory Lagrangian. This indeed coincides with the power-counting 
formula (3.0.3), which we derived explicitly in the linear cr-model example. 
One can immediately check this by noticing that in the CCWZ invariants 
the Goldstones enter as LI//. The situation is different for radiative 
corrections, where one extra dimensionful parameter, h, appears. Indeed it is 
well known that h controls the semiclassical perturbative expansion and one 
power of h is associated to each loop. By dimensional analysis the complete 
effective field theory Lagrangian must thus scale like 


^EFT 





d g*U g*(T g*^ 
TO* ’ rrit' raC^!'^ 


gl^ mt - 

^ 16^2 g2 


d (jf*n g*cr 

TO* ’ rUt' rrit' 


(3.1.9) 


where I/IGtt^ is the habitual factor from the loop integral. In the above 
equation we retained the dependence on the resonance fields a and dr be¬ 
cause we might sometimes be interested in integrating out only some of the 
resonances and retaining the others in the effective field theory. Obviously 
this does not make sense if all the resonance are equally heavy, but it can 
have a justification if some of them are somewhat lighter than the others for 
some numerical coincidence or for a structural reason. 
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The above formula goes under the name of “SILH power-counting”, from 
the title of Ref. [48] where it was introduced in the study of composite Higgs 
theories.^ It was first discussed in a different context by Ref. [81] as a gen¬ 
eralization of the NDA counting [82]. The NDA formula is recovered from 
Eq. (3.1.9) in the limit g*—^ TK/y/H, which is the maximum value of the cou¬ 
pling for which the modelling of resonances of Eq. (3.1.1) makes sense before 
entering the non-perturbative regime. The perturbativity bound g* < Hr/y/H 
follows from the fact that the dimensionless parameter combination which 
controls the loop expansion is . Below that value the theory of res¬ 

onances is perturbative and consistent with unitarity, and so is the effective 
field theory constructed out of it.'^ 

One important comment to be made on Eq. (3.1.9) concerns the dis¬ 
tinction among tree- and loop-generated effective operators, which clearly 
depends on the details on the composite sector theory. For instance in the 
linear u-model we found that the only O(p^) operator that is generated at 
the tree-level is (d^)^, whereas many others would arise in a more compli¬ 
cated theory such as a 5-d model. Not having a strong enough argument to 
distinguish loop from tree operators, in what follows we will adopt the agnos¬ 
tic attitude that all the operators compatible with symmetries might arise at 
tree-level, so that the estimate of their coefficients is provided by the first line 
of Eq. (3.1.9). It must however be kept in mind that loop factor reductions 
of the coefficients are actually possible in specific classes of composite sector 
models [48]. 

We now consider the elementary sector. The ISlC hypothesis is suffi¬ 
cient to generalize the power-counting in Eq. (3.1.9) to include elementary 
fields insertions. This will not cost us any new assumption, aside of course 
from the one we made already in the previous chapter on the nature of the 
elementary/composite interactions £int. We start from the gauge fields (see 
Eq. (2.4.19) and Footnotes 16,17), which are introduced with the gauging 
procedure and thus talk with the composite sector through 

( 3 . 1 . 10 ) 

In the above equation, g collectively denotes the gauge couplings and are 
the composite sector global symmetry currents that are gauged by the fields 
A^. Among the gauge fields we have the four SU(2 )l x U(l)y ones plus 
the eight QCD gluons We indeed showed in Sect. 2.4 that partial com¬ 
positeness obliges us to make the composite sector colored and thus coupled 

^The derivation of the SILH power-counting based on dimensional analysis was known 
to the experts of the field. See for instance Ref. [79] and Ref. [80]. 

not commonly appreciated puzzle is that the maximal coupling estimate based on 
unitarity of 2 ^ 2 processes, see for instance [83], is actually times lower, meaning 

that there exist perturbative theories which are formally non-unitary. This discrepancy 
comes from the 27r enhancement of the imaginary part of the one-loop amplitude, which 
makes the latter comparable with the tree-level real part at smaller coupling. Given that 
the imaginary part is actually a tree-level process we consider this fact as a signal that 
the conventional unitarity argument, based on the habitual but artificial separation among 
tree and loop, should be reconsidered. 
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to gluons. Now that we know the structure of the gauge field couplings to 
the composite sector, which by the way is the same through which the QED 
photon couples to QCD, we should be capable to estimate their interactions 
with the composite Particles. More precisely, we will now focus on the leading 
contribution to the interactions, namely the one that comes purely from the 
composite sector dynamics, i.e. in the limit of vanishing g coupling. Techni¬ 
cally, what we want to do is to estimate the effective field theory operators 
obtained by integrating out only the resonance fields (possibly retaining some 
of them) while treating the gauge fields as external non-dynamical sources. In 
those operators the gauge field necessarily comes accompanied by one power 
of g and no other powers of the elementary couplings can arise since the only 
dynamics that is integrated out is the composite sector one. Elementary 
fields and elementary couplings thus only emerge in the combination 


5 ■ > 


(3.1.11) 


where of course the appropriate coupling g = {g, g', gs} has to be picked out 
for each field. 

The dependence on the composite sector parameters g* and m* is now 
uniquely fixed by dimensional analysis. In order to work it out we first of all 
need to find the dimension of the elementary couplings g. Not surprisingly 
it is ^ 

[g\ = C. (3.1.13) 

The g- A combination, given the canonical fields dimension in Eq. (3.1.4), has 
dimension of an inverse length. The dimensionless object which will appear 
in the effective Lagrangian is thus 


g-Af, 

m* 


(3.1.14) 


We see that g ■ A weights as much as a derivative in the power counting. This 
result is compatible with the structure of the gauge covariant derivative and 
with the dependence on the gauge fields of the CCWZ operators described 
in the previous chapter. 

The elementary fermion fields can be discussed in a similar way. The only 
conceptual difference with the gauge fields is that the fermionic composite 
operators are not as sharply defined as the global currents are. In concrete, 
when we write the elementary/composite interactions as 


£int = XipO, 


(3.1.15) 


we have not yet specified O but only its quantum numbers. The normalization 
is still arbitrary and indeed in Sect. 2.4.2 we already exploited the ambiguity 

5 This is because the global current operator, as extracted from the Noether formula, 
has dimensions 

[J] = [C]-L = [h]/L^ = C-^IL^ . (3.1.12) 

Therefore, given that [A^] = [g] = C is required for the interaction Lagrangian 

to have the correct dimension. 
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in the definition of O to reabsorb in it the powers of m* needed to make the 
elementary/composite couplings A dimensionless in Natural Units. Now we 
have to deal with length and coupling dimensions but we can still reabsorb 
powers of m* and g* in O giving to A any conventional dimension. All choices 
are equivalent but the convenient one is to take A to be a coupling 


[A] = C. 

With this choice the dimensionless object is 

A • V' 


(3.1.16) 


(3.1.17) 


where the appropriate A has to be chosen for a given fermion species and 
chirality. We saw in Sect. 2.4.2 that four A couplings exist already in the 
third family sector, namely „ for the top and Xb^ ^ for the bottom. Given 
that those couplings generate fermion masses after EWSB and the top mass 
is larger than the one of the bottom, the top sector couplings are typically 
larger than the bottom ones. Similarly, we expect the light fermion couplings 
to be very small even though this is not necessarily the case as we will discuss 
in Chap. 4. 

In summary, our power-counting formula reads 


gi 


d (/*n g*cr 3*4' g ■ Afj, 
TO*’ to*^/2 ’ rrit, 


X ■ Ip 
3/2 


(3.1.18) 


up to higher orders in the g* loop expansion. The one above is the power¬ 
counting rule for purely composite sector contributions to the operators, we 
will see in Sect. 3.3 how to generalize it in order include the radiative ef¬ 
fects from elementary field propagation, in particular we will consider those 
responsible for the generation of the Higgs potential. 


Large-N power counting 

Until now we have considered the case of a weakly-coupled composite sector 
and we have derived our power-counting rules based on the ISlC hypothesis. 
We have also mentioned concrete examples, the most interesting being the 
one of 5-d holographic models, where the IS 1C hypothesis holds and thus the 
power counting rule applies. It is important to remark that our argument, 
though based on such simple and robust considerations like dimensional anal¬ 
ysis, is intrinsically based on semiclassical perturbation theory and there is 
no hope of extending it to the non-perturbative case. The reason is that in a 
non-perturbative theory, where all the loop orders are equally important, the 
Planck constant can appear in all places in a completely uncontrolled man¬ 
ner, while for our reasoning it was crucial to keep track of the powers of h 
that arise at each order of the loop expansion. Coupling dimensional analysis 
becomes not predictive in the strongly-coupled limit because C dimensions 
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can always be compensated by h, without paying the price of the small loop 
expansion parameter. The QCD theory with vanishing quark masses is an 
example of this situation. It is definitely a ISlC theory because it is defined 
in the UV in terms of just one coupling gs measured at one scale /x, however 
it is clear that QCD hadrons do not obey the power counting (3.1.18), or 
more precisely they do not obey it with m* identified with g and g* identi¬ 
fied with gs. Low-energy QCD physics is controlled by the conhnement scale 
Aqcd (which is a highly non-trivial combination of /i, gs and h) and there is 
no obvious candidate for the resonance coupling (/». 

Nevertheless, Eq. (3.1.18) still holds, at least in the mesonic sector of 
the theory. In order to understand how this works we must consider the 
large-expansion of QCD invented by G. ’t Hooft in Ref. [84]. It consists 
in generalizing the SU(3) color group to SU(fV), allowing N to be large and 
asymptotically infinite. An expansion is thus set up in terms of the small 
parameter 1/A^ <C 1. Notice that the expansion must be performed with care 
in order to get sensible results. In particular, the strong coupling constant 
must be taken to scale with N a,s gs = g’t/'/N with a constant ’t Hooft 
coupling g’t. At high energies the’t Hooft coupling is small and the canonical 
semiclassical expansion can also be set up together with the one in 1/N. In 
the IR, which is the relevant regime for our discussion, the’t Hooft coupling 
becomes non perturbative and 1 /N remains as the only expansion parameter. 
The topic of large-A^ expansion is extremely broad, however for our argument 
we will only need few basic results. The reader is referred to the Coleman 
lectures [85] and to the introduction of Ref. [86] for their derivation. 

We consider here the mesonic sector, i.e. only those bound states that 
can be excited from the vacuum by a quark bilinear operator 

(3.1.19) 

where i = 1, ... A^ is the color index contracted to form a color singlet. 
The dots in the parentheses represent an arbitrary combination of Gamma 
matrices and derivatives so that A4 could be a scalar, a vector, or any other 
Lorentz tensor. The associated particles could thus be the Goldstone bosons, 
i.e. the pions, or spin-1 resonances like the p or the Oi mesons or higher-spin 
bosonic particles. Quark chiralities and flavor indices are not reported in our 
schematic notation. The four combinations of spinor chiralities ^(.. .)qL,R 
can be considered, with the flavor indices contracted in all the possible ways 
to form irreducible representations of the chiral group. Clearly, a limited 
set of representations can be formed in this way and correspondingly only 
particles with certain isospin (or Gell-Mann SU(3)) quantum numbers can 
be described by this class of operators. The others are outside the mesonic 
sector and the considerations which follow do not hold for them. 

We will now estimate the scattering amplitudes among mesonic particles 
and for this we first need to discuss the connected correlators of the mesonic 
operators. Diagrammatically those are shown in Fig. 3.3 where each oper¬ 
ator is represented as a q-g vertex with the same color index on the two 
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Figure 3.3: Some planar diagrams contributing to the mesonic correlators. Sum¬ 
mation over the free color indices i, j, k is understood. 


legs. Only few representative diagrams are reported in the figure but it is 
clear that an infinite set of them should be considered since the theory is in a 
non-perturbative regime and any loop order gives a comparable contribution. 
However we can still rely on the large-iV expansion and apply the classical 
result [84-86] that the leading diagrams are the “planar” ones, namely those 
that can be drawn on a plane without line intersections aside from the inter¬ 
action vertices. Actually the true definition of planarity is a bit more refined 
than that and the only truly planar diagrams in this case are the ones which 
involve a single quark loop. It turns out that all the planar diagrams give a 
contribution to the correlator which is proportional to N while the others, 
depending on their “degree of non-planarity”, scale like iV°, 1/A^ and so on, 
providing subleading corrections. We will not demonstrate this here, however 
the reader can easily verify that at least the first three planar diagrams in 
Fig. 3.3 really scale like N. This is obvious for the first one because there 
is only one free color index to be summed over. For the second one there 
are two free indices, which gives iV^, but also two powers of the coupling, 
g|, which scales like 1/A^ in the ’t Hooft limit. In the third one there are 3 
indices but 4 couplings and so on for higher loop orders. In summary, the 
correlators scale as 

(Mi...Mn}(xN, (3.1.20) 

for an arbitrary number n of mesonic operator insertions. 

We can get a better parametric control on the correlator by dimensional 
analysis. Since coupling dimension does not help in the case of a strongly- 
coupled theory we can go back to Natural Units and just count energy di¬ 
mensions. Low-energy QCD is well-know (or at least widely believed) to be 
a one-scale theory, with a single energy scale Aqcd from confinement. But 
if it is so, all the infinite series of diagrams in Fig. 3.3 must conspire to give 
a dimensionally correct result which only depends on the external momenta 
Pi and on m* = Aqcd, namely 


N 

IGtt^ 


m^Flpi/m^] 


(Ml... Mr,} 


(3.1.21) 
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where the energy dimensionality of the correlator, A, could be easily com¬ 
puted in terms of those of the Aii’s. The actual value of A does not matter 
much. Since m* is the only dimensionful object in the problem aside from 
the external momenta the overall dependence on it is trivially fixed. It could 
be safely ignored and restored at the end of the calculation by dimensional 
analysis. What is less trivial in the above equation is the I/IGtt^ loop fac¬ 
tor, which has been introduced with the following logic. The theory being 
non-perturbative means that loop diagrams of all orders give comparable con¬ 
tributions, therefore it should be sufficient to pick up one in order to obtain 
an estimate of the final result. The l/167r^ factor is found by looking at the 
simplest (one loop) diagram in Fig. 3.3. 

In order to obtain the scattering amplitudes we must compute the residual 
of the correlators at the on-shell poles (which amounts to multiply by pf — m| 
for each external leg and to take the on-shell limit) and eventually divide by 
the wave function renormalization factors \fZi. Schematically, wave functions 
are extracted from the two-point correlators as 


(M.X.) = 




N 


47r 




(3.1.22) 


where A^ is the dimension of the two-point correlator. Dividing by 
leads to one AttI'/N factor for each of the external legs. The powers of m* 
combine to give the correct dimension of the n-point Feynman amplitude, 
which is [An] = and we find 


The result is remarkable. It shows that any sensible amplitude (with 
n > 2) is suppressed at large-fV and eventually vanishes in the strict limit 
1/N = 0. Therefore mesons asymptotically become free particles and this 
is surprising since they originate as bound states of a strong dynamics. At 
finite N they behave like weakly-interacting particles with a coupling factor 


9* — 


Att 

7n’ 


(3.1.24) 


which suppresses the amplitude for each external leg. The behavior of the 
amplitudes in Eq. (3.1.23) must be reproduced, in the low-energy effective 
description of the mesonic particles, by a peculiar dependence of the effec¬ 
tive operator coefficients on p* and m*. Namely, for each field insertion 
one needs one p* and an appropriate power of m* (mj^ for bosons and 
m* for fermions) fixed by the energy dimension of the low-energy meson 
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fields. Derivatives correspond to momenta in the Fourier space and thus they 
come with l/m». An overall additional factor of mf/g^ must also be present 
to match with Eq. (3.1.23). We end up with the ISlC power-counting in 
Eq. (3.1.18). As anticipated it holds in the mesonic sector of low-energy 
QCD even though for a radically different reason than for perturbative the¬ 
ories. The actual value of 5* depends on N, it can range from 0 to 47r. For 
real-world QCD N = 3 and one is entitled to approximate g* = AkI\ f3 ~ 47r, 
in which case the power-counting formula reduces to the NDA counting [82]. 
The latter is known to give phenomenologically valid estimates of the chi¬ 
ral Lagrangian operators, providing a partial experimental confirmation of 
Eq. (3.1.18). 

The interactions involving elementary fields are easily estimated by pro¬ 
ceeding along similar lines. In this case one has to compute scattering am¬ 
plitudes in the presence of external elementary field sources, at a fixed order 
in the elementary/composite couplings g and A. For this we need correlators 
with insertions of the composite operators (J and O) the elementary fields are 
coupled to. Under the assumption that also those operators are mesonic, the 
correlator estimate is still the one in Eq. (3.1.21) and the derivation proceeds 
as before, with the only difference that no wave-function factor has to be 
taken out for the elementary field legs. Therefore, there is no II\fZ ~ 5* for 
the elementary field insertions, but instead we have the elementary coupling 
g or X from the source interaction coefficient. Dimensional analysis does the 
rest and we recover Eq. (3.1.18). All this holds if the operators J and O 
the sources couple to are mesonic operators. This is definitely the case in 
QCD where the relevant source is the electromagnetic field coupled to the 
quark current. Photon interactions with the hadrons can thus be estimated 
by Eq. (3.1.18), once again with good phenomenological success. 

The fact that the ISlC power-counting applies to the mesonic sector 
of QCD gives a strong support to its validity. It shows that it could hold 
not just for “fake” weakly-coupled composite Higgs models but also for gen¬ 
uine strongly-coupled theories. The two things might actually coincide, for 
instance the 5-d holographic models might be dual to some strong 4-d dy¬ 
namics, but we do not need to assume an exact duality to apply the ISlC 
power-counting. Nevertheless, those are just indications and no conclusive 
statement can be made on which one is the true power-counting of the true 
composite sector (if any) the pNGB Higgs emerges from. This is because 
of several reasons, the most obvious one being that we do not know any¬ 
thing about the underlying microscopic theory. For sure it is not QCD, nor 
a rescaled version of it. If it is a radically different theory its hadron scatter¬ 
ing amplitudes might obey a different power-counting. Actually even if the 
theory was QCD-like the power-counting could be different if the relevant 
composite particles and operators were not mesons but other color singlets 
formed by more complicated contractions than ■ qL For instance the glue- 
ball amplitudes in QCD are not controlled by g* ^ I/'/N but by 5* ^ 1/N 
[84-86]. The composite Higgs fermionic operators O deserve a special men- 
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tion in this context. We assumed them to be mesons, but of course in QCD 
there are no mesonic operators with Fermi statistics. The only fermionic can¬ 
didates are baryons which however behave at large-in a radically different 
manner. They cannot even be described by a Lagrangian because they are 
solitons [86] . The femionic operators we are talking about and the associated 
particles should emerge from some different theory, for instance from objects 
like in some supersymmetric model with scalar quark partners </)*. Non- 
supersymmetric proposals for the microscopic origin of these operators have 
been made in Refs. [37-39]. 

In conclusion, the ISlC power-counting should be regarded as a plausible 
guess on the unknown composite sector dynamics, which can be supported 
and motivated by different viewpoints, but it should not be taken as absolute 
truth. Also the fact that it has no known alternative does not mean that it 
is necessarily unique, other options could be explored.® With this caution 
remarks in mind, we will make extensive use of it in what follows. 


3.2 Higher derivative operators 

We now have all the ingredients to improve our low-energy description of the 
composite Higgs, the SM vectors and fermions, by going to the next order 
in the derivative expansion. This will induce new effects which were absent 
in the leading-order Lagrangian. In particular, the only leading-order correc¬ 
tions to the SM have been found to be the modified interactions of the Higgs 
particle (see for instance Eqs. (2.2.34), (2.4.34)), induced by additional non- 
renormalizable operators with extra powers of the Higgs field but without 
extra derivatives or gauge field insertions. The leading terms are d = 6 oper¬ 
ators suppressed by 1//^ with respect to their d = 4 SM counterparts. The 
higher order CCWZ operators discussed in what follows will instead induce, 
in accordance with the power-counting in Eq. (3.1.18), d = 6 corrections with 
extra derivatives and gauge fields, suppressed by 1/mJ = 1/g^l//^. Their 
effect is thus generically subdominant if (/* > 1 and this is precisely why it 
makes sense to neglect them in a first approximation. Nevertheless they are 
not at all irrelevant. Eirst of all, because g* might be dangerously close to 
one. Of course we would like to have it large to make the resonances heavy, 
however we will see in Sect. 3.3 that it should better not be too large in 
order for the Higgs being naturally light. Second, higher derivative opera¬ 
tors induce corrections to the SM gauge field propagators and interactions 
which were absent at the leading order. Though suppressed, those effects are 
strongly bounded by Electro-Weak Precision Tests (EWPT) and thus they 

® Several confusing statements about power-counting have appeared in the recent liter- 
ature. For instance that power-counting is a convention and any guess is equally plausible. 
Or the converse one, that power-counting should be inferred from the effective field theory 
itself by some “consistency” requirement. Both those statements are false. Power-counting 
is the result of a set of assumptions on the UV theory, thus it is not unique but any sensible 
one, possibly alternative to ISlC, must be founded on alternative physics hypotheses. 



88 


CHAPTER 3. BEYOND THE SIGMA-MODEL 


give rise, as we will see below, to important phenomenological constraints 
on the composite Higgs scenario. Finally, higher derivative operators give 
enhanced contributions to high momentum reactions. Therefore they might 
become relevant for a program of high-energy measurements to be performed 
at the LHC and at future colliders. 


3.2.1 Order bosonic 

The most general CCWZ invariant operator can be written, as discussed in 
Sect. 2.3.3, in terms of the symbol and the covariant derivative D^, with 
the unbroken group and the Lorentz indices properly contracted to obtain 
an invariant Lorentz scalar. The 0{p‘^) operators can be classified in three 
groups: those obtained by four d-symbol insertions and no derivative, those 
with two d’s and two D’s and the ones with four D’s and no d-symbols. No 
SO(4) invariant can be constructed with an odd number of d symbol insertions 
so the three classes above exhaust all possibilities. It is convenient to start 
the classihcation from the operators in the last category, which are obtained 
by taking covariant derivative commutators, forming the field-strength 
following Eq. (2.3.35) and contracting indices to form a scalar. Given that 
the E tensor is a reducible representation of SO(4) (see Appendix 2.B ) and 
taking care that the Lorentz indices can be contracted either with or 

with the Levi-Civita antisymmetric tensor four independent operators 

exist 


n - ipLP’' , pRp'' 

^+ + ,1 ^ a. ' fiu-^ a. ; 

ID _ j^L _|_ rpR^ j^R ^ 

-rt—+ — ^ I p<y, ct \ R' pijR' p(7, a j ? 

R— = (e^I,E\,, „ - E^l.E^p,, , (3.2.1) 

where the operators labelling reflects the quantum numbers under the CP and 
Plr ^2 symmetries defined and discussed in Appendix 3.A. As explained in 
the Appendix, all the operators are even under charge conjugation and their 
CP quantum number is only dictated by parity. The ones constructed with 
the e tensor are odd while the others are even. The Plr parity assignment 
is also evident since Prr interchanges L with R. We will show below that 
the operators labeled as “i?” are redundant. 

The second class of operators to be discussed are those with four d-symbols 
and no covariant derivatives. The four fourplet indices can be contracted with 
two Sij's or with the completely antisymmetric SO(4)-invariant tensor £ijki- 
In the first case, rj^Cs have to be employed for the Lorentz contractions while 
the Levi-Civita e^ypcr is needed in the second one. We have a total of three 
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o++,2 = (dX)^ 

0__, 1 = e,,kie^''P^cT^did% , (3.2.2) 

which are again classified according to their CP and Plr properties. No¬ 
tice that the e tensor in SO (4) produces a PL_R-odd object because Pl_r, as 
discussed in Appendix 3.A, is just parity in 0(4) and it is represented by a 
matrix with determinant —1. 

The operators in the last class, made of two d’s and two D’s, can be 
further divided into two subclasses. The first ones are the commutator of 
two D’s, i.e. the field-strengths, multiplied by two d's. There are three 
of them which are relevant 

R++, 1 = E^;x {ztif d-'+{itir , ( 3 . 2 . 3 ) 

0 +_, 2 = E^lX (* tir d^ - (* tnf d ’', 

0__^2 = {E^l.dp,^ d.,, - d.,,) . 

A fourth one, like O _ ^2 but with “-I-” instead of ” in the parenthesis, 

has been voluntarily ignored and will be discussed below. The second set 
of operators are those constructed with two d-symbols and two covariant 
derivatives acting on them. In the classification of the operators in this 
subclass the covariant derivatives must be taken to commute as if they were 
ordinary derivatives because covariant derivative commutators produce 
field-strengths and lead to operators we already counted in the first subclass. 
Actually, since we missed one operator in the previous subclass, one exception 
to this rule is needed and three operators must be considered 

0++.4 = (4?-d)|^,.] {D-dt'''^ , 

R++,2 = {D^d^)^{D,d''Y , (3.2.4) 

where D ■ d denotes the covariant derivative of the d-symbol. We have chosen 
to express the operators in terms oi D-d anti-symmetrized on the Lorentz in¬ 
dices because this has a rather simple explicit form, provided by Eq. (2.B.23). 

In writing O _we made the above-mentioned exception, indeed O _^ would 

vanish if the covariant derivatives had to commute. By integrating by parts 

O _I- can be rewritten in terms of the covariant derivatives commutator, i.e. of 

the field-strength tensors, reproducing the operator which we were missing 
in Eq. (3.2.3). 

We end up with a total of 10 operators (distributed as 4-2-2-1 in the -|—1-, 
-, -I— and —h categories) and we claim that this is all what is needed 
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to describe the composite Higgs dynamics at 0(p'^) in the bosonic sector. 

However we still have to deal with the four operators R _ R _, 

and i?++. 2 and to show that they are redundant as anticipated. We start 

from R _(_ and R _, which are redundant simply because they are total 

derivatives. In order to show this one has to remember (see for instance 
Ref. [87]) that out of a generic gauge field one can construct an object, 
called the “Chern-Pontryagin” density, which is a total derivative. Namely 

Tr [A^^Apa] = [^], (3.2.5) 

where A^i, is the field-strength and the H[^] is the (Hodge dual) Chern- 
Simons form constructed with A. But E^ and E^ are precisely field-strength 
tensors, constructed with and as if they were SU(2) gauge fields, and 

the operators R _^ and R _are linear combinations of the left and right 

Chern-Pontryagin densities. Therefore they are total derivatives. 

We now turn to discuss i. The basic and generic observation is that 
there exist linear combinations of CCWZ invariants that are “too symmet¬ 
ric” , in the sense that they reconstruct an invariant of a linearly realized Q 
group (SO(5), in our case) and not just of the unbroken These objects 
are typically trivial. In Sect. 2.4.2 we already encountered some examples of 
this situation when we proved (see for instance Eq. (2.4.30)) the existence of 
a relation among the two 0 {p^) fermionic operators obtained from the classi¬ 
fication. This happened because the linear combination of CCWZ tensors on 
the left-hand-side of Eq. (2.4.30) reconstructs a singlet under a fictitious lin¬ 
early realized SO(5) that rotates the dressed sources in the 4 and 1 as if they 
formed a single fiveplet.^ The Goldstone matrix used to define the dressed 
sources drops because it corresponds to a transformation under this fictitious 
group and therefore the result is independent of the Goldstone fields. In par¬ 
ticular in Eq. (2.4.30) it reduced to the product of two orthogonal sources and 
thus it vanished. Coming back to the present case, it is not hard to identify 
trivial 0{p‘^) operators starting from the T tensors defined in Eqs. (2.3.38), 
(2.3.39) and worked out explicitly in Appendix 2.B. Let us consider 

Tr[Fp,Fp,] = , (3.2.6) 

where in the first equality we exploited the fact that the Goldstone matrix we 
used to dress F drops when we form, by taking the trace, a linearly realized 
SO(5) singlet. Clearly the Lorentz scalars obtained by the above tensors are 
not new operators because the J^’s can be expressed in terms of E and D ■ d 
by Eq. (2.B.23). By contracting the Lorentz indices with e or with two 77 ’s 
and making use of Eq. (2.A. 12) we obtain 

^M-P-Tr[F^,Fp,] = R_+ , (3.2.7) 

Tr[E’^i,F^'"] = 2i?_,_+_i -I- -I- -0++^2 - 2 *^+-!-. 3 + <^++,4 . 

^As explained at length in the previous chapter this is not the way in which the genuine 
non-linearly realized SO(5) acts. Each CCWZ operator is automatically invariant under 
the latter symmetry. 



3.2. HIGHER DERIVATIVE OPERATORS 


91 


From the first line of the above equation we see once again that R _^ is 

a total derivative, given that Eq. (3.2.5) can be also applied to the Chern- 
Pontryagin density constructed with the gauge source fields. The second 
equation allows us to relate i?++, i to Tr[F^], which has the form of a kinetic 
term for the source fields. When the sources will be set to their physical 
value by Eq. (2.B.12), this term will just provide one additional contribution 
to the elementary fields kinetic term we introduced in Eq. (2.2.26) and there¬ 
fore its only effect will be an unobservable redefinition of the gauge coupling 
parameters g and The operator i?++, i can thus be eliminated in favor 
of the other ones in the category up to an unobservable parameter redef¬ 
inition. Identical considerations allow us to get rid of the operators we might 
have constructed with the U(l)x source introduced in Sect. 2.4.2. We 
voluntarily ignored until now, but clearly it can be used to construct the 
CCWZ invariants, where it will appear as an SO(4) singlet endowed with his 
own unbroken local U(l)x symmetry. The only two 0{p‘^) operators with Xf^ 
are FF and the FF kinetic term, which are respectively a total derivative 
and equivalent to one further redefinition of g'. 

Let us finally turn to it is redundant like the other two, but 

for a different reason which has to do with the equations of motion of the 
Goldstone bosons at 0{p^). A generic property of perturbative theories, 
whose Lagrangian terms are classified by some expansion parameter e, is 
that all the operators of order e" that vanish on the equations of 

motion can be safely ignored because they are actually equivalent to 
terms. This follows from the possibility of performing redefinitions of the field 
variables, by which the operators proportional to the lower order equations of 
motion can be systematically traded for higher order terms. The expansion 
parameter is £ = p^ in our case and we are classifying up to 0{p‘^). We 
can thus remove from the classification all the operator which vanish on the 
0{p^) equations of motion, namely on the equations of motion obtained by 
the 0{p^) Lagrangian in Eq. (2.B.19). Deriving these equations directly from 
the Lagrangian is not completely straightforward, however we can guess the 
result on symmetry basis. The equations of motions associated to the four 
Goldstone boson helds must be a CCWZ tensor in the 4 of SO(4), and of 
course a Lorentz scalar. But from the classification of two derivative tensors 
performed in Sect. 2.3.3 and Appendix 2.B one easily shows that only one 
such term exists and therefore the 0{p^) equations of motion are necessarily 

D>^dl=Q. (3.2.8) 

We can thus eliminate the operator from our basis. 

This concludes the operator classification, which would be the right start¬ 
ing point for a detailed phenomenological analysis of the indirect effects asso- 

®If we denote as cjOgl) the operator coefficient, the coupling redefinition that elim¬ 
inates it is 1/g^ + c./g1 and 1/g'^ —t 1/g'^ + c/g^. This is best seen by first 

performing the field redefinition W ^ Wjg and B B/g' by which the coupling strength 
is moved to the kinetic term normalization. 
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dated with the composite nature of the Higgs. However this topic is currently 
under development (see [88-91] for recent discussions) and it goes beyond the 
scope of the present Notes. Here we will limit ourselves to illustrate two spe¬ 
cific effects associated with 0(p‘^) operators, namely a correction to the S 
parameter of EWPT and the possible modification of the Higgs boson cou¬ 
pling to two photons. The first effect is important because it provides a 
powerful phenomenological constraint on the composite Higgs scenario. The 
second one is important because it is actually absent, or more precisely it is 
reduced with respect to the naive expectation thanks to the pNGB nature of 
the Higgs. Even if we will not discus it here, identical considerations could 
be made for the Higgs coupling to gluons. 

Let us start from the S parameter. It measures possible deviations from 
the SM of the neutral gauge bosons propagator matrix and it is defined, with 
the conventions of Ref. [49] , as 

S = ^HwaS |g2=o ) (3.2.9) 

in terms of the transverse components of the two-point vacuum polarization 
amplitudes at the tree-level order, denoted as Hvv'{q^)^ with two gauge 
bosons V,V' = {IE“,H} on the external legs. The external fields V and V 
are taken to be the ones that couple to the light SM quarks and leptons with 
unit strength, which means that the EW couplings g and g' are reabsorbed by 
a field redefinition and are carried by the kinetic terms in this field basis. In 
the definition of S it is implicitly assumed that the couplings to vector bosons 
of the light matter fermions are identical the SM ones. This qualifies S as an 
“oblique” correction to the SM dynamics, namely a correction which occurs 
in the 2 —>■ 2 reactions among light particles (precisely measured at LEP) only 
through a modification of the vector boson propagators and not of the vector 
bosons/matter interaction vertexes. This is typically a good approximation in 
composite Higgs because we saw in Sect. 2.4.1 that the light matter fermions 
are characterized by a tiny compositeness fraction. Therefore their coupling 
to vector bosons is dominantly the one from the covariant derivative in the 
canonical kinetic term coming from the elementary sector in Eq. (2.4.2), with 
small corrections from the composite sector. We will elaborate more on this 
aspect in the following section and in Chaps. 4 and 7, but for the moment 
we just ignore non-oblique corrections and we identify the unit-coupling EW 
boson fields in the definition of the vacuum polarization with the rescaled 
gauge sources gW°‘ and g'B. 

No direct correction to S came from the non-linear cr-model terms we 
considered in the previous chapter because their only effect is to modify the 
Higgs boson couplings while leaving the EW boson propagators identical to 
the SM ones.® Such corrections do instead arise at 0{p‘^), in particular from 

®We will discuss in Chap. 7 the oblique corrections which are radiatively induced by 
the modified Higgs couplings. 
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the operator i. By setting the Higgs to its VEV and using Eq. (2.B.27) 
it gives quadratic terms 


C++, 1 


^ (3 + cos 


p- / 

(3.2.10) 

with ^ 1 / g^g jg (2.B.21), having estimated the operator coefficient as 


C++, 1 

452 


(3.2.11) 


in accordance with the ISlC power-counting in Eq. (3.1.18). The presence of 
the minus sign is purely conventional: c++^ 1 is an unknown 0(1) coefficient 
and it could have any sign from the viewpoint of our low-energy effective 
field theory. This convention is adopted because c++^ 1 is typically positive 
when computed in explicit models, eventually leading to a positive S. Similar 
considerations hold for the 1 /4 normalization. From the mixed L-R term in 
Eq. (3.2.10) we obtain a mixed W-B vacuum polarization, and thus 


o _ C++, - 

^ O 2 ^ 


2 C++. 


ml 


(3.2.12) 


Both the expressions for S reported above, in terms of g* and / or of 
m*, are interesting and deserve a comment. Clearly, the second one is more 
compact and it shows that the current experimental constraint on S, which 
we can take to be approximately S < 10“^ (for references and more details, 
see Chap. 7), implies a ^^-independent limit 

pc++,i • 2.5 TeV, (3.2.13) 

on the composite sector scale m*. While this is obviously not a sharp con¬ 
straint because it is subject to 0(1) uncertainties in the coefficient, it con¬ 
stitutes a rather robust starting point for the construction of any realistic 
composite Higgs model. It is also worth noticing that the limit could be 
made weaker, or stronger, by other contributions to EWPT originating from 
other sectors of the theory as we will exhaustively discuss in Chap. 7. The 
first S formula in Eq. (3.2.12) is interesting because we can recognize that 
it coincides with the well-known Technicolor result (see for instance [92] and 
remember that 1/gl ~ IV/IGtt^ in our formalism) aside from the ^ factor. 
This provides one further illustration of how the composite Higgs is superior 
to Technicolor, leading to smaller new physics effects, only for small misalign¬ 
ment angle ■C ^ 1 while it reduces to the latter for ^ = 1. A small ^ gives not 
just a naturally SM-like Higgs boson as discussed in the previous chapter, 
but also to an improved agreement with the EWPT. 

We now turn to the Higgs coupling to two photons. No such coupling is 
induced by any of the operators listed above and this is not hard to verify 
by proceeding as follows. Given that we are interested in operators involving 
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photons and no other EW bosons we can set the W and Z fields to zero 
obtaining, in the notation of Appendix 2.B, gauge sources of the form 

, (3.2A4) 


where 7 denotes the photon field and e is the electric charge, defined as 
1/e^ = 1/g^ -hl/g'^ like in the SM. If we now look, in Eqs. (2.B.26), (2.B.27), 
at the unitary gauge version of the CCWZ objects d, D-d and E out of which 
our operators are constructed, we immediately see that the dependence on 
the photon fields drops in all of them, aside from the field-strengths El^r, 
which however become trivial 


77(2) 77(2) ^3 

Et = E\ =eiu.v — 
L ^1/ H o 


(3.2A5) 


and independent of the physical Higgs field h. The only non-redundant oper¬ 
ator with two photons thus comes from 1 , which however reduces to an 
harmless correction to the photon kinetic term. The /lyy vertex is thus not 
induced by the 0{p^) operators. This fact is an important phenomenological 
virtue of our construction. If it was not the case, we might have obtained a 
large correction relative to the SM, where /177 is radiatively generated and 
thus suppressed. Such a correction would be already within the sensitivity 
of current Higgs coupling measurements. 

Being the absence of /177 such an important phenomenological property, 
let us further investigate its origin, which has to do with the pNGB nature 
of the Higgs. In order to understand how this comes we have to go back to 
Eq. (2.4.19), where we declared how the EW boson sources interact with the 
composite sector. Since we are only interested in photon couplings we can 
restrict the sources to the photon field by Eq. (3.2.14), obtaining 

+ J^) = , (3.2.16) 

where we also made use of Eq. (2.4.20). The full set of EW boson couplings to 
the currents breaks the composite sector global group completely. However 
the photon interactions displayed above preserve some symmetry transfor¬ 
mations, namely all and only those associated with electrically neutral gen¬ 
erators, which commute with the electric charge Q — T^ T^ X and thus 
leave J); ™' invariant. This defines an SU(2)xU(l) subgroup of SO(5), whose 
detailed structure is however not very important for the present discussion. 
What matters for us is that the generator which is the one associated 
with the physical Higgs boson, is obviously neutral and belongs to this un¬ 
broken subgroup. Being an exact symmetry, only spontaneously broken 
by the composite sector, the physical Higgs component is an exact Goldstone 
boson, endowed with an exact shift symmetry induced by whose explicit 
action on H^ could be extracted from Eq. (2.2.13). It is this symmetry that 
forbids the /lyy vertex. 
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Indeed, /177 at the two-derivative order might only come (up to a CP-odd 
term discussed below) from the interaction 


ml 




(3.2.17) 


The two derivatives need to be carried by two photon field strength 7 ^^ ten¬ 
sors, which is the only object we can use because of the residual QED gauge 
invariance. Given that no derivative is acting on h, this term is incompati¬ 
ble with the shift symmetry and thus it is forbidden. If instead the Higgs 
was not a Goldstone, but another bound state of the composite sector, there 
would be no reason why the operator (3.2.17) should not be present with 
the coefficient predicted (taking into account the need of one insertion of the 
EWSB scale) by the power-counting formula (3.1.18). This would give c.y ~ 1 
and thus too a strong effect in the /lyy partial width to be compatible with 
observations, providing further phenomenological support to the idea that 
the Higgs, if composite, must be a Goldstone boson. 

Notice that above argument does not imply that the operator (3.2.17) is 
exactly absent to all orders in perturbation theory because the Higgs shift 
symmetry is broken by the coupling of the other EW bosons and that an 
even stronger breaking comes from the couplings ^ with the third family 
quarks. This breaking will show up in the radiative corrections induced by 
loops of the elementary gauge and fermionic fields, eventually leading to a 
loop-suppressed effective operator. We have not yet discussed this kind of 
effects, however by dimensional analysis it is not hard to understand that 
they are further suppressed with respect to Eq. (3.1.18) by an additional 
loop factor li/ 167 r^ times the square of the relevant coupling. We thus expect 
a Cj in Eq. (3.2.17) which, in Natural Units, is of order 


X2 

mL.R 

IGtt^ 


(3.2.18) 


The same loop suppression factor that is present in the SM also arises in 
composite Higgs, on top of the 1 /ml reduction, making the relative correction 
to /177 well under control. 

The other possible ^.77 vertex, which is the CP-odd operator 




mt 


'• Ipvlpa : 


(3.2.19) 


deserves some additional comment. At a first sight one might conclude that 
it is forbidden by the Higgs shift symmetry exactly like the CP-even one. 
However thinking more carefully one finds an interesting subtlety. Under 
a constant shift of /i, which corresponds to a global SO(5) transformation, 

even sharper argument would be to imagine putting the theory in an electromag¬ 
netic field background. The operator above would induce a potential (a tadpole term) for 
the Higgs, which is definitely incompatible with its Goldstone nature. 
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the CP-odd operator is not invariant but its variation is proportional to 
77 , which is a total derivative. Therefore, at least at the global level and 
for field configurations with appropriate boundary conditions, the operator 
leads to an invariant action and is thus allowed in principle. Nevertheless, we 
did not encounter it in our classification, but this might just be because we 
are only writing down strictly invariant Lagrangian terms, constructed out 
of the d and e CCWZ symbols, which respect also the local version of the 
SO(5) group. There is only one term which might not have this structure 
and generate the CP-odd I 177 vertex in Eq. (3.2.19): the gauged Wess- 
Zumino-Witten term [57-59]. This is definitely irrelevant for the minimal 
composite Higgs model because it turns out that the Wess-Zumino-Witten 
term does not exist for the minimal coset SO(5)/SO(4), but it could lead to 
interesting phenomenological consequences for non-minimal cosets. Notice 
that the Wess-Zumino-Witten term is intrinsically linked to the presence of 
anomalies in the global group. Therefore the theorem according to which 
hjj is suppressed by the Goldstone symmetry is not violated. The point is 
that the anomaly actually corresponds to a sizable breaking of the symmetry. 

3.2.2 Order p fermionic 

Let us now come to the fermionic sector, with the purpose of extending to 
0{p) the operator classification of Sect. 2.4.2. The result and its physical 
implications strongly depend on the SO(5)xU(l)x quantum numbers of the 
fermionic operators that realize partial compositeness; the two options of a 
spinorial and of a fundamental representation will be discussed in turn. 

In order to properly read the implications of the symmetries, the ele¬ 
mentary SM fields must be embedded into fermionic source multiplets with 
the same quantum number of the corresponding operators. In the case of 
the spinorial 4i/6 representation the four embeddings Qt^, Tr, Q{,j^ and Bn 
are defined in Eq. (2.4.45). However the bottom sector sources Qtj^ and 
Bn will not be relevant for the present discussion because their couplings 

H to the composite sector are typically small, much smaller than those of 
the top sector as needed to reproduce the small bottom quark mass. 

The effective operators constructed with the bottom sources are thus power¬ 
counting suppressed (3.1.18) and negligible in comparison with the ones from 
the top sources. They can still be relevant, but only if they trigger qualita¬ 
tively new effects as we will see happening in the case of the fundamental 
representation. For the spinorial, the relevant objects are thus Qt,^ and Tn, 
out of which a total of 4 CCWZ multiplets can be obtained by dressing the 
sources with the Goldstone matrix as explained in Sect. 2.4.2. These are four 
SO(4)~SU(2 )lxSU(2)j^ doublets 

. Qt^ > Tn^ > Tn ". (3-2.20) 

^^The definition of these objects is not explicitly reported in Sect. 2.4.2, it is however 
completely analogous to the one given in Eq. (2.4.25) for the case of the fundamental 
representation. 
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with a common U(l)x charge of 1/6. In the above equation we denoted, for 
shortness, the (2,1) and (1, 2) representations as 2 l and 2 r, respectively. 
We will now classify the invariant operators constructed with two of those 
sources and one derivative, which can be either carried by the symbol or 
by the covariant derivative 

There are four Hermitian operators with 

O? = Q*, 

O?, 1 = , 

Ol = Tfl , 

^ ( 3 _ 2 , 21 ) 

expressed in terms of the symbol in the 2x2 matrix representation of 
Appendix (2.B) (see Eq. (2.B.16)), which is typically the most convenient 
one when dealing with the spinorial representation. The operator labeling 

refers to their intrinsic Plr parity, which is easily worked out by noticing that 
( 2 ) 

d/ ^ transforms into its conjugate while the two doublets get interchanged by 
Plr as shown Appendix 3.A. The CP quantum number will instead not be 
specified for the fermionic operators. 

By acting with a covariant derivative, four more operators can be formed 

i?? = , 

-iT^j^rD^Tl^ . (3.2.22) 


Notice that the covariant derivative acting on the fermionic fields is not 
only given by the CCWZ one we introduced in Sect. 2.3 (see for instance 
Eq. (2.3.46)). The latter takes care of the non-linearly realized SO(5) but 
other terms are needed to account for the unbroken U(l)x and SU(3)c color 
local groups, involving the corresponding sources, under which the fermionic 
fields are charged. The complete covariant derivatives are 


D.Qtl = 

D,Qt^ = 


dti -igsGfj, 


2l 
tL ’ 




— * — igsGu 


^ A* " 6 


Q 


(3.2.23) 


and analogously for Tr. The 1/6 factor reflects the U(l)jc charge of the fields 
and G^ = are the gluon fields in the matrix notation, acting on the 

triplet color index of the source. The 2x2 matrix representation for the 
symbol, decomposed in left and right components as in Appendix 2.B, has 
been used to express the CCWZ part of the covariant derivative. 
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The two operators and R^ are redundant, as the notation suggests, 
and by following the same logic of the previous section it is easy to understand 
why. The point is that there exist two operators, constructed by working 
directly with the source fields rather than with the dressed ones, which have 
a trivial effect on the theory. These two operators are 

= iq^-i^D^QL , 

iTRj^Df^T]i = , (3.2.24) 

and they just reduce, when the fermionic and gauge sources are restricted 
to their physical values, to corrections of the elementary quark fields kinetic 
terms. Such corrections can be eliminated by a rescaling and reabsorbed 
in an unobservable redefinition of the elementary/composite interaction cou¬ 
plings and Xtn- The ones above are not new operators, but instead they 
are linear combinations of R^' and 0_j:’ . This is immediately verified by 
inverting the definition of the dressed sources obtaining 

Qt, = U4II] • , 

Tr = U4U] ■ {T|^ , (3.2.25) 

where t /4 is the Goldstone matrix in the spinorial we derived in Appendix 2.B. 
By plugging into Eq. (3.2.24), remembering that the definition of d and e 
(2.3.28) applies to any representation including the spinorial, we obtain 

^ Dfj-QtL — + 2 ^ 2 ^^ ’ 

i Tr^>^D^Tr = Rl + ^Ol, (3.2.26) 

O T 

showing that R^' are redundant as anticipated. 

The operators above trigger a number of interesting physical effects, 
among which further modifications of the Higgs coupling to fermions on top 
of those outlined in Sect. 2.4.2 and corrections to the W-t-b vertex Va- Here 
we will limit ourselves to discuss their effect on the Z boson coupling to the 
left-handed bottom, gb ^, which was precisely measured at LEP. We focus on 
O '^, which is the simpler to deal with. Other contributions of the same order 
are expected from oS. 2 but not from oS. 1 which is CP-odd. The correspond¬ 
ing Tr source operators modify the top coupling to the Z, which however 
is not yet measured well enough to be relevant. After going to the unitary 
gauge and setting the sources to their physical values we find 

02 = -^^bLl^Z^bL + ... , (3.2.27) 

^^The covariant derivative here is acting on the sources, which transform linearly under 
SO(5) and not like the CCWZ objects do. Therefore — iA^ — iQx^n — 

with no symbol appearing. 
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which sums up with the SM vertex which originates from the elementary 
kinetic term in Eq. (2.4.2), leading to corrections. 

In order to quantify these corrections we rely on the ISlC power counting 
(3.1.18) estimate of the operator coefficient, which in this case leads to two 
powers of the coupling from the two source insertions, a prefactor oil/gl 
and no m* since the operator has dimension four. Therefore we have 

(3.2.28) 


having stripped out a g/c^j factor in the dehnition of the coupling as cus¬ 
tomary in the literature (for more details, see Sect. 7.2). This correction is 
experimentally bounded at the per-mille level, implying a constraint 

-10-^ (3.2.29) 

This limit can be more or less stringent, depending on the size of Xt^. 
However Xtj^ controls the generation of the top quark Yukawa as in Eq. (2.4.16) 
(in accordance with the more quantitative results of Sect. 2.4.2), namely 


yt ~ , (3.2.30) 

9 * 

therefore it is not a completely free parameter. The two options which is 
worth considering are 

(I) Xtfi — Xt^ — y/ytg* I (II) Xtj^ — g*, Af^ ~ yt , (3.2.31) 

for which the constraint, using g* < 47 r and j/t ~ 1, becomes 

2 

(I) C ;$ — ■ 10”^ < 1.3 • 10-2 , (II) ^ • 10-3 < 0.16 . (3.2.32) 

yt yt 

Further lowering Xt^ unfortunately is not an option, so that the coupling 
pattern (II) is already the most favorable one, because of two reasons. First, 
by applying Eq. (3.2.30) we would conclude that < yt requires Xtj^ > g*, 
i.e. that an elementary coupling becomes larger than the composite one. 
This goes against our basic philosophy, outlined already in the Introduction, 
according to which the elementary sector must be a mild deformation of the 
composite one, characterized by a weaker interaction strength. Second, and 
more concretely, we notice that Eq. (3.2.30) is an approximate formula that 
looses its validity when A*^ >9*- In this case the more complete expression 

for yt in Eqs. (2.4.16) and (2.4.15) should be considered, which displays how 
keeping raising Xt^ above g* doesn’t help because the compositeness fraction 
sin0)j saturates to one. From the complete formula one can derive the upper 
limit Xt^ < yt, which is already saturated with the choice (II) showing that 
no improvement is possible. 
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The bound from is extremely strong in case (I) of Eq. (3.2.32), it 
requires two digits of unnatural cancellation in but it seems tolerable in case 
(II), not far from the one obtainable from S (3.2.12) for maximal g*. However 
the estimate (II) is too optimistic, for two reasons. First, the favored coupling 
pattern is not (II) but (I), because of the structure of the Higgs potential, 
which will be discussed in the following section, and the need of obtaining a 
realistic VEV for EWSB. Second, the study of the Higgs potential will also 
reveal that (/* should not be maximal for the Higgs to be naturally light. The 
limits in Eq. (3.2.32) rapidly deteriorate for g* < 47r, carrying the model into 
the unnatural regime. 

The strong bound on , which we have seen emerging for fermionic 
operators in the spinorial representation, leads us to discard this possibility 
and to search for alternatives where 6gi,^ corrections are smaller. Interest¬ 
ingly enough, it is sufficient to go to the next-to-minimal representation, 
the fundamental, to dramatically improve the situation. In this case, two 
sources Qt^ and Tr are introduced in the top sector, both in the 52/3, and 
used to form four dressed source in the 42/3 and in the l 2 / 3 - The complete 
set of 0{p) operators reads 

= * (Ql)^rd;,Ql - ’ 

^+, 3 “ * I (3.2.33) 

plus the corresponding terms with Tr. In the above equation we have already 
dropped two redundant operators, associated with the source kinetic terms. 

It is easy to verify explicitly that none of the operators in Eq. (3.2.33) 
contributes to 5gi ,^, neither directly by a Z-b-h vertex nor indirectly through 
a correction of the kinetic term. Large effects like the ones in Eq. (3.2.28) 
are thus absent in the case of the fundamental representation. Corrections 
to gb^ will emerge at higher orders in the derivative or loop expansion and, 
as we will see below, from operators involving the bottom sector sources. 
The cancellation of 5gb^ appears miraculous at this point, however it can 
be nicely understood by symmetries. This has to do with the fact that all 
the operators we found are accidentally even, and to the fact that Plr 
is not broken by the 5^ embedding into the sources. Namely, if we look at 
Eq. (2.4.28) and compare it with Eq. (3.A. 16) we see that Plr is preserved 
if 6 l is regarded as an odd field. The embedding does instead break Prr 
but this will not show up in the Z-b-b vertex at this order. Pl_r, as we will 
see in Appendix 7.A, is not even broken by the Higgs VEV, it survives in 

^^The concept of minimality based on the dimension of the representations is rather 
questionable. From the viewpoint of a strongly-coupled microscopic theory it is hard to 
tell what is “minimal” or “easier” to be realized. In the case at hand, it is enough to have 
composite sector constituents not living in the spinorial, but only in representations with 
congruency class (see e.g. Ref. [55]) equal to zero, for not being capable to form composite 
operators in the spinorial representation and being forced to consider alternatives. 
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the low-energy bottom Lagrangian and it ensures Sgbj^ cancellation in a way 
that is similar to the cancellation of the T oblique parameter due to custodial 
SO(3)c- For this reason, is called a custodial symmetry for Z-b-b [93]. 
The situation is different for the operators constructed with the bottom sector 
sources in which, as Eq. (2.4.39) shows, the embedding breaks Plr. 
One operator that induces Sgbj^ is, for instance 

(QtJ^rdlQl +Qlrd;,{Qth = -^CbLl^Z^bL +... (3.2.34) 

Notice that the correction emerges in spite of the fact that the operator is 
Plr even, the reason being that the embedding breaks the symmetry as 
previously explained. 

Corrections coming from the operators constructed with the bottom sources 
like the one in Eq. (3.2.34) are much less dangerous than those from the top 
sector because, according to the power counting in Eq. (3.1.18), they are 
suppressed by the bottom coupling. The correction is now estimated to be 

(3.2.35) 

where the parameter Xb^ can easily be much smaller than Xt^ as it serves 
to give the mass to the bottom quark and not to the top. Assuming for 
simplicity Xb^ Af,^, the estimate in Eq. (2.4.16) gives now Xb^ y/Ubg* so 
that 

55b, ~ ^ ~ — 3 • 10"^ (3.2.36) 

g* g* 

Even for a rather small 5 * ~ 2 and mild tuning ^ ^ 0.1 the correction is close 
to the experimental bound of 10“^. The effect is thus small enough to be 
under control, but still potentially relevant for a quantitative compatibility 
with EWPT. A careful discussion of this and other contributions to Sgb^, in 
the context of explicit models where the effects can be calculated and not 
just estimated as we did here, is postponed to Sect. 7.2. 

This concludes our description of the 0{p) fermionic Lagrangian in the 
case of the spinorial and of the fundamental representations. This is repre¬ 
sentative of the generic situation and straightforwardly generalizable to other 
representations. On top of illustrating the operator classification technique, 
the discussion led us to a phenomenological criterion to identify the most suit¬ 
able representations for the fermionic operators. They have to be such that 
large corrections to gb^ from the top sector sources operators are forbidden, 
like for the fundamental representation and unlike the spinorial. Even if we 
postponed the discussion of this point to Appendix 7. A, we have anticipated 
that the cancellation relies on the Prr accidental symmetry of the 0{p) op¬ 
erators. Concerning the other representations we considered in Sect. 2.4.2, it 
turns out that the case of a 142/3 ® I 2/3 behaves like the fundamental and 
6gb^ is suppressed in exactly the same way. The case of a 10 is slightly differ¬ 
ent because Prr does not emerge automatically as an accidental symmetry, 
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but it needs to be imposed as a symmetry of the composite sector. If this is 
done the cancellation holds, at the price of an additional assumption which 
instead is not needed in the other cases. 


3.3 The composite Higgs potential 

The origin and the structure of the Higgs potential, out of which the com¬ 
posite Higgs field acquires a VEV producing EWSB and the Higgs particle 
acquires a mass, is the last subject to be discussed in the present chapter. 
The generation of the potential is definitely a phenomenon that goes “be¬ 
yond the sigma-model”, though for a slightly different reason than the effects 
previously discussed in this chapter. Rather than from higher-derivative op¬ 
erators, it is due to lower (zero) derivative ones which were forbidden in the 
(T-model by the Goldstone symmetry. Rather than studying the implica¬ 
tions of the Goldstone symmetry group Q on higher derivative operators we 
must now study the implications of the explicit breaking of the symmetry 
on the operators of lowest possible derivative order. Notice that the seeds of 
such breaking have been already introduced in the theory, in the form of the 
couplings of the elementary sector fields to the composite sector operators. 
Given that the former fields do not come in multiplets of the Q group, their 
couplings (with few remarkable exceptions) break the symmetry and thus are 
capable to trigger the generation of the Higgs potential. 

The discussion is organized in two steps. Eirst, in Sects. 3.3.1 and 3.3.2, 
we will outline the technical and conceptual tools through which the opera¬ 
tors contributing to the potential can be classified and estimated within our 
assumptions, specified in Sect. 3.1, on the dynamics of the composite sector. 
Provided the elementary sector couplings are weak, much weaker than the 
composite sector interaction strength g*, the Q group is a valid and predic¬ 
tive approximate symmetry, with powerful implications on the allowed form 
the potential can assume. At the second step, in Sect. 3.3.3, we will discuss 
how and at what price, in terms of fine-tuning, a phenomenologically viable 
potential can be obtained, giving rise to realistic EWSB and to the correct 
mass for the Higgs boson. All these aspects will be illustrated in the case 
of the minimal coset where Q = SO(5) and Jl = SO(4), however they are of 
general validity and straightforwardly generalizable to non-minimal cosets. 

3.3.1 Higgs potential characterized 

Given that the Higgs potential can only come from the explicit breaking 
of the Goldstone symmetry, the right starting point for the discussion is to 
identify the interactions that realize this breaking in our construction. The 
composite sector is perfectly invariant: as discussed at length, the sponta¬ 
neous symmetry breakdown merely realizes the symmetry in a non-linear 
fashion, it doesn’t really break it. Explicit breaking only comes from the 
elementary sector and the way in which this breaking is communicated to 
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the composite sector, where the Higgs field originates, is from the various 
elementary/composite interactions we have in our theory. In particular, we 
first focus on the gauge interactions specified in Eqs. (2.4.19), (2.3.27) and 
(2.4.20). These read 

= (3.3.1) 

Until now we found convenient to collect the physical W and B fields into 
the sources and and to carry all their components, including the non¬ 
physical ones, in the operator classification. We will now instead restrict to 
the physical fields from the very beginning, finding another way, namely the 
method of spurions, to study the implications of the Goldstone symmetry. 

Let us first consider the terms in Eq. (3.3.1) that involve the hypercharge 
field B^ and the corresponding coupling g'. The last term is clearly harmless 
because the U(l)jf current is an SO(5) singlet. Coupling it to does 
not break the Goldstone symmetry and therefore that term is not capable to 
generate the potential and it can be ignored in the present discussion. The 
other term instead breaks the symmetry, but we can rewrite it in the formally 
invariant fashion 

cl,=g'B^Jl^^ = B^g'AJ^, (3.3.2) 

where A runs over the 10 components of the SO(5) global current multiplet 
and g'A is what we call a “spurion”. The one above is a mere rewriting of 
the interaction Lagrangian. Therefore the only non-vanishing entry of the g' 
vector is the one associated with the generator T^, and it is equal to g'. By 
switching to a matrix notation, the physical value assumed by the spurion is 
expressed as 

g' = g'AT^ = g’Tl. (3.3.3) 

The rewriting in Eq. (3.3.2) becomes useful if we imagine for a moment to 
promote all the 10 spurion components to independent parameters, making 
g' a generic adjoint matrix of couplings. Any result we might obtain in this 
extended theory will reproduce the ones we are interested in once the coupling 
matrix is restricted to its physical value in Eq. (3.3.3). The advantage of this 
approach is that drawing the implications of the SO(5) symmetry is much 
simpler in the extended theory than in the original one, because the former 
is SO(5) invariant if we assign to the spurion a transformation property 

Q'^9-Q'-9\ 5eSO(5). (3.3.4) 

The spurion transformation, in the adjoint representation, compensates for 
the current operators transformation making Eq. (3.3.2) invariant. Specif¬ 
ically, this means that by acting with a symmetry transformation on any 
correlator computed within the extended theory, with a certain value g' of 

^^Here and in what follows we only deal with the global version of the group, differently 
from the previous analyses where we considered its uplift to a local invariance by making 
it act also on the gauge sources. 
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the coupling matrix, we will end up with the result we would have obtained 
within the same theory but with a coupling matrix rotated according to 
Eq. (3.3.4) Therefore all the correlators, and in turn all the physical quan¬ 
tities we might extract out of them, must depend on the spurion matrix in a 
special way, such as to stay invariant under the simultaneous action of SO(5) 
on the field variables and on the spurion. This is to say that we can still use 
SO(5) as a symmetry to classify the operators. The symmetry of course is 
broken, but only at the very end of the calculation when the spurion is set 
to its physical value in Eq. (3.3.3), which is not SO(5)-invariant. 

An alternative, pedagogically valid but potentially misleading interpreta¬ 
tion of the method of spurions goes as follows. We can imagine Q' being a 
collection of scalar fields in the adjoint representation, artificially introduced 
in the theory and coupled to and as in Eq. (3.3.2). Through a suitably 
designed scalar potential we might give it a VEV that equals the physical 
value of the spurion in Eq. (3.3.3). On this vacuum, the original B-J in¬ 
teraction is reproduced. In view of this interpretation, the physical value of 
the spurion is sometimes called the “spurion VEV”. Notice that this inter¬ 
pretation should be taken with care, keeping clear in mind that the validity 
of the spurion method relies in no way on the physical existence of new extra 
scalar degrees of freedom, neither of light ones which appear explicitly in the 
low-energy effective theory nor of heavy ones above the cutoff. 

Now that the foundations of the spurion method are clear, we come to 
its application. The goal is to classify the operators constructed with the 
spurions and the Goldstone bosons (plus possibly other physical fields of the 
theory) that are invariant under the non-linearly realized SO(5) symmetry. 
We can make this classification systematic by introducing the concept of 
“dressed spurion”, in full analogy with the one of dressed sources we discussed 
in Chap. 2. Just as in the latter case, the basic observation is that the 
Goldstone matrix transforms with g G SO(5) on the left and with h G SO(4) 
on the right, namely 

U g-U-h-^. (3.3.5) 

Therefore by acting with U~^ we can turn an object with SO(5) indices into a 
dressed one, which transforms with the CCWZ SO(4) matrix h. The dressed 
object can be split into several SO(4) irreducible representations, according 
to the decomposition in SO(4) of the original SO(5) multiplet. The dressed 
G' spurion is 

g'o = U^-g'-U, (3.3.6) 


and it decomposes as 


10 = ( 3 , 1 ) 0 ( 1 , 3 ) 0 ( 2 , 2 ), ( 3 . 3 . 7 ) 


^^More precisely, if we act with g on the correlators the result we get is the one obtained 
with the spurion matrix rotated by the inverse transformation g~^. 
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into three separate SO(4) multiplets. Explicitly, these are 


(e'?rW = Tr[g'-TK.aJ, 
= Tr[g' • f,]. 


(3.3.8) 


In the absence of extra symmetries, each multiplet can be employed indepen¬ 
dently in the construction of the invariant operators. 

Let us now specialize our discussion to the Higgs potential. It is made 
of operators involving the Goldstone matrix, no derivatives, plus of course 
some insertion of the spurions that carry the explicit breaking of the Gold- 
stone symmetry. The physical value of the spurion g' is proportional to the 
hypercharge coupling g', which is a “weak” coupling. We thus intuitively 
expect that we might be allowed to work in a g' expansion, with the largest 
contribution to the potential coming from the operators with the smallest 
number of spurions. This intuition will be confirmed, later in the present 
section, by the power-counting estimate of the operator coefficients. There 
are no operators of 0{g'), because of two independent reasons. The first one 
is that no singlet is present in the decomposition (3.3.7) of the dressed spurion 
under SO(4). If a singlet appeared, as it would in non-minimal cosets with 
U(l) factors in the unbroken group, we might have taken it as a candidate 
operator. In the current situation instead two or more spurion multiplets 
have to be multiplied to form and invariant. The second reason has to do 
with a Z 2 symmetry of the elementary sector, the operation —>■ —B^ on 

the hypercharge gauge field. This can be taken to act on the spurion as 



(3.3.9) 


while leaving invariant the whole composite sector and thus in particular the 

current. Being a symmetry of the interaction (3.3.2), this “elementary” 
Z 2 parity must be respected by the operators, very much like the composite 
sector SO(5) group. No operator with and odd number of ^'’s should thus 
be considered, not even if SO(5) invariant. The general idea is that the 
spurion is an object that ensures the communication among two sectors: the 
elementary and the composite one. As such it can inherit symmetries from 
both sides, leading to extra selection rules. Other examples of elementary 
symmetries will emerge in the forthcoming discussion. 

Three operators can be written at 0{g'^), corresponding to the SO(4) 
singlets one can form with the three irreducible components of the dressed 


^®The breaking of this symmetry due to the coupling with the elementary quarks plays 
no role in this discussion. It would become relevant only if we had to discuss mixed 
contributions to the potential from both the quark and the gauge field spurions. 
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spurion in Eq. (3.3.8). These are conveniently expressed as 

o,'^+ = (g'nh(g'nr, 

o,-- = {g'l^uAg'Dr^ - , 

Rg'M = ig'D)c.Ag'Dr^ + , ( 3 . 3 . 10 ) 

with Ogi 2 _ being odd and the others even under Plr- As usual, when deal¬ 
ing with dressed objects attention must be paid to possible redundancies, 
associated with combinations of operators which are “too symmetric” to be 
relevant. In the present case is redundant, because of the identity 

10 10 

^ {Tr[0' • T^]}" = 5] {Trig'n ■ T^]}" = i?g-+ + Og,2+ . (3.3.11) 

A=1 A=1 


The first term of the equality is independent of the Higgs, thus it does not 
contribute to the potential but only to the vacuum energy. It is equals to 
the second one (which in turn is immediately rewritten as the sum of the 
two even operators) because it is invariant under a fictitious linearly-realized 
SO(5) and the dressing procedure precisely amounts to a rotation in this 
group. Being proportional to Og/ 2 _|_ up to a constant, i?g' 2 _|_ is redundant 
and can be eliminated from the classification. Notice that the redundancy 
is associated with the SO(5) singlet one can form by employing directly the 
spurion, rather than its dressed version. Given that a unique singlet can be 
formed by two powers of g' G 10 , only one redundancy is expected at 
the one outlined above. 

The power and the simplicity of our result is better appreciated when we 
set the spurion to its physical value in Eq. (3.3.3) and we go to the unitary 
gauge in Eq. (2.B.4), obtaining 

q' ^ H U 

Og/2+= — sin^ y , Og/2_ = g'^cos y , (3.3.12) 


with H = V h denoting the real neutral Higgs field component (times V^). 
We have found that the 0{g'^) potential is a linear combination of these two 
operators, therefore its functional form is fixed, up to numerical coefficients, 
to be 


X. 9 '^ ■ 2H ,2 H 

Vg/2 oc c+ • — sm y -I- c_ • 5 y ■ 


(3.3.13) 


If the composite sector happens to be invariant under Plr, the result would 
further simplihes since c_ = 0. 

The classification is straightforwardly extended to other sources of explicit 
breaking, starting from the one associated with the gauging of the SM SU(2) l 
subgroup, i.e. from the W-Jl term in Eq. (3.3.1). We rewrite the latter as 


4 = gWg,c.Ji’" = W^,^g^J^^ 


( 3 . 3 . 14 ) 
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in terms of three spurions in the adjoint, with physical value 

g^ = giT^=gTl, (3.3.15) 


where a = 1, 2, 3. Just like we did for g', dressed spurions can be defined as in 
Eq. (3.3.6), decomposed in SO(4) multiplets as in Eq. (3.3.8) and eventually 
used to construct invariants. The only difference with the previous case is 
that now we have three spurions rather than one, all of them are in the same 
representation. One might thus construct singlets by pairing them in all 
possible combinations, leading to a proliferation of the number of invariants. 
However one must also take into account the existence of an SU(2) global 
symmetry of the elementary sector, call it SU(2 )b, under which the W°‘’s 
form a triplet while the composite sector is invariant. This is nothing but the 
global version of the local SU(2)i restricted to act on the elementary fields 
only, under which the elementary sector Lagrangian in isolation is exactly 
invariant. Analogously to the elementary Z 2 discussed above, SU(2)£; can 
be formally uplifted to a symmetry of the interactions by assigning suitable 
transformation rules to the spurions, namely by taking the index a in the 
triplet.This symmetry must be also respected, on top of the SO(5) group, 
therefore the only allowed operators are 


a—1 

3 3 

0,2_ = ■ (3-3.16) 


A third one, which has not been reported, is fully analogous to i?g' 2 _|_ and it 
is redundant for a very similar reason. 

After setting the spurions to their VEV and going to the unitary gauge 
we obtain ^ 

Og 2 + = ^sin^y, Og2_ =-3g'^ cos Y ■ (3.3.17) 

The 0{g^) contribution to the potential is thus found to be 


3g 


H 


H 


Vg 2 oc c+ • —— sin — — c- ■ 3g cos — 


/ 


/ 


(3.3.18) 


up to the unknown constants c+ and c_. Notice that the latter constants are 
not new parameters, they are just the same ones that appear in the 0(g'‘^) 
potential in Eq. (3.3.13). This is because each of the three components 
is completely identical to g', from the viewpoint of the composite sector. 

^^The spurion VEV breaks SU(2 )b to its diagonal combination with the SU(2)i sub¬ 
group of SO(5) and this latter unbroken symmetry is the SM SU(2)/,. Imposing the spu- 
rionic SU(2 )b automatically ensures the invariance of the potential under the SM group 
even after the spurions are set to their physical values. 
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Namely they all couple to the same operator, i.e. the global current multiplet. 
Of course they differ for their physical value but this difference is washed out 
when the spurion is regarded as a matrix of independent couplings. Thus 
the operators written in terms of Q°‘ and Q' must have the same coefficient, 
from which the equality of c± in Eqs. (3.3.13) and (3.3.18). Actually there is 
a difference between Q and Q': the fact that they are coupled to the Abelian 
B and to the non-Abelian 1T“ fields, respectively. The IT“ self-interactions 
can differentiate the two contributions to the potential, but definitely not at 
0{g^) as the self-interaction would carry further powers of g. Furthermore it 
will become clear in the following that self-interactions can play a role only 
at high order in the loop expansion. 

While interesting and illustrative of the spurion method, the gauge con¬ 
tributions to the potential derived above are of limited phenomenological 
relevance as they are typicallly overwhelmed by other terms, in particular 
by those emerging from the top quark sector. The elementary/composite 
couplings XtL.R of fho third generation and Ir are indeed, usually, the 
largest sources of Goldstone symmetry breaking in our theory and thus they 
give the dominant contribution to the potential. The physical reason to have 
them large is of course the need of reproducing the large top Yukawa (see 
Eq. (3.2.30)), as discussed at length in Sect. 3.2.2. The top contribution to 
the potential can be easily worked out by spurion analysis, however differ¬ 
ently from the gauge one it is not universal: it depends on the quantum 
numbers of the composite sector operators qL and Ir mix with. The two 
cases of mixing with two 5’s or with a 14 and a 1 will be discussed in turn. 

In the case of the 5 0 5, see Eqs. (2.4.22) and (2.4.27), the ^-breaking 
interactions read 

4, = m^L)iiO^)i + tR{AR)\0^)i + h.c., (3.3.19) 

where the spurions Ar^r are in the 5_2/3 of SO(5)xU(l)x^® and their phys¬ 
ical values are 

(K A — 0 0 +z +1 0 

- ^2 [+i -1 0 0 0 ’ 

{ArY = Xt^[0 0 0 0 ly . (3.3.20) 

As in the gauge sector, elementary spurionic symmetries must be also con¬ 
sidered in the operator classification. These are a U(2)^ group under which 
q^ form a doublet of, say, unit charge, and consequently (Ai)^ is a conjugate 
doublet with charge —1, and a U(l)§ phase shift of tR and Ar. Taking these 
symmetries into account, only two invariants are found at 0{XY „) 

Oxi = {A\ jj )“(A]^ £))a, Oxj^=A]^ jj A\ r,, (3.3.21) 

^®The U{l)x charge must be opposite to the one of the operators for the interaction to 
be invariant. 
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where A\ ^ and K\ ^ are the singlet dressed spurions, emerging from the 
decomposition 

5 = 401. (3.3.22) 

Explicitly, the dressed spurion multiplets in the 4 and in the 1, for both 
chiralities, are defined as 

[Al, 

[aI, 

Two invariants could have been written, for each chirality, by paring two 4 or 
two 1 components. However one combination of the two, which corresponds 
to the SO(5) singlet one can form out to two 5’s, only contributes to the 
vacuum energy and can be dropped. This is why we are left with a total 
of two operators in Eq. (3.3.21). On the spurion’s VEV, and in the unitary 
gauge, we find 

Oxi = sin^ y , Oxi= cos^ y , (3.3.24) 

and thus the potential is expressed as 

oc (y sin^ y + const., (3.3.25) 


= • A, 


(3.3.23) 


in terms of two unknown constants cl and 

The above result is surprising in one aspect, which is relevant for phe¬ 
nomenology as we will see in the following section. Namely, it shows that 
the 0{X^) potential has a fixed functional dependence on the Higgs field. In 
particular it is proportional to sin^ H/f and the only freedom we have is to 
choose, by varying Xt^ or by acting on the composite sector that controls 
cl,r, the size and the sign of the overall coefficient. Therefore this contribu¬ 
tion to the potential, which we claimed to be the dominant one, can only have 
a minimum at H = 0 oi H = Trf/2 (modulus tt/), and thus in no case it gives 
a realistic theory for which we need ^ = siT?{H)/f ^ 1. This implies that 
the 0{X^) term, though formally dominant, must be made accidentally small 
such as to compete with other contributions allowing for a tunable ^ param¬ 
eter. In view of this fact, which will be discussed in details in Sect. 3.3.3, we 
should extend our classification to the first subleading order, i.e. to 0(Xf), 
0(A|j) and 0(A|A|j) operators.A total of 6 0(Xf) invariants exist, and 
the same amount of O(Xjf). However 2 of them are redundant and can be 
removed, in each category, by exploiting the existence of two full SO(5) sin¬ 
glets in the tensor product of two A times two A* spurions. Similarly at 

^®The phases of At^ can be reabsorbed by a redefinition of the elementary quark fields, 
we thus take these parameters real. 

priori, and cr are completely unrelated because the two chiral fermionic operators 
Op and Op the spurions couple to are distinct operators, in spite of having the same 
quantum numbers under the global group. If they were related by some other symmetry, 
for instance by spatial parity, we would have c^, = cp, but in general this is not the case. 

Symmetries forbid 0(A®) terms. 
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OiXlXl) we count 10 singlets and 3 redundancies, for a total of 7 operators. 
Fortunately listing all these operators is not necessary because many of them 
end up having the same trigonometrical structure up to constant vacuum 
energy terms. A complete coverage of the possible structures is provided by 
the following terms 


0x1,1— {^L,D 


■ iH 

—A sin — 


/ ’ 


(3.3.26) 


0x1,2 - 

Ox%, 1 = 

Oxt ,2 = 


(Kd r(Ai n)c. (Ain )f(Aln) 


X 


\ ■ 2 H . iH' 

4 sm — — sm — 


^^R,D ^^R,D 


= Xt^ cos j = A 


tR 


. r. ■ 2 H . iH 

1 — 2 sm Y + sm y 


^^R,D ^^R,D 


(Al,nh(Al,nr 


- M 


. 2 H . iH 

sm y - sm y 


Oxlxl,i = 


(AlnriAln) 

H 


^^R,D ^^R,D 


X2 \2 


2- . 4 H 

sm y “ sm y 


Ox 




■ 4 H 

—-—— sm — . 


Up to constants, all the invariants are linear combinations of sin^ and sin"^ 
and thus the complete potential can be expressed as 


Uf4®® oc (cllXI + CRRXf^ + clrX^^X l ) sin^ y 

+ (^llXI + CrrXI + CrrXIxI) sill y . (3.3.27) 

By properly adjusting, or tuning, the two terms, taking of course also into 
account the O(A^) contributions in Eq. (3.3.25), realistically small values of 
^ can now be obtained. 

The case of elementary quarks mixing to a 14© 1 is considerably different. 
The elementary/composite interaction takes the form 

Uint = Xtj^ QhOxi + Atjj IrO^ + h.c., (3.3.28) 


where the fermionic operator coupled to the qr doublet transforms in the 
142/3 of SO(5)xU(l)js:, while the one coupled to Ir is in the l 2 / 3 - Being 
the latter a singlet, the Ir mixing does not break the Goldstone symmetry 
and therefore the Xtj^ coupling is not capable, in this case, to trigger the 
generation of the Higgs potential. The only source of breaking is At^^, which 
we embed into a spurion in the 14 by rewriting the interaction as 

c{^=rL(ALt\0^n)u. 


(3.3.29) 
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where Az, is a symmetric traceless 2-tensor. The spurion VEV is (see Eq. (2.4.50)) 


(Al)?j = 


✓ 

0 

0 

0 

0 

0 


■ 0 0 0 0 0i ■ 



0 0 0 0 0 


0 0 0 0 -1 


< 

0 0 0 0 0z 

5 

0 0 0 0 0 

> 


0 0 0 0 01 


0 0 0 0 0 



0 0 0* 01 0 

IJ 

0z -1 0 0 0 



(3.3.30) 


Notice that the tn coupling being invariant under the Goldstone symme¬ 
try nicely fits with the alternative interpretation of the 1401 setup, outlined 
at the end of Sect. 2.4.2, in terms of a completely composite field in the 
I 2/3 of SO(4)xU(l)x- This is possible only because ta mixes with a singlet. 
Indeed if the Ir has to be part of the composite sector, its interactions must 
respect the composite sector symmetry group and thus they cannot generate 
the Higgs potential. In this interpretation, the coupling strength is of order 
~ g*, while in the elementary case At^ < g*. In the following section 
we will consider both cases by keeping the mixing as a free parameter. We 
will see that the completely composite option is favored from the viewpoint 
of the generation of a viable Higgs VEV and mass. 

Notice that the completely composite Ir interpretation only relies on Op 
being a singlet, it does not require Op in the 14. The reason for making 
the latter choice, rather than for instance Op £ 62 / 3 , resides in the structure 
of the potential generated by the spurion in the 14. This representation 
decomposes as 


142/3“^ ( 3 , 3 ) 2 / 30 ( 2 , 2 ) 2 / 30 ( 1 , 1 ) 2 / 3 ; (3.3.31) 

in terms of three rather than two irreducible SO(4) multiplets. Three invari¬ 
ant operators can thus be written, but only one of them is redundant given 
that only one SO(5) singlet is present in the tensor product of two 14’s. We 
now end up with two independent operators, which we can take to be 


0^1,1 = (Aip*)r(Aipr^ = Al 

0\\^2 = {A\ p, )“(A^ £,)q = 2 


„ 7 . nH ^ . aH 

2 - - sin^ -J+^ sm^ — 

A ■ 2H . 4 H] 

4 sm y - sm y , 


(3.3.32) 


where the dressed spurion multiplets are obtained, in full analogy with the 
previous cases, by acting with U~^ on the two A indices and splitting the 
indices of the resulting matrix in SO(4) components. The O(A^) potential is 
thus a combination of sin^ and sin^ functions, of the form 


oc A(^ ^ci sin^ y y) ' 


(3.3.33) 


Differently from the 5 0 5 one, this potential can be tuned to achieve realistic 
EWSB without relying on additional higher order terms. 
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Figure 3.1: The structure of the leading diagrams contributing to the potential. 


3.3.2 Higgs potential estimated 

A qualitative but sharp assumption was made in Sect. 3.1 on the nature of the 
composite sector, which we characterized as a ISlC (One Scale One Conpling) 
model. By this assumption the power-counting formula in Eq. (3.1.18) was 
derived to estimate the expected size of operators in the low-energy effective 
held theory describing the pNGB Higgs plus the other SM particles. We 
got the same result for large-Ai QCD-like strongly-coupled theories, showing 
that they might effectively behave as ISlC models. These results were valid 
exclusively for effective operators generated by the composite sector dynamics 
alone, i.e. by the sole exchange of composite sector virtual states with no 
elementary helds propagating in the internal lines. Extending the analysis to 
the Higgs potential operators, which do not belong to the latter category, is 
the purpose of the present section. We do this with a twofold aim. Eirst, we 
want to estimate the overall magnitude of the potential that controls such 
an important observable like the Higgs mass. Second, we want to check if 
and to what extent the intuitive idea that we can expand in the elementary 
couplings, and thus in the number of spurion insertions, is actually valid 
or not. If it was not, the predictive power of the spurion method would 
get completely washed out since we would be forced to consider an infinite 
series of operators with arbitrary powers of sin^ H/f, leading to a potential 
of completely generic form. 

Deriving the power-counting estimate for the potential starts from out¬ 
lining its origin in terms of Eeynman diagrams. The potential is, almost 
by definition, the sum of IPI (one particle irreducible) diagrams with zero- 
momentum external Higgs lines. Since the Higgs is part of the composite 
sector, it does not couple directly to the elementary sector helds. Therefore 
no diagram should be considered with only elementary internal lines. Eur- 
thermore the Higgs is a NGB and thus it gets no potential from the purely 
composite sector diagrams because they respect the Goldstone symmetry. 
Mixed diagrams need to be considered, where at least one elementary in¬ 
ternal line is present. In order to make them IPI the elementary line must 
close into a loop, therefore the potential gets generated only at the radiative 
level. The structure of the leading diagrams is reported in Fig. 3.1, where the 
dashed lines ending on crosses denote Higgs held insertions, the black single 
lines are elementary sector gauge or fermionic helds and (?e collectively de- 
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notes the elementary/composite couplings. Depending on which elementary 
sector state is exchanged, = {S) The double lines represent 

portions of the graph made of purely composite sector propagators and ver¬ 
tices. We denoted them as lines because in weakly-coupled models (such as 
the ones we will deal with in Chap. 5) they are indeed single particle propa¬ 
gators, making the ones in Fig. 3.1 one-loop diagrams. However in a generic 
strongly-interacting composite sector we should think to them as two-point 
correlators 

~ (OO) 


of the composite sector operators to which the corresponding elementary line 
is coupled. Namely, O is the global current J or one of the fermionic operators 
Ol,r- 

The contributions to the potential from the diagrams in Fig. 3.1, for each 
number of ^e insertions, is immediately worked out in the ISlC hypothesis. 
The potential is one term in the Lagrangian density, thus it has the dimension 
(see Eq. (3.1.3)) of C~^ ■ L~‘^, where C is the coupling dimension we defined 
as C = The correct coupling dimension is already saturated by 

the one-loop factor h/ldn'^ and thus the dimension carried by elementary 
coupling insertions must be canceled by other dimensionful objects. In the 
ISlC hypothesis the only such object that is present in the composite sector 
is g* and similarly m* is the only one that carries L dimension. Thus the 
potential, setting h = 1, is 


V = 


N^mj 




(3.3.34) 


where we took into account that the Higgs, being a Goldstone, must appear 
as H/f as also apparent from the spurion analysis in the previous section. 
An overall factor of N^. that counts QCD color multiplicity and equals 1 for 
the gauge and 3 for the fermionic diagrams has been included in the estimate. 

This was derived for perturbative ISlC models, but the same result holds 
for strongly-coupled large-A^ theories. Indeed we saw in Sect. 3.1 that the 
(OO) two-point correlators, under the assumption of mesonic O, scale with 
N like 

N 1 


IGtt^ 


g* 


(OO) oc 


(3.3.35) 
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By taking this estimate for the double lines in Fig. 3.1, we end up once again 
with the power-counting in Eq. (3.3.34). 

Other diagram topologies, such as the ones in Fig. 3.2, also contribute to 
the potential. They contain extra insertions of the elementary sector fields 
self-couplings (namely, the gauge couplings) or composite sector correlators 
with more operator insertions. In both cases this makes an additional loop 
suppression with respect to the ones in Fig. 3.1 



(3.3.36) 


Provided the elementary sector couplings are perturbative, these contribu¬ 
tions are negligible and we are left with the estimate in Eq. (3.3.34). 

The power-counting formula provides the desired justification of the spu- 
rion expansion we performed in the previous section. Each spurion carries 
one and each is weighted by 1/g*. This allows to set up a perturbative 
expansion if 


(3.3.37) 


9e < g* ■ 


The elementary sector couplings being weaker than the composite sector one 
is the obvious criterion by which the elementary sector behaves as a weak 
perturbation of the composite one and thus in particular the composite sector 
group is a good approximate symmetry. This fact is explicitly verified here, 
showing that the spurion classification is predictive if and only if gE < g*- 

The IR potential 

There are contributions to the potential that do not need to be estimated but 
can just be computed, up to a mild logarithmic sensitivity to the details of 
the composite sector dynamics. The calculation is interesting under several 
respects, however it lies somewhat outside the main line of development of 
these Notes since the result will not introduce qualitatively new effects and 
thus it will be ignored in the phenomenological analysis that follows. 

The basic observation is that there exists a regime where we do have 
complete control of the theory so that a real calculation is possible. This is 
the energy range below the resonance scale m* where the effective field theory, 
describing the pNGB Higgs and the other SM particles, is perturbative and 
accurately describes the dynamics. Below (or much below) m* the dominant 
operators are the leading ones in the derivative expansion, namely the “non¬ 
linear cr-model” terms we worked out in Chap. 2. Within the non-linear 
cr-model we can take one loop of the elementary gauge and fermionic fields 
and compute the potential, ending up with the standard Coleman-Weinberg 
formula 



VtopW] = - ^M4(logM2/A2 - 1/2), (3.3.38) 
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where A is the hard momentum cutoff of the loop integral.In the equation, 
Mi denotes the field-dependent gauge field masses, namely those of the W 
and Z bosons in the presence of a constant background for the H field. 
Analogously, Mt is the i?-dependent top mass. Clearly the bottom and 
the other quarks and leptons contribute to the potential as well, however 
they can be safely ignored because of their small masses. No contribution 
comes instead at one loop from diagrams with propagating Higgs boson lines. 
Indeed the Higgs self-interactions respect the Goldstone symmetry and thus 
they cannot generate the potential. Furthermore the Higgs does not mix with 
the elementary fields so that mixed loops need not to be considered. 

The masses in Eq. (3.3.38) can be written in a form that, albeit somewhat 
involved, allows to make contact with the spurion notation. We start from 
the top mass and we consider the case of fermion embedding in the 5 © 5 for 
illustration. The 14 © 1 or other cases could be similarly worked out. The 
mass comes from Eq. (2.4.31) 

(3.3.39) 

9* 

expressed in terms of the dressed sources and in the singlet of SO(4). 
By writing this explicitly as in the second line of Eq. (2.4.31) one could 
immediately obtain 

A/? = si„^ T “ f fVf T ■ 

where we expressed the prefactor in terms of the top Yukawa coupling and 
of ^ However it is interesting to take an intermediate step, noticing 

that the dressed sources are related to the dressed spurious as 

) 9L,a, \rTr = A^ tfi. (3.3.41) 

This is evident from the definitions in Eq. (2.4.28) and (2.4.29), and similarly 
for Tr. The mass term in the spurion notation is thus 

~ ^{^,d )tfl + h.c. , (3.3.42) 

and the squared top mass reads 


Mf (Ai,^*)“(Ai,^)^ 








(3.3.43) 


^^The calculation could equally well be performed in dimensional regularization, leading 
eventually to the same physical result. Working in a scheme where the quadratic divergence 
appears explicitly is however more interesting for the present discussion. 

Since no 6/? is present, the fermionic mass matrix is 2 x 1. The top mass is computed 
as ■ Mp. 
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After setting the spurions to their VEV, this correctly reproduces Eq. (3.3.40). 
The rewriting of M^ in terms of spurions shows that it is proportional to one 
of the 0{X‘^) operators listed in Eq. (3.3.26), as one could have also demon¬ 
strated by inspection, comparing Eq. (3.3.40) with the list of operators ex¬ 
pressed in the unitary gauge. This shows explicitly that Mt is invariant under 
the spurionic symmetries. Similarly, by using Eq. (2.2.32), we can express the 
W and Z boson masses in terms of the gauge sector invariants in Eq. (3.3.12) 
and (3.3.17): 



(3.3.44) 


Now we have all the elements to discuss the structure of the potential 
in Eq. (3.3.38). The first comment is that the potential is a function of 
the field-dependent masses, which we saw above being invariant under the 
spurionic symmetries. Therefore it is itself invariant, in accordance with 
the general argument of Sect. 3.3.1. Second, some of the terms it contains 
are not new contributions to the potential. In particular the quadratically 
divergent ones, proportional to the squared masses, are linear combinations 
of the 0{g^) operators we discussed in Sect. 3.3.1. Notice that not only their 
functional dependence on the Higgs is the one we expected, but also their size. 
Indeed when the momentum cutoff is identified with the physical cutoff of the 
effective field theory, i.e. A ~ m», their coefficient obeys the power-counting 
in Eq. (3.3.34). Similar considerations hold for the finite terms. They are 
0{g^) operators and their coefficients are the expected ones. The only terms 
in Eq. (3.3.38) that are new and interesting are the logarithmically divergent 
ones. Eurthermore these are the only terms we can actually compute since the 
others are respectively unphysical divergences and scheme-dependent finite 
contributions. The logarithms, instead, even after the divergence is canceled 
by renormalization, result in scheme-independent terms 



n — -I- const.J , 
-I- const. ), (3.3.45) 


where we used A = m* = g*/ as the divergence subtraction point and we 
reabsorbed 0(1) factor in the incalculable constant. We interpret this IR 
contribution to the potential as the Renormalization Group running of the 
potential operators from the resonance scale m* down to the energies that 
are relevant for EWSB. The separation between these two scales makes it log 
enhanced. 

All in all, the complete structure of the potential is as follows. The 
terms that are polynomial in the spurions, with coefficient dictated by the 









3.3. THE COMPOSITE HIGGS POTENTIAL 


117 


power counting in Eq. (3.3.34), are operators of UV origin. Namely they 
emerge from the composite sector dynamics at the scale m* and they are 
computed at that scale by integrating out the composite sector degrees of 
freedom. They come from Feynman diagrams with finite external momenta 
and thus they can be Taylor expanded in the couplings. Of course the true 
potential is computed at zero external momentum and not at m*. But how 
the potential changes from m* to zero can be computed within the realm of 
validity of the effective field theory, leading to the calculable IR contribution 
we described above. This IR term is not polynomial in the couplings and not 
even expandable in Taylor series around = 0. This is why it escaped the 
spurion classification in spite of being perfectly invariant under the spurionic 
symmetries. 


3.3.3 Higgs VEV, mass and tuning 

We are finally in the position to understand under what conditions and at 
what price, in terms of fine-tuning, a realistic EWSB scale and Higgs mass 
can be obtained in our framework. Apart from the IR term, which we ignore 
for simplicity, the potential takes the generic form 

V[H] = -af sin^ ^ sin^ y , (3.3.46) 

where the signs and the normalization are chosen for future convenience. 
The parameter a receives contributions from both the gauge and the fermionic 
sectors at order g^ (3.3.13), (3.3.18) and (3.3.25), (3.3.33), while (3 is 

of 0(A() in the case of the 14 © 1 and of 0(Af) (3.3.27) for the 5 © 5 
choice. The gauge contribution is typically subleading and it will be ignored 
in what follows. The functional form of Eq. (3.3.46) is also obtained for 
fermions in the 10 © 10 while for the spinorial 4 © 4 sines of half the fre¬ 
quency {H/f —>■ H/2f) should be considered. We will not treat the latter 
case here because it is phenomenologically disfavored as we saw in Sect. 3.2.2. 
It turns out that it behaves exactly like the 5 © 5 as far as the issues of VEV 
and mass generation are concerned. 

Irregardless of their origin, the parameters a and /3 must be such to 
give realistic EWSB, i.e. siT?{H)/f = ^ <c 1 and mn = 126 GeV. These 
requirements correspond to the conditions 

a = 2/3C, (3.3.47) 

ml=S^{l-0P- (3.3.48) 


Based on the above equations, two kinds of considerations can be made. On 
one hand we can pragmatically observe that by inverting for a and /3 the 
potential is completely specified up to the unknown parameter ^ /p 


V[H] 


8^(1-C) 




+ const. 


(3.3.49) 
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This allows us to compute the Higgs boson self-interactions, starting from 
the trilinear coupling. The latter is modified with respect to the SM by the 
relative amount 


ksh 


1 - 2 $ 


(3.3.50) 


Unfortunately a precise enough measurement of this coupling is far to come, 
therefore the prediction above is of limited phenomenological relevance for 
the time being. On the other hand, more thoughtfully, we can ask ourselves 
how easy or difficult it is in our framework to get a and /3 such as to obey 
Eqs. (3.3.47), (3.3.48) leading to realistic EWSB and Higgs mass. The rest 
of the present section is devoted to this issue. 

The VEV condition (3.3.47) obliges us to take a//3 = 2$ ^ 1, a situation 
which is definitely unnatural in the 14 0 1 case (and even more so for the 
5 0 5, as we will see) where a and /? emerge at the same order and thus are 
expected to be of comparable size. The power counting in Eq. (3.3.34) tells 
us 

/3i4ei = & , (3.3.51) 

with a and b 0{T) coefficients. Eurthermore the sin^ and sin"^ contributions to 
the potential normally arise together from the composite sector microscopic 
dynamics. Namely, by integrating out the composite sector resonances we 
expect to obtain operators like the ones in Eq. (3.3.32) that contain both 
functions. The parameters a and j3 are thus linear combinations of unrelated 
operator coefficients so that suppressing one with respect to the other requires 
cancellation. This cancellation, or fine-tuning, can be quantified as 


Ai4ei 


(o;/ P') 

{a I /3)[jeeded 


1 


(3.3.52) 


in terms of the naturally expected size of the parameter over the value we 
actually need. Such an amount of tuning, needed to achieve a small enough 
$, is the one we advocated since the very beginning of these Notes to be 
required for a potentially realistic setup. Concrete constructions can have 
more tuning than ~ l/$, as we will see below, but none happens to have less 
even though no robust argument actually forbids this possibility. A priori 
one might imagine a model where a emerges at a subleading order in the 
spurions with respect to j3, making a /3 and thus $ naturally small. No 
example of this “self-tuned” configuration exists, while we do have examples 
of the opposite situation, a':^ (3, and the 50 5 model is one of those. Indeed 

a5©5 = a At , /Sses = b A^/^ , (3.3.53) 

having denoted as A*, for shortness, any of the Actually for the sake 

of the present discussion A* should be regarded as the largest of the two 
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couplings. Achieving small ^ is thus more difficult in the 5 0 5 , i.e. 


a 5®5 _ (Q^//^)expected _ / a 14®1 

« " («//?)„eeded “UJ ’ 2 ^ A J ' ^ 


(3.3.54) 


This comes out, in a sense, from a “double tuning”: a first tuning needed to 
make a comparable with /3 overcoming the different orders at which they are 
generated, times a second cancellation needed for a//3 ~ ^ <C 1. The first 
step of the cancellation if not needed for the 14 0 1 , which thus provides a 
“minimally tuned” scenario. 

From the viewpoint of achieving a small enough i.e. of satisfying 
Eq. (3.3.47), 14 0 1 is favored over 5 0 5, let us now see what happens 
with the second condition (3.3.48) needed to obtain a realistic Higgs mass. 
With the 14 0 1 estimate of f3 we obtain 


(m?^)i 4 ®i = (1 - 0 & § (At, 5 *)" ^ b (100 GeV)2 . (3.3.55) 


The result is of the right order of magnitude if Xt^ and g* are of order one, but 
it rapidly becomes too large for larger values. However we saw in the previous 
sections that large g* is phenomenologically welcome in order to push m* high 
for moderate ^ For instance in Sect. 3.2.1 we concluded that to* at 

least above 2.5 TeV is required by EWPT, which means g* ^ 3 already for 
quite a small ^ = 0.1. The 5 * enhancement in Eq. (3.3.55) costs fine-tuning, to 
be performed by an unnatural reduction of b. Obviously the tuning gets less 
and less severe the smaller the prefactor is. The most favorable situation 
is thus case (H) in Eq. (3.2.31) where, compatibly with the generation of the 
top Yukawa, Xt^ = yt and = 5 *. This corresponds to the completely 
composite tn limit, which, as anticipated, is the most favorable one from the 
viewpoint of the Higgs mass generation. But even in this favorable situation 
some extra tuning is needed 


A 14®1 

rrih 


(b) 

(b) 


expected 


needed 


/lOO GeVA 

1^126 GeVy 


22 C 

Vt 9* 



(3.3.56) 


This second cancellation is completely unrelated to the one needed for the 
VEV in Eq. (3.3.52). We leave to the reader the choice of how to combine 
the two tunings to quantify the total degree of unnaturalness of the scenario. 
One might consider multiplying them, which basically means measuring the 
area of the allowed region in the a-b plane, or summing them in quadrature 
by a logarithmic derivative definition of the tuning in the spirit of Ref. [94] . 
The second option is more close to the interpretation of the tuning as degree 
of cancellation we emphasized in the Introduction. 

The situation is different in the 5 0 5 case. A priori, it seems better since 
P comes at higher order and thus 

)5®5 = (1 - 0 & ^At b (100 GeYfXt , 


(3.3.57) 
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which is insensitive to g*. However now the elementary coupling that controls 
ttih is not just Xtj^ as it was for the 14 0 1 . Both chiralities contribute to 
the potential and Xt in the above equation represents the maximum between 
Xt^ and Atj,. Decreasing Xt^ while increasing Xtj^ does not help now and the 
most favorable situation is case (I) in Eq. (3.2.31), i.e. Xt^ — Xtj^ — 

In this configuration the tuning on b is just identical to the one in the 140 1 
with completely composite Ir 


A 505 

rrih 


ib) 

ib) 


expected 


needed 


/100 GeV 
V126 GeV 



(3.3.58) 


Given that a larger tuning for the VEV has to be paid in the 5 0 5 case, the 
14 0 1 option emerges from this analysis as the more natural configuration. 
Eurther details on this point will be given in Sect. 5.2.1, where explicit models 
will be analyzed. It will turn out that the mechanism by which a correct rriH 
is obtained in concrete models is not a cancellation of the “6” coefficient, but 
rather a further reduction of Xt due to anomalously light particles. However 
the qualitative conclusions on the tuning will be unaffected. 

We now take one step back from explicit models and we outline the general 
message that emerges from this discussion. We saw a preference for small g* 
in order for a light enough Higgs boson being generated. This is in tension 
with phenomenology which prefers a large g* in order to increase m* = g^f. 
This result is robust and can be also established by the following argument. 
Rather than writing mu in terms of /3 as in Eq. (3.3.48), we can express it in 
terms of a given that the condition a//3 = 2^ will anyhow have to be imposed 
at some point. Namely 

m^ = 4(I-^)a. (3.3.59) 

In both models we considered, and actually in all known models based on 
the minimal coset, a is of 0{X^) and it is universally estimated to be 


a = a^^Atm*, (3.3.60) 

so that 

(3.3.61) 

Irregardless of how much tuning will be needed to adjust the VEV, an amount 
of cancellation of at least 


^^One should also take into account that the VEV tuning in Eq. (3.3.54) gets worse for 
smaller At so that the truly optimal situation comes from the balance among the two sources 
of tuning and depends on how these are combined in the total degree of unnaturalness. If 
we multiply them, minimal At (he. case (I) ) is favored, if we sum them in quadrature a 
somewhat larger value could be better. 
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will come from the Higgs mass condition. If furthermore we notice that Xt 
is in no case below yt, according to the general rule that weak couplings can 
not produce a strong one and to the discussion in Sect. 3.2.2, we conclude 
that A is at least 



(3.3.63) 


We recognize here the general tuning formula we discussed back in the Intro¬ 
duction in Eq. (1.2.5), with Asm identified with the resonance scale m*. The 
existence of a tension among large m* and moderate tuning could thus have 
been guessed from the very beginning of these Notes. 

This tension is definitely an issue, however its importance should not be 
overrated. First of all it is based on an oder of magnitude estimate and 
on the intrinsically semiquantitative concept of tuning. Second, the tension 
is not that sharp because the tuning argument places limits on resonances 
of different nature than those that drive the phenomenological constraints. 
Namely, the potential is dominantly generated by the fermionic sector of the 
theory while the corrections to EWPT observable (to S in particular) emerge 
from the bosonic sector. Clearly in the strict ISlC hypothesis fermionic and 
bosonic resonances are characterized by the same typical scale, however Oil) 
departures are possible or even expected. We cannot exclude a situation 
where the fermionic resonance scale m* that appears in the tuning formula 
in Eq. (3.3.63) is below 1 or 1.5 TeV, ensuring a moderate tuning, while the 
bosonic to* that controls S in Eq. (3.2.12) is above 2 or 2.5 TeV. A com¬ 
pletely analogous situation is encountered in supersymmetric models, where 
a tuning formula similar to Eq. (3.3.63) controls the mass of some specific 
supersymmetric particles, namely stops and gluinos. This requires the latter 
states to be light, not the full superparticle spectrum. In explicit compos¬ 
ite Higgs models the particles controlling the tuning are the “top partners”, 
whose nature and phenomenology will be carefully described in Chaps. 5 and 
6. The top partners, exactly like the corresponding supersymmetric parti¬ 
cles, happen to carry QCD color so that they can be copiously produced at 
hadron colliders by QCD interactions. If they are light as dictated by the 
tuning formula they should be discovered at the 14 TeV LHC. Otherwise ex¬ 
cluding their existence will push stronger and stronger bonds on the degree 
of unnaturalness of the model, and ultimately on its plausibility. 

Also in view of possible exclusions, it is interesting to ask ourselves if and 
at what price, in terms of model-building complication, the tension could 
be structurally avoided. Namely we would like to find a model with low 
tuning, below around 10%, with colored resonances in the multi-TeV region, 
violating of Eq. (3.3.63). This can be achieved if a is structurally smaller than 
its estimate in Eq. (3.3.60), which for instance might occur if it emerged at 
C>(A(), with the 0{\^) contribution having been canceled by some selection 
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rule. If it was so we would estimate 

= I (50GeV)^ (3.3.64) 

and the sensitivity of ttih to rrit would be avoided. Concrete composite Higgs 
scenarios of this sort have recently been proposed [95-97], based on the so- 
called “twin Higgs” mechanism [98]. In these constructions a light Higgs can 
be Naturally obtained even for maximal = 47r, i.e. ^ 10 TeV at ^ ~ 0.1. 
The only tuning, of order 1/f, is the one associated with the VEV. Total t/j 
compositeness is favored also in those models. Twin composite Higgs models 
require non-minimal cosets and extra model-building ingredients such as a 
doubling of the SM spectrum and an approximate twin parity symmetry. 
Describing these constructions would carry us faraway from the pedagogical 
purpose of these Notes. They constitute an active model-building direction 
on which progress might come from future investigations. 


Appendix 


3.A Discrete symmetries 

Discrete symmetries are often useful in the study of composite Higgs theory. 
In the case of the minimal coset SO(5)/SO(4) the relevant ones are space- 
time parity P, charge conjugation C (often combined with P to form CP) and 
a 'Ll external automorphism of the algebra called Plr- 

Concerning parity, there is not much to say. It corresponds to ordinary 
spatial coordinate reflection under which the Goldstone boson Higgs trans¬ 
forms like a scalar and the gauge fields like vectors. Notice that the action 
of parity does not flip L and R SO (4) generators given that the L-R label¬ 
ing does not refer here to fermion chirality. The CCWZ d and e symbols 
are vectors under parity and thus the 0{p^) bosonic Lagrangian (2.B.19) 
is accidentally P-invariant even if parity is not imposed as a symmetry of 
the composite sector. Composite sector breaking of P can emerge at 
through the operators discussed in Sect. 3.2.1. Parity is obviously broken by 
the elementary fermion couplings to the SM gauge helds, and the same holds 
for charge conjugation. Nevertheless, one might still want to impose them as 
symmetries of the composite sector. Even if we will not consider this possi- 

L Ft 

bility here, we mention that in this case the chiral fermionic operators Op 
that realize partial compositeness (see Sect. 2.4.2) would be supplemented 
by their opposite chirality P- and C-conjugate counterparts, with the same 
scaling dimensions. 

Charge conjugation is less trivial. It acts as H ^ H* on the complex 
Higgs field, which in the real fourplet notation (2.2.24) means 

H —>• C 4 H , where C 4 = diag(—1,-1-1, —1,-fl). (3.A.1) 

Notice that C 4 is a unit-determinant orthogonal matrix and as such it is a 
proper element of the unbroken group SO(4). Namely, it is 

C = , (3.A.2) 

which, with the suitable generator matrices, can be expressed in any repre¬ 
sentation of the complete group SO(5) or of the unbroken subgroup SO(4). 
Given that the charge conjugation operation happens to act on the Goldstone 
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fields like an element of the unbroken symmetry group, we can simply use 
the results of Sect. 2.3 to derive its action on the Goldstone matrix, which is 

[/r[n] ^ CrC/r[n]C-S (3.A.3) 

for a generic representation r. 

On the SM gauge fields, C acts as —>■ (— 

This can be uplifted to the transformation rule 

A^ = A^^aT^ ^ C-A^-C-\ (3.A.4) 

which we assign to the whole set of dynamical and non-dynamical sources 
that gauge SO(5). Therefore C coincides with C G SO(4) even when acting 
on the A^ sources. This makes very easy to work out the transformation 
rules of the d and the e symbols. They are iust a fourplet and an adjoint of 
SO(4) and thus 

, ^L,R^ (~)^ ■ (3.A.5) 

Furthermore, the C operation is automatically a symmetry of our Lagrangian 
and thus charge conjugation invariance is guaranteed for all the composite 
sector operators involving d and e only. This includes the OijP') Lagrangian 
and the 0{p'^) operators of Sect. 3.2.1. Notice that charge conjugation co¬ 
incides with C only for the Goldstones and for the A^ sources, not for the 
U(l)x source X^. Given that we embed the hypercharge gauge boson in 
it, it must transform with a minus sign 

^ -X^ . (3.A.6) 

This sign flip needs not to be a symmetry of the theory, therefore G can be 
broken, but only through terms with odd powers of the U(l)j(: source. Given 
that the latter can only enter through its field-strength tensor because 

of local invariance, C breaking is postponed to high orders in the derivative 
expansion and it does not emerge at 0{p‘^) in the bosonic sector. 

Let us now turn to the fermionic sector. Given that both P and C are 
broken by the SM couplings it is not worth trying to define their actions on 
the fermionic source fields. This makes sense instead for the product of the 
two symmetries, GP, which is preserved by the SM matter quantum number 
assignment. We take, as is normally done in the SM, the GP action to be 
x(ar,t) —)■ x'^(ar, t) = —i 7 ^ 7 °x*(—ar, t), where X denotes any of the elementary 
SM fields. Given the definition, the action on the fermionic sources in the 
various representations introduced in Sect. 2.4.2 is immediately worked out. 
In all cases where the elementary SM fermions are embedded in a real SO(5) 
representation such as the 5 , the 10 or the 14 , it is easy to verify that GP acts 
as the global C rotation in the appropriate representation times the X x'^ 
operation. For instance, in the case of the 5 we have 

iF)i ^ (C 5 )/(F")/ , with Cs = diag(-l, +1, -1, +1, +1), (3.A.7) 
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where F denotes in general the top {Qt^ and Tr) or bottom {Qb^ and Bn) 
sector fermionic sources. In order to construct the CCWZ invariants, as 
explained in Sect. 2.4.2, it is useful to define dressed sources by acting with 
the inverse of the Goldstone matrix. Given how the latter transforms, as in 
Eq. (3.A.3), their CP transformation reads 

F, -b , (3.A.8) 

where r is the SO(4) representation where the dressed source lives. We see 
that CP acts as the SO(4) transformation C, under which all the operators 
are automatically invariant, times the “intrinsic” CP operation X —>■ X°- 
Since the same holds for the bosonic helds, with the only exception of A^, 
this makes very easy to establish the CP quantum numbers of the operators. 
For instance all the 0{p^) operators in Sect. 2.4.2 are CP-even, once their 
coefficients are set to a real value to obtain a real mass, while some of those 
of 0{p) in Sect. 3.2.2 break CP. 

This was for real representations. When the elementary SM fermions are 
in the complex spinorial 4 , instead, no imaginary phase is introduced in the 
embeddings, see Eq. (2.4.45) and therefore CP is just 

(F), ^ {F% , (3.A.9) 

when acting on the sources. We actually need the transformation property 
of the dressed sources, obtained by acting with the inverse Goldstone matrix 
and splitting the fourplet into two doublets, namely 

= U^^F. (3.A.10) 


^ 2 l 

P^R 


The Goldstone matrix transformation is immediately obtained from Eq. (3.A.2) 


C/4 


C 4 • 1/4 • C 4 ^, where C 4 = 


ia2 0 
0 ia2 


(3.A.11) 


This can be rewritten, using the symplectic condition in Eq. (2.B.6), in a 
seemingly more complicated way 


U4 -)■ C4 -ui-n- C4 ^, with n ■ C4 ^ 


I 2 0 

0 -I 2 


(3.A.12) 


in terms of the complex conjugate of the Goldstone matrix. This becomes 
useful if we take into account that the physical helds are always embedded 
in the source E in either the hrst two components of the fourplet or in one of 
the two last (we denote by F± the two cases) but never in both at the same 
time. Therefore the matrix Q ■ C 4 reduces to either an overall plus or minus 
sign when acting on them, leading eventually to the following result 


■ ■ 

p^R 


■^(^ 2 l ) c - 

MP±")\ ■ 


(3.A.13) 
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Notice that the “ ” operation acts now on the dressed sources and thus 

it entails taking the complex conjugate of U 4 , which is where Eq. (3.A.12) 
comes into play. 

We now discuss Plr- As the name suggests, it is a Z 2 transformation that 
interchanges L and R generators of the SO(4) group in SO(5). It corresponds 
to parity in the SO(5) space and it is represented, in the fundamental, by the 
matrix 

Plji = diag(-l, -1,-1, +1, +1). (3.A.14) 

It acts on the generators as 

pS ^ct p5 _ 'pa p5 pa p5 _ pa 

^LR^L^LR — ^R y ^LR^R^LR — y 

PlRT^PlR={PtR)\T^ ^ (3.A.15) 

where Pf^^ is 

P^fl = diag(-1,-1,-1,+1). (3.A.16) 

The Plr operation belongs to 0(4) C 0(5), therefore it is not an element 
of the symmetry group and thus it is not automatically a symmetry of the 
composite sector. It could be imposed or more interestingly, as in the case 
encountered in Sect. 3.2.2, emerge as an accidental symmetry. Notice that the 
fourth real Higgs component, H^, is Pi^j-even. Therefore Prr, provided it 
was a symmetry of some sector of the theory, will not be broken spontaneously 
by the Higgs VEV. On the Goldstone fourplet and on the Goldstone matrix 
in the fundamental, Prr acts, respectively, as 

H —>^ Prr^ ) C/p] 

Prr ■ C/p] 

■ PrR j (3.A.17) 

out of which the d and e symbols transformation rules (including the terms 
with the gauge sources, whose transformation rule is defined below) are found 
to be 

dfi,i —>■ (Plr)/ d^i, 3 1 a a • (3.A. 18) 

By following this logic, Prr can be defined also on the elementary gauge 
and fermionic source fields. Of course Plr, differently from GP discussed 
above, is not a symmetry of the elementary sectors, therefore the SM field 
embedding into the sources will normally break it completely. Nevertheless 
we can assign transformation properties, for instance 

A^ ^ Plr ■ A^ ■ P£^ , Fj ^ {pIr)/Fj , (3.A.19) 

to gauge and to fermions in the fundamental, respectively. The dressed 
fermion sources transformation rules, given how the Goldstone matrix trans¬ 
forms, are at this point completely obvious. 

The action of Plr on all the representations obtainable as tensor products 
of SO(5) fiveplets are immediately inferred from Eq. (3.A. 14): it will be 
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sufficient to act with the parity on each index. Some work is instead 
needed to obtain the representation on the spinorial, which turns out to be 


p4 _ 
^LR — 


0 1 
1 0 ’ 


(3.A.20) 


not to be confused with acting on the SO(4) fourplets. It is easy to 
verify, given the generators of the spinorial reported in Eq. (2.B.5), that P^^ 
correctly acts on them like for the ones in the fundamental representation 
in Eq. (3.A. 15). Not surprisingly, being a L-R interchange, Plr flips the 
( 2 , 1 ) and ( 1 , 2 ) components of the fourplet. On the Goldstone matrix we 
obviously have 

U4^]^PtR-U4^-PtR, (3.A.21) 

and thus the dressed sources in Eq. (3.A. 10) simply get interchanged 

p2L ^ p2^ ^ (3.A.22) 




128 


CHAPTER 3. BEYOND THE SIGMA-MODEL 



Chapter 4 

Flavor 


As we saw in Chap. 2, a fundamental ingredient of the composite Higgs 
scenarios is the partial compositeness hypothesis, which provides a general 
framework to describe the Standard Model (SM) fermions and to generate 
their masses and couplings. In most of the previous discussions we focused 
our attention on the third-generations quarks, and in particular on the top. 
In fact, due to its large mass, the top is usually the elementary state with 
the largest mixing with the composite sector and is the one that almost 
completely determines the dynamics of Electro-Weak Symmetry Breaking 
(EWSB). 

Constructing a complete model, however, also requires a description of 
the light fermions and the implementation of the three-families structure of 
the SM. This is a non trivial task due to the highly non-generic features of 
the SM flavor structure. The first peculiar aspect is the presence of a hier¬ 
archy of masses among the different quark and lepton generations. A second 
important feature is the suppression of flavor-violating effects due to a set 
of accidental flavor symmetries. In particular, flavor-changing transitions 
mediated by the Z-boson and by the Higgs are extremely suppressed. The 
only sizable flavor-violating effects are due to the W-boson couplings and are 
controlled by two mixing matrices, Vckm in the quark sector and Vpmns in 
the lepton sector. It is also remarkable the fact that flavor violation in the 
quark and lepton sectors seems to follow two very different patterns. In the 
quark sector the Vckm matrix is close to the identity with a strong hierar¬ 
chical structure that suppresses off-diagonal couplings. On the contrary, in 
the lepton sector a completely anarchic Vpmns matrix seems preferred by the 
experimental data. The expected order-one flavor-violation effects, however, 
are present only in the neutrino sector, whereas they are strongly suppressed 
for charged leptons due to the smallness of the neutrino masses. 

Another important feature of the SM flavor structure is related to CP 
violation. The flavor symmetries of the three-generation structure, broken 
only by the Yukawa couplings, allow to remove from each mixing matrix all 
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complex phases except one. Moreover, if only two (or one) quark genera¬ 
tions are considered all the complex phases can be removed, thus completely 
forbidding CP violation. An important consequence of this structure is the 
strong suppression of Electric Dipole Moments (EDM’s), in accordance with 
the strong experimental bounds. 

As it can be easily understood, reproducing the SM flavor structure in 
a Beyond the SM (BSM) scenario can be quite challenging. In fact the 
presence of additional dynamics usually breaks the accidental flavor symme¬ 
tries of the SM and leads to large flavor-violating effects. In the composite 
Higgs scenarios, in particular, dangerous effects can come from the non-linear 
Higgs dynamics and from the presence of extra particles. Eor instance, spin-I 
composite-sector (vector) resonances can mediate Flavor Changing Neutral 
Currents (FCNC’s), while fermionic resonances (or fermionic partners) can 
introduce new large CP violating phases or modify the Z and W couplings. 
In this chapter we will see how, by a judicious extension of the partial com¬ 
positeness framework, these problems can be kept under control and the 
composite Higgs scenario can be endowed with a realistic flavor structure. 

Several alternative flavor constructions can be conceived. The “classical” 
implementation is the so-called “anarchic” scenario [40, 99-103], which is 
probably the one that most directly follows and most fully exploits the par¬ 
tial compositeness hypothesis. As we will see in Sect. 4.1, this scenario gives 
a dynamical origin to the hierarchies of the fermion masses. Remarkably, 
the same mechanism automatically generates a hierarchical structure for the 
PcKM matrix and a suppression of the flavor-violating effects involving the 
light SM fermions. In spite of the successes of the anarchic scenario, some 
residual tension with the experimental data remains. This led to the explo¬ 
ration of alternative constructions. These constructions usually do not offer 
an explanation for the mass hierarchies, but can more efficiently suppress 
flavor-violating effects thanks to the introduction of suitable flavor symme¬ 
tries. We will discuss this class of models in Sect. 4.3. 


4.1 Anarchic partial compositeness 

We start our discussion of the flavor structure by considering the anarchic 
scenario. In this and in the following two sections we will focus exclusively 
on the quark sector, which is the one that so far has been most thoroughly 
scrutinized in the literature. A discussion of the flavor structure of the lepton 
sector, for which instead only a limited literature is available, is postponed 
to Sect. 4.4. 

As we saw in Chap. 2, the partial compositeness framework is based on 
the assumption that the matter fermions, realized as elementary fields, are 
linearly mixed with some composite operators (see Eq. (2.4.10)). The ele¬ 
mentary/composite mixing is external with respect to the composite sector 
dynamics and is generated at a very high energy scale Ayv- By a simple 
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generalization of Eq. (2.4.10), we can write the structure of the mixing in the 
presence of multiple generations of elementary fermions. In the case of the 
up-type elementary singlets for instance, we can write 

Ant[Auv] = + h.c., (4.1.1) 

where i,j = 1,2,3 are family indices. In writing Eq. (4.1.1), we considered 
arbitrary scaling dimensions for the composite fermionic operators ^. 
The matrix controls the strength of the couplings at the scale Ayv and 
has, in general, an anarchic structure, i.e. all its elements (including the off- 
diagonal ones) are of the same order. This kind of structure is expected if all 
the couplings are generated by a generic UV theory that does not possess any 
flavor symmetry. The fermionic operators are defined in the UV, 

where the global symmetry group of the composite sector is linearly realized. 
Therefore, as explained in Sect. 2.4.2, each of them must be part of some 
complete representation of the group. The same representation is assumed 
for all the three operators. 

The elementary quarks interactions at low energy are related to the ones 
in Eq. (4.1.1) by the Renormalization Group evolution (see Eq. (2.4.11)): 

■ / m. ~ .. . 

j ^ , (4.1.2) 

where we split the coupling matrix A(f^ into an overall normalization A and 
an anarchic matrix with order one entries, . The components of the vector 

C'’= (to*/Auv)'^“«~^^^ , (4.1.3) 

are instead Naturally hierarchical, given that m* ^ Ayvi if the composite 
operators have different scaling dimensions. We order them such that ^ 
i.e. for i < j. The elementary/composite mixing Lagrangian 

in the IR, namely at the scale to* ^ TeV, can be rewritten as 

Ant [to*] = XE^^ a + h.c., (4-1.4) 

where we absorbed into the composite operator normalization the powers 
of TO* needed to match the energy dimension. At low energy the compos¬ 
ite operators are not distinguished by any quantum number, we can 

thus redefine them in order to put the elementary/composite mixing in a 
convenient form. In particular, we can perform a rotation of the operators, 
accompanied by a rotation of the elementary vIp in the flavor space, and put 
the mixing in a diagonal form.^ 

^In the UV, where the composite sector is close to the fixed point, the operators are 
characterized by their different scaling dimensions which can be regarded as their 

eigenvalue under dilatation. The presence of this additional quantum number makes them 
distinguishable and does not allow to rotate them. 
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To understand the structure of the result of this diagonalization we first 
need to state a little theorem on the singular value decomposition of a matrix. 
We consider a matrix of the form 

(4.1.5) 

where is an anarchic matrix with 0(1) entries and Cl,r are vectors with 
generic entries, which we order so that 

Cl<CI^ Cr<Cr, for i<j. (4.1.6) 

The theorem will provide interesting information only when one or both 
the Cl.r vectors have strongly hierarchical components, i.e. when a strong 
ordering ^ for i < j is present. The theorem states that the 

singular value decomposition of M 

, (4.1.7) 

involves a real diagonal matrix m with entries of order 

^ti^'-ClCr, (4.1.8) 

and that the elements of the Ur unitary transformation are 


Cl/CI 

for 

i< j, 


1 

for 

i= j. 

(4.1.9) 

ci/ci 

for 

i> j, 



and analogously for Ur. Clearly, the result is non-trivial only for hierarchical 
Cl or (r. In this case the singular values of the matrix are hierarchical, 

m** ^ mfo for i < j, (4.1.10) 

and the unitary transformations corresponding to the hierarchical Cl,r vec¬ 
tors are close to the identity. 

We now apply the theorem to the diagonalization of Eq. (4.1.4), where Cl 
is of order one and Clj = C is strongly ordered. After an anarchic Ur rotation 
on the elementary fields and a hierarchical Ur rotation on the composite 
operators, the elementary/composite Lagrangian takes the diagonal form 

£int = All)jO“«* + h.c., (4.1.11) 

with real hierarchical mixing coefficients of order 

A*~ACfo (4.1.12) 

A similar analysis can be performed for the other SM quark multiplets 
9 l = {^L) ^lI ^'^‘4 d\. Provided each of them mixes in the UV with only one 
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set of composite operators as we assumed to be the case for in Eq. (4.1.1), 
the elementary/composite Lagrangian can be put in a fully diagonal form 

Ant = XI, qlOf * + Xl^ + h.c. (4.1.13) 

When instead one elementary field mixes with more sets of composite opera¬ 
tors with different quantum numbers, the situation changes. More terms will 
be present in the interaction Lagrangian and they will not, in general, as¬ 
sume a diagonal form. Indeed, the diagonalization procedure outlined above 
requires one rotation being performed on the elementary fields, therefore only 
the mixings with one set of composite operators can be diagonalized. The sce¬ 
narios where only one set of composite operators mixes with each SM quark 
representation, and Eq. (4.1.13) holds, are denoted as “single mixing” sce¬ 
narios. In some cases, as we will see below, the presence of multiple mixings 
is however unavoidable to obtain a realistic model. 

Several options exist for the choice of the SO(5) x U(I)x global group rep¬ 
resentation the composite operators belong to, some of which are described 
in Sect. 2.4.2. Valid representations must fulfill two basic requirements. First 
of all, they must contain the appropriate SM multiplets in their decompo¬ 
sition. Second, the representation of the operators associated to the left 
and the right chiralities must be “compatible” with each other, in the sense 
that they must allow for the generation of the Yukawa couplings from the 
composite dynamics. The up-type Yukawa’s come in the low-energy theory 
from composite sector two point functions and similarly for the 

down-type ones. These correlators can be non-vanishing only if they respect 
the unbroken group, i. e. if the left and right composite operators contain the 
same representation of SO(4) x U(l)x-^ 

The simplest example is the 4]^/g spinorial representation we discussed in 
Sect. 2.4.2. It decomposes under SO(4) x U(l)x — SU(2)i x SU(2)fl x U(l)x 
and eventually under the SM gauge group as 

4i/ 6 (2, l)i/6 ® (1) 2)i/g — 2i/g 0 I2/3 © 1-1/3 ■ (4.1.14) 

Given that it contains the SM representations of one complete quark family, 
the 4i/g could be taken as the representation of all the composite operators 
0%^, Oy and Oy. This does not mean that the three sets of operators 
are identified as the components of one single multiplet. Three different 
multiplets, all in the 4i/g representation of SO(5) x U(l)x but characterized 
by different scaling dimensions dq ,, and : ^'I'e introduced. Otherwise, 
all the elementary/composite mixings would have the same hierarchies and 
we would not be able to reproduce the quark masses and the Vckm matrix. 
The 4i/g, where three sets of operators are introduced as described above, is 
the simplest example of a “single mixing” scenario. Identical considerations 

■^The SU(3)c color group is automatically respected, since all the operators are color 
triplets in order to mix with the elementary quarks. 
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hold for fermionic operators in the IO 2/3 representation, which also contains 
one full SM quark family in its decomposition 

IO2/3 ( 2 , 2)2/3 © ( 3 ,1)2/3 0 ( 1 , 3)2/3 

—> 27/6 © 2 i/g © 32/3 ® I5/3 ® I2/3 ® 1 - 1/3 ■ ( 4 . 1 . 15 ) 

The situation is different if we embed the operators in the fundamen¬ 
tal SO(5) representation. In order to find a component with the quantum 
numbers of the ur singlets we need to consider the 82/3 multiplet: 

^2/3 ( 2 ,2)2/3 ® (Ij 1)2/3 27/6 © 2i/e © I2/3 . ( 4 . 1 . 16 ) 

This representation contains a doublet with the quantum numbers of the 
ql elementary fields, thus it can also be used to embed the operators 
on top of Op'^. Having one 62/3 multiplet mixing with the ur and another 
one mixing with the qr is already sufficient to generate the up-type Yukawa 
couplings that emerge, as previously explained, from the correlators of the 
left and the right composite operators. The 62/3 representation, however, 
does not contain any state with the quantum numbers of the down-type 
singlets. The operator Op’^, mixing with the (Ir, must then be taken to be 
in a different representation. One possibility is to consider the 5 _i/ 3 , which 
decomposes as 


^- 1/3 (2, 2)_i/ 3 © (1, l)_i/3 —>■ 2^/6 © 2_5/g © 1-1/3 ■ (4.1.17) 


Introducing only this mixing is however not sufficient to generate the down- 
type Yukawa because Op^ G 5 _i /3 is “incompatible” with the left chiral¬ 
ity operator 0‘^ G 53/3. Namely, they can not have a non-vanishing two- 
point function because they have different charges under the unbroken U(l)x 
group. A second mixing, with a second set of operators , must then be 
introduced for the ql elementary fields. Given that the 5 _i /3 contains the 
ql doublet in its decomposition, the simplest choice that allows for the gen¬ 
eration of down-type Yukawa’s is to take in the 5 _i /3 like 0‘p^. This 
scenario, where an additional set of operators needs to be introduced, does 
not respect the “single mixing” hypothesis and the mixing Lagrangian con¬ 
tains now an additional term 


/lint = A* 


<1L 






/rkUR i I \fi 
RUp -h 




(4.1.18) 

In the above equation, a diagonal form has been given to the extra mixing 
X'. However, as explained above, this is not the most general situation given 
that the extra mixing can not be always diagonalized. A diagonal form 
for the extra mixing is however phenomenologically required to avoid large 
flavor violating effects, therefore it will be assumed to be so in what follows. 
Speculations on how some symmetry of the UV theory might force the two 
mixings to be aligned and thus simultaneously diagonalizable are discussed 
in Ref. [104]. 
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The last example we mention is the scenario with operators embedded in 
the symmetric 14 representation. The 142/3 multiplet, whose decomposition 
reads 


142/3 ( 2 , 2)2/3 © ( 3 ,3)2/3 0 ( 1 ,1)2/3 

—>■ 27/6 © 2 i/g © 35/3 © 32/3 ® 3-1/3 ® I2/3 I ( 4 . 1 . 19 ) 

can serve as the representation of and of Op”. Analogously to the case 
of the fiveplet, a different multiplet (as, for instance, the 14_i/3) is needed 
for Op” and O'f^" in order to generate the down-type Yukawa’s. The “single 
mixing” hypothesis is violated also in this case. 


Quark masses and mixings 

We can now discuss the generation of the quark masses and of the Vckm 
matrix. We saw in the previous chapters how to estimate the low-energy 
effective operators involving elementary fields that are linearly coupled to 
the composite sector. By applying those results we find that the Yukawa 
couplings^ of the quarks have the structure ^ 


y 


ij 

u 


9 ^ 


Cij , 


\fi \J 

ij '^Ql / 

yj = —r^Oj 
y* 


(4.1.20) 


where g* is the typical coupling strength of the composite sector. The above 
formulae are valid in the scenarios in which the qL doublet is mixed with 
two sets of composite operators (as for instance in the models based on the 
fundamental SO(5) representation). In the “single mixing” scenarios we have 
the identification = \q^. The Cij and c® parameters in Eq. (4.1.20) are 
matrices in flavor space and their structure might depend on the details of 
the composite sector. In the anarchic partial compositeness scenario the 
composite sector is assumed to have no flavor structure and to generate all 
possible flavor-violating couplings with similar strengths. This translates in 
the assumption that the c and P matrices are anarchic with all the elements 
of the same order 

©7 c® ^ 1. (4.1.21) 

Obviously some hierarchy is needed to generate the observed quark masses 
and mixings. In the anarchic scenario these come from the structure of the el¬ 
ementary/composite couplings. As we anticipated in the previous discussion, 

^For shortness we will not make an explicit distinction between the couplings to the 
Higgs field responsible to generate the mass matrices and the linear couplings of the Higgs 
fluctuations to the quarks. Obviously, due to the non-linear Higgs dynamics, the two things 
are in general different and only coincide at leading order in the u// expansion. In the 
following we will denote both couplings by “Yukawa’s” and leave the exact interpretation 
of the concept to the context. 

^Below we report the structure of the Yukawa matrices at leading-order in the A/p* 
expansion. Subleading effects from of order modifications of the kinetic terms induced 
by the composite sector will be discussed in Sect. 4.1.1. 
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we assume that the elementary/composite mixings are hierarchical 

'1 '2 // ^3 ( 4 . 1 . 22 ) 


K. « ’ 


« Ka ■ 


and analogously for the down sector couplings and 

The Yukawa matrices have the form of Eq. (4.1.5), with hierarchical (l 
and Cr. We can thus apply the theorem stated in Eqs. (4.1.8) and (4.1.9) to 
their diagonalization formulae 


Vu = UlV^uI , 


Ud — . 


(4.1.23) 


We find that the diagonalized Yukawa’s, are hierarchical and are of order 



a ^ 

K.^djg*, 

(4.1.24) 

and that the four chiral rotation matrices 

are 

close to the 

identity. Their 

entries can be estimated as 

1 

r KJK. 

for 

i < j 


{ULh ~ 


for 

'i=j, 

(4.1.25) 

1 

1 KJK. 

for 

i > j 



and similarly for the Ur and Dr r rotations. The Vckm matrix, which is the 
product of the rotations of the left-handed fields 


Vckm = uIDr , 


(4.1.26) 


is therefore also close to the identity. Its off-diagonal elements can be esti¬ 
mated as 


^CKM ^ ^CKM ^ ^ (4.1.27) 

where we inserted a ± sign to denote that the up and down contributions are 
determined up to order one coefficients which can also have arbitrary sign. 

The elementary/composite mixings, and the hierarchies among them, are 
free parameters of the theory. We will now see how these hierarchies can 
be chosen in such a way that the size of the quark masses and of the Vckm 
elements are reproduced in a “natural” way, that is with order one and 
c'^j parameters and no special relations among them. The quark masses give 
the first set of conditions 


mu 


TOc 

Al 

AS« 

rtic 

AS, ’ 

mt 

A?. 

AL 

rud 

A'L AS, 

ms 

A'L 

AL 

ms 

A'L AS, ’ 

mb 

A'L 

A^ 


The second set of conditions comes from the non-diagonal elements of the 
Vckm matrix we estimated in Eq. (4.1.27). By the latter formula we would 
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like to reproduce the observed size of the Vckm elements, which is well de¬ 
scribed by the structure 


Vckm 


l-Xl/2 Ac A^' 

Ac 1 ~ X^/2 Xq , 
>'C 1 . 


(4.1.29) 


where Ac is of the order of the sine of the Cabibbo angle, Ac sin^c — 
0.22. It can be shown [105] that simultaneously reproducing mass and Vckm 
hierarchies requires that the second term in Eq. (4.1.27) is either dominant 
or comparable with the first one. Namely, A®^/A^^ < means 

that the hierarchical structure is more pronounced in the up sector than in 
the down one and that the Vckm elements are thus mainly determined by 
the down-sector rotations. Therefore reproducing the structure of the Vckm 
hxes the hierarchy among the A^^ parameters [102] to be 

( 4 - 1 - 30 ) 

In the “single mixing” models, where X! = A, this conditions obviously fix 
all the mixings of the left-handed doublets. Instead, if multiple mix¬ 
ings are present, the hierarchies among the up mixings A*^ are to a large 
extent arbitrary and only restricted by mild constraints. Once the left mix¬ 
ings are chosen, the sizes of the right-handed mixings are then determined 
by the requirement of reproducing the hierarchies of the quark masses (see 
Eq. (4.1.28)) and the value of the top and bottom Yukawa’s (see Eq. (4.1.24)). 

The eight conditions listed above allow to fix the size of almost all the A 
couplings. Only four quantities remain undetermined and can be conveniently 
identified with 

A3 yi 

xt = , and Zi = , i=l, 2, 3. (4.1.31) 

The Xt parameter is related to the ratio between the amount of compositeness 
in the left- and right-handed top components and it is restricted to vary in 
a limited range around one. This can be seen by considering the estimate of 
the top Yukawa, which can be rewritten as 


yt ^ g* 


g* g* 


(4.1.32) 


As we saw in the previous chapters, and in particular in Sect. 3.2.2, the ele¬ 
mentary/composite mixings can not overcome (/*. This gives two conditions, 
< g* and A^^ < g*, which make Xt live in the range 


yth* <xt< g*/yt ■ 


(4.1.33) 


The Zi parameters correspond to the ratio between mixings of the left-handed 
up and down fields and parametrize the arbitrariness in the choice of the 
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parameters in the models with multiple mixings. The values of the Zi 
parameters are subject to some mild restrictions. Due to the large mass 
difference, it is natural to assume that the bottom compositeness is smaller 
or at most equal to the top one. The condition Z 3 > 1 is thus usually 
verified in the explicit models. As we discussed before, in order to obtain 
the quark masses and the hierarchies in the Vckm matrix, the condition 
Kl/^l ^ required. This condition translates into the relations 

• 2^1 ^ ^2 ^ -Zs- A choice often encountered in the literature is to assume that 
the hierarchy in the up and down mixings are equal so that 




Ac I 


KJK.=KJK 


'qL/ ''QL 




c ■ 


(4.1.34) 


In this case the Zi parameters are all equal, zi = Z 2 = z^ = z. This pattern 
obviously describes also the models with “single mixing”, which are recovered 
for z = 1. For simplicity, in our derivation of the flavor constraints in Sect. 4.2 
we will assume that the condition zi = Z 2 = z^ = z is realized. Relaxing 
this assumption does not signihcantly modify the results, hence our estimates 
remain approximately valid for a generic pattern of up-type mixings. 


4.1.1 Higgs couplings and higher-order effects 

In the first part of this section we discussed the framework of anarchic par¬ 
tial compositeness scenarios and how the quark masses and the structure of 
the Vckm matrix are naturally generated through the hierarchies in the ele¬ 
mentary/composite mixings. We now want to extend the previous discussion 
and analyze the structure of the Higgs couplings and their role in mediating 
flavor-violating effects. As we saw in Chap. 2, the Higgs interactions induced 
by the leading 0{p^) operators are fixed by the Goldstone symmetry and 
are fully determined by the SO(5) quantum numbers of the composite op¬ 
erators mixed to the elementary quarks. For definiteness, in the following 
we will consider the scenario with composite operators transforming in the 
fundamental representation of SO(5) and we will only briefly discuss possible 
differences that arise in other set-ups. 

The effective Lagrangian describing the Yukawa interactions of the up- 
type quarks can be obtained by a simple generalization of Eq. (2.4.31). By 
taking into account the result in Eq. (4.1.20) we get 

+ (4.1.35) 

Analogously, from Eq. (2.4.41) we get the down-type Yukawa operators 
^Yuk = -Vd 2 ^\h\ + h.c.. 


(4.1.36) 
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By going to the unitary gauge (see Eq. (2.2.30)), 


ru 

^Yuk 


^Yuk 



(4.1.37) 


(4.1.38) 


we discover the remarkable feature that the dependence on the Higgs field 
is completely factorized and is disconnected from the flavor structure. As 
a consequence, in the mass eigenstate basis the leading Higgs interactions 
are automatically diagonalized and FCNC’s mediated by the Higgs are not 
present [106]. 

The absence of Higgs-mediated FCNC can also be understood as follows. 
In the low-energy Lagrangian in Eqs. (4.1.35) and (4.1.36) there are only 
two sources of flavor violation, namely the and the matrices, which 
have the same flavor quantum numbers as the SM Yukawa matrices. This 
means that an accidental Minimal Flavor Violation (MFV) [19] is present, 
which suppresses FCNC’s mediated by the Higgs. Notice that for this result 
to be valid it is essential that only two invariant operators are present in the 
effective theory at 0{p°). Whether this structure is realized or not depends 
on the SO(5) quantum numbers of the composite operators mixed with the 
elementary fields or, equivalently, on the representations we use to embed the 
elementary quarks (see Sect. 2.4.2). For instance, a similar structure with 
only two invariants is realized in the models based on the spinorial SO(5) 
representation. On the other hand, if more than two invariants are present, 
the MFV structure is violated and the extra invariants would in general give 
rise to flavor changing effects mediated by the Higgs. An example of scenarios 
of this type are the models based on the representation 10, which gives rise 
to two independent operators in the up sector and two in the down sector.® 

So far, in the analysis of the quark mass generation and of the Higgs 
couplings, we restricted our attention to the leading effects coming from 0 (p°) 
effective operators. As we discussed in Chap. 3, however, higher-order effects 
that modify the features of the low-energy dynamics are usually present. 
These can lead to quantitative modifications of the estimates (in particular 
for effects related to fields with a large amount of compositeness), but can 
also produce important qualitative changes, if a symmetry or selection rule 
is there at leading order as in the present situation. 

The first corrections to the leading-order fermion dynamics come from 
operators of order p. Restricting our attention to the ur singlets two inde¬ 
pendent Piij-invariant operators are found (see Sect. 3.2.2), which can be 


®This is true in the absence of additional symmetries in the composite sector. For 
instance by imposing a Plr symmetry the number of invariants can be reduced to two 
and Higgs-mediated FCNC’s can be avoided. 
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expressed in the following form 

a = +h.c., 

9 * 

O'u = + h.c., (4.1.39) 

9 * 

where Kij are generic complex matrices in flavor-space with order-one ele¬ 
ments. In the above formulae is the CCWZ covariant derivative and 
is the CCWZ d-symbol. Finally denote the elementary helds “dressed” 
with the Goldstone matrix (see Sect. 2.4.2) in, respectively, the 4 and the 1 
SO(4) representations. The two operators in Eq. (4.1.39) have a non-trivial 
dependence on the Higgs field and induce corrections to the Higgs couplings 
and, after EWSB, to the gauge bosons couplings. 

The 0{p) operators induce additional flavor-breaking interactions that 
break the MFV structure in the Higgs couplings. We can easily understand 
this feature through a simple example. The operator Ou gives rise to deriva¬ 
tive interactions of the Higgs: 

Ou A 2V2i + h.c., (4.1.40) 

where we absorbed the Xu factors and the 1/g* normalization into the 
matrix and we only considered the first term in the ^ expansion (thus us¬ 
ing the identihcation V v). Notice that the matrix can be assumed 
to be Hermitian, given that the anti-Hermitian part does not contribute to 
Eq. (4.1.40). By integrating by parts and using the equations of motion for 
the Ur helds (or, equivalently, by performing a held redehnition), we can 
rewrite the operator in Eq. (4.1.40) in the following form 

OuA2 + h.c.. (4.1.41) 

This operator induces a correction to the Higgs couplings to the up-type 
quarks. Notice that, in general, the matrix is not aligned with the quark 
mass matrix j/^, thus the Higgs interactions due to the operator Ou can medi¬ 
ate havor-changing effects. To get an estimate of these effects it is convenient 
to rewrite the coupling matrix in the mass-eigenstate basis: 

yi-k^ ^ iULyiuJ,)iURK-ul) = y^iUnR^UJ,). (4.1.42) 


By using the estimates for the quark masses and for the elements of the Ur 
rotation matrix we hnally get 


Ou 


ala: 


P 9. 




(4.1.43) 


This result shows that the havor-changing couplings of the Higgs arise at 
order ^ and are weighted by four powers of the elementary/composite mixings. 
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The second operator in Eq. (4.1.39) induces similar effects although the 
analysis is slightly more involved. As we saw, the d-symbol operators gives 
rise only to interaction terms. On the contrary, the 0)^ operator also induces 
a contribution to the kinetic terms of the elementary fields. This correction 
can be removed by a field redefinition which does not significantly alter the 
estimates we obtained for the Vckm matrix and for the quark masses.® After 
the field redefinition an analysis similar to the one we described above can 
be used to derive the induced Higgs flavor-violating couplings. Derivative 
operators analogous to the ones in Eq. (4.1.39) can also be written for the 
and the elementary fields. They can be analyzed along the lines of the 
previous discussion and give rise to similar Higgs flavor-changing interactions. 

It is interesting to notice that, in addition to the Higgs couplings, the 0{p) 
effective operators also induce modifications of the EW bosons interactions 
which can generate additional flavor effects. Important corrections can arise 
for the W boson couplings. For instance couplings involving the right-handed 
quarks, which are absent in the SM, can be generated (see Sect. 4.2.1 for an 
analysis of these effects). Moreover the couplings to the left-handed quarks 
can be modified so that the unitarity of the CKM matrix is violated. This 
effect can be relevant for the quarks with a sizable amount of compositeness, 
as the top in the anarchic scenarios. We postpone a discussion of this effect 
to Sect. 7.3. 


4.2 Constraints on the anarchic scenario 

We are now ready to analyze the main flavor-violating effects in the anarchic 
scenario. Before entering into the specific details, it is possible to derive an 
important qualitative feature that stems from the general structure of par¬ 
tial compositeness. As we discussed at length in Chap. 2, any insertion of an 
elementary field in a low-energy effective operator is necessarily weighted by 
the corresponding amount of compositeness or, in other words, is accompa¬ 
nied by the related elementary/composite mixing. We exploited this feature 
in the anarchic construction to generate the quark masses and the Vckm 
structure. In this way we were naturally driven to the assumption that the 
mixings have a hierarchical structure such that the light quarks (essentially 
the ones belonging to the first and second generations) have only tiny mix¬ 
ings with the composite dynamics. The same structure also determines the 
size of the flavor-violating effective operators. A typical example are the 4- 
fermion contact interactions, which are generated by the composite dynamics 
as shown in Fig. 4.1. It is easy to understand that operators involving the 
light SM quarks are highly suppressed by the tiny mixings and only induce 
small flavor-violating effects. This feature of the anarchic scenario was first 
noticed in the holographic realizations of the composite Higgs idea and is 

®The field redefinition can be numerically relevant for the top quark given its sizable 
degree of compositeness. It is instead typically negligible for all the other quarks. 
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Figure 4.1: Generation of 4-ferniion interactions in partial compositeness. 


usually referred to as the “RS-GIM mechanism” [101-103]. 

It is important to mention that, in scenarios that do not respect the “single 
mixing” hypothesis multiple contributions to the effective flavor-violating op¬ 
erators can arise, corresponding to the different Ai mixings. Usually the most 
important new physics contributions are mediated by the largest mixings. 
However, depending on the quantum numbers of the composite operators 
some selection rules can be present. For instance this happens if the elemen¬ 
tary states are mixed with composite operators with different SO(4) x U(l)x 
charges. In this case, analogously to what we discussed in Sect. 4.1 for the 
generation of the Yukawa couplings, the representations of the composite op¬ 
erators that mediate the flavor-violating effects must be “compatible” with 
each other. 

In the following we will discuss quantitatively the flavor-violating effects 
and we will derive some estimates of the constraints on the anarchic scenario 
coming from flavor measurements. For this purpose, as we did in the rest 
of this chapter, we will adopt the One Scale One Coupling power counting 
described in Chap. 3. The implications of relaxing this assumption will be 
discussed in Sect. 4.2.4. 

Some of the most “dangerous” flavor-violating effects are related to the 
presence of FCNC’s. In the SM, FCNC’s are absolutely absent at tree-level 
thanks to the fact that the Higgs and Z-boson couplings are flavor-diagonal. 
This is in general not true in BSM models. We already saw in Sect. 4.1.1 
that in the composite scenario the Higgs field can mediate flavor changing 
effects, although, in a large class of models, these effects are only generated 
at subleading order in the elementary/composite mixings. As we will discuss 
in the following, the Z couplings can also mediate flavor-changing currents 
at tree-level. Furthermore, the composite dynamics can give rise to contact 
interactions that do not preserve the flavor quantum numbers, as for instance 
4-fermion operators involving fields from different generations. As we already 
mentioned, a typical mechanism generating these operators is the exchange of 
vector resonances, as for instance “heavy gluons” or states with EW quantum 
numbers. These effects, however, can also arise as purely contact interactions 
at the cut-off scale where the composite dynamics becomes completely non- 
perturbative. 
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The relevant flavor-violating observables belong to two broad categories, 
namely the processes that involve AF = 1 or AF = 2 transitions. The new 
physics effects in each class are determined by a different set of effective opera¬ 
tors. In particular the AF = 1 effects are mainly mediated by flavor-changing 
distortions of the gauge field interactions, whereas the leading contribution 
to AF = 2 processes is due to 4-fermion contact interactions. 

In addition to the flavor-violating processes, it is also worth mention¬ 
ing the constraints coming from the bounds on the neutron EDM. These 
measurements can be used to derive strong bounds on CP-violating effects 
induced by flavor-conserving operators with a structure similar to the ones 
contributing to AF = 1 processes. 

Before analyzing in details the bounds it is important to stress that sev¬ 
eral new-physics effects can simultaneously contribute to each observable. 
For simplicity, in deriving the bounds we consider each new-physics oper¬ 
ator separately. This is somewhat equivalent to assume that the various 
contributions are uncorrelated and accidental cancellations do not happen. 
However it should be kept in mind that, when more operators are active at 
the same time, the bounds can get somewhat weaker (see for instance Fig. 6 
of Ref. [107]). 

4.2.1 AF = 1 transitions 

We begin the discussion by considering the AF = 1 observables. In the 
composite Higgs scenarios the new physics contributions to these processes 
are mainly due to three classes of operators. The first one includes the dipole 
operators 

^AF=i ^ , (4.2.1) 

g* mi 

where Fg^ collectively denotes the field strength of the SM gauge fields and 
gsM is the corresponding coupling. We used the fij symbols to denote any 
SM quark {i,j must be interpreted as “condensed” indices collecting the 
flavor quantum numbers as well as the chirality), while Xij are the relevant 
elementary/composite mixings. To be as general as possible, we estimated 
the size of the coefficient in Eq. (4.2.1) by assuming that the dipole operators 
are generated at tree level by the composite dynamics. In the literature, 
however, the dipole operators are usually considered as one-loop effects, which 
implies an additional suppression factor gi/{16Tr^). This choice comes from 
the observation that, in the known explicit models, the dipole operators can 
not be generated through the tree-level exchange of composite resonances 
and only arise at the radiative level. 

The second class of operators contributing to the AF = 1 processes con¬ 
tains the penguin operators that lead to modifications of the Z boson cou¬ 
plings. The leading operators in this set arise at dimension 6 and contain 
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two powers of the Higgs field: 

Caf=i - , (4.2.2) 

m% 

where 

The last class of AF = 1 effects are related to operators that modify the 
W boson couplings. Among this set, the most relevant operators are those 
that induce interactions involving the right-handed quarks, whose structure 
is given by 

Caf=i ~ , (4.2.3) 

where H'^ = icj'^H* is the charge-conjugated Higgs doublet. 

Additional subleading contributions to the gauge boson couplings can 
come from dimension-6 operators containing multiple derivatives. For in¬ 
stance, the Z boson couplings can receive extra corrections from operators of 
the form 

(4.2.4) 

These operators lead to effects that are suppressed by a factor ~ {gsM/g*Y 
compared those induced by the penguin operators in Eq. (4.2.2) and can 
be usually neglected. Similarly, the W boson couplings can be modified by 
operators containing derivatives of the elementary quarks: 

Iplpqi , . (4.2.5) 

g^mi ^ g»mi 

By using the equations of motion for the elementary fermions, these operators 
can be put in the same form of the operators in Eq. (4.2.3). They are however 
characterized by a completely different power counting. The operators in 
Eq. (4.2.3) arise at quadratic order in the element ary/composite mixings. On 
the contrary, the operators in Eq. (4.2.5) generate a similar contribution but 
only at order A'^,' and thus induce subleading corrections to the W couplings. 
Although formally subleading, the derivative operators in Eq. (4.2.5) can 
become relevant for the analysis of the flavor bounds because in several cases 
the leading operators vanish as a consequence of some discrete symmetries of 
the composite dynamics. We will discuss this aspect with more details later 
on when we will analyze the experimental constraints. 

Finally, AF = 1 flavor-changing effects can also be mediated by the Higgs 
field. As we showed in the previous section, in many minimal models, these 
effects are suppressed thanks to the Goldstone nature of the Higgs and only 
arise at subleading order in the elementary/composite mixings. In the fol¬ 
lowing we assume that this mechanism is at work and we neglect these kind 
of effects. 

^The additional factor comes from the quark mass factor that comes from the equa¬ 
tions of motion. 
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We will now discuss the experimental bounds on each class of AF = 1 
operators. We will start by analyzing the EW and QCD dipole operators and 
then we will consider the modifications of the Z and of the W couplings. 

The EW dipole operators 

One of the strongest bounds on flavor-violating EW dipole operators comes 
from the 5 —>■ sy transitions. Following the standard notation we encode the 
new-physics effects in the effective Hamiltonian [108] 

= ^VtbV:,^ [C7^SL(7^-'bRF^, + C'^^SRa^’'bLF^,] , (4.2.6) 

where Gp = l/(2n^) denotes the Fermi constant, is the photon field 
strength and e is the electric charge. By matching the above operators with 
Eq. (4.2.1) and using the estimates of the element ary/composite mixings 
derived in Section 4.1, we find that the composite Higgs contributions to the 
C^'}^ coefficients are of the order ® 

V2 47r^ 1 V 1 Ag, 

^ Gf mb VtbVt* g. ml ^ Gp ml VtbV^, ’ 

1 V 8tt^ 1 Ag; 1 \ 

^ Gp mb VtbVt* 5* ml ^ Gp ml \mb\%) 

We can now compare these results with the experimental constraints. The 
bounds on the new-physics contributions to the G^}^ coefficients are approx¬ 
imately given by [113] 

[ReCT-,! < 0.2, [ImCy^l < 0.6, |C/.^|<0.5. (4.2.9) 

Due to the significant asymmetry, we decided to list separately the bounds 
on the real and imaginary part of the G^y coefficient. For the G'^y coefficient, 
on the contrary, the real and imaginary parts have comparable constraints 
and we only give the bound on the absolute value. The results in Eq. (4.2.9) 
can be translated into lower bounds on the composite dynamics scale m*. In 
particular the bounds on Gjy correspond to 

m* > 5 TeV (from ReCy-^), m* > 3 TeV (from Im Cy-^), (4.2.10) 

while the bound on C'^y gives 

TO* > 11 TeV (from G'^y ), (4.2.11) 

®In order to properly match the coefficients of the effective operators with the general 
estimates of partial compositeness, all the quantities must be evaluated at the m* scale. 
To keep our discussion as simple as possible we avoid to explicitly include the running 
effects in our equations. We however include them in the numerical results (for this we 
assume m* ~ 1 TeV). We refer the interested reader to the original literature [109—112]. 


(4.2.7) 

(4.2.8) 
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Notice that the new-physics contributions to the coefficients are in gen¬ 
eral complex and their complex phase is expected to be of order one. For this 
reason, to derive the bounds in Eq. (4.2.10) we assumed that the effective 
operators are generated with maximal complex phases. We will adopt this 
assumption also in the following sections to derive all the flavor bounds. 

If the dipole operators do not arise at tree level and are only generated 
at the radiative level, the new-physics effects are strongly reduced and the 
bounds are significantly relaxed. For instance, if we assume that the dipole 
operators arise at one loop, the experimental constraints can be expressed as 
lower bounds on m^/g^ ~ / and can be estimated as 

/ > 0.4 TeV (from Re , / > 0.25 TeV (from Im C^^). (4.2.12) 

/ > 0.9 TeV (from C '^^), (4.2.13) 

Additional constraints on the flavor-violating EW dipole operators come 
from the b ^ d'y transitions. The analysis of these effects is completely 
analogous to the one we used above for the 6 —)■ sy processes, so we skip all 
the details. The bounds on the composite dynamics coming from the 5 —>■ dy 
transitions are roughly comparable to the ones given in Eqs. (4.2.10) and 
(4.2.11) [114]. 


The QCD dipole operators 

Another observable that can give strong constraints on the dipole opera¬ 
tors is the direct CP violation in the —>■ 27r decay, usually encoded in 

Re(e^/eif) [110-112]. This observable receives large contributions from the 
chromomagnetic operators 

Qg = gsG^ydh , Q'g = gsG^ydn, (4.2.14) 


whose coefficients can be estimated as 


Cg 


2msXc 1 

O 5 

V 


G'n 


2md 1 

vXc ml ' 


(4.2.15) 


The present measurements lead to a bound on the imaginary part of the Gq^ 
coefficients 

ImC^’ 

'/2msjv 


< 


1 

(34 TeV) 2 


(4.2.16) 


where Gq and should be interpreted as running quantities computed at 
an energy scale E = 1 TeV. This result implies the following constraint on 
the TO* scale 


TO* > 15 TeV, 


(4.2.17) 
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which is roughly valid for both effective operators. If the dipole operators 
are generated at one loop, the above bound becomes 

/>1.2TeV. (4.2.18) 

Constraints roughly of the same order can be obtained for the QCD dipole 
operators that mediate b ^ s, b ^ d and c ^ u transitions [114, 115]. 

Z couplings modifications 

Let us now consider the penguin operators whose general structure is given 
in Eq. (4.2.2). After EWSB these operators generate new gauge interactions 
involving the Z boson. In particular they can give rise to flavor-changing 
interactions which are absent at tree-level in the SM. To compare the Z- 
mediated flavor-violating effects with the experimental data it is customary 
to encode the new physics contributions into 4-fermion effective operators. 
By integrating out the Z, the powers of the Higgs VEV v and the gauge 
couplings cancel against the Z boson mass and the following effective operator 
is obtained at leading order in the elementary/composite mixings 

^7.7"/, • (4.2.19) 

(Z) 

In the above equation J); ^ represents the usual SM current 

7*7,. [{tl - 2? sin^ 6»™) - tlj^] /,, (4.2.20) 

where denotes the charge of the fi fermion with respect to the Abelian 
subgroup of SU(2)i generated by while q is the electric charge. 

Before considering the implications of the experimental measurements, it 
is useful to discuss how the presence of discrete symmetries can protect the 
Z-boson couplings by forbidding the generation of some of the operators in 
Eq. (4.2.2). In the class of composite Higgs scenarios based on the minimal 
coset SO(5)/SO(4), two discrete Z 2 symmetries can be used to forbid the 
generation of penguin operators [93]. The first one is the Plr symmetry 
which acts by exchanging the SU(2)2, and SU(2)j^ generators inside SO(4) 
(see Sect. 3.A for more details). It will be shown in Appendix 7.A that this 
symmetry protects the couplings of the Z boson to any current built from 
elementary states whose mixing with the composite dynamics preserves the 
Plr invariance. The second symmetry that can protect the Z couplings is a 
discrete Z 2 subgroup, called Pc, of the custodial group SO(3)c.® It is defined 
in such way that its action on the SU(2)i x SU(2)/j eigenstates exchanges the 
sign of the charges, namely \tL,tR-,t\,t%) \tL,tR-,-t\,-t\). Anal¬ 

ogously to the Plr case, a current which is even under Pq has a protected 
coupling to the Z boson. Typical cases are the currents built from fields with 
= 0 which are eigenstates of Pc. 

®See Sect. 2.2.2 for a first description of the custodial group and Appendix 7.A for a 
complete discussion. 
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(2,1)1/6 

(2, 2)2/3 

(2,2 )_i /3 



UL 

X 

X 
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dh 
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(1,2)1/6 
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Ur 
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X 

Pc 

X 
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Plr , Pc 

X 

X 

Pc 


Table 4.1: List of the discrete Z 2 symmetries preserved by the mixing of the ele¬ 
mentary fermions with composite operators in different SU(2 )l x SU(2)_r x U(1)x 
representations. The x symbols indicates that both Plr and Pc are broken. 


The discrete Z 2 symmetries preserved by the mixing of the elementary 
quarks with the composite fermionic operators, depending on the SO(4) quan¬ 
tum numbers of the latter operators, are given in Table 4.1. From this table 
it is straightforward to derive which couplings are protected in the minimal 
models. We will list a few common scenarios in the following. If the compos¬ 
ite operators belong to the spinorial SO(5) representation (see Eq. (4.1.14)) 
all the mixings break the discrete symmetries and the Z couplings are not 
protected. The situation is different for the models based on the fundamen¬ 
tal, the adjoint and the 14 representations. In the case of the adjoint IO2/3 
(see Eq. (4.1.15)) the couplings of the left-handed down-type quarks are pro¬ 
tected as well as the couplings of the right-handed up-type singlets. Finally 
in the case of the 5 (Eqs. (4.1.16) and (4.1.17)) and of the 14 (Eq. (4.1.19)) 
a more complex pattern appears. The mixing of the right-handed quarks re¬ 
spects both discrete symmetries. The left-handed doublet, instead, must 
be necessarily mixed with (at least) two operators in order to generate all 
quark masses. The mixings with the (2, 2)2/3 operators, which induces the 
up-type quark masses, respects the Plr symmetry for the d]^ fields but not 
for the u]^’s. On the other hand, the mixing that leads to the down-type 
quark masses (with the ( 2 , 2 )_i /3 states) preserves the Prr invariance only 
for the u\ states. Eollowing these patterns, in deriving the bounds we will 
assume that the flavor-violating Z couplings involving the d\ fields are only 
generated through the mixings and not through the up-type ones. 

We can now discuss the implications of the flavor measurements. The 
flavor-violating penguin operators more strongly constrained from the exper¬ 
imental data are the ones involving the down-type quarks and, in particular, 
the ones that lead to & —)■ s and s —>■ d transitions. 

The leading new-physics corrections to the b ^ s transitions can be en¬ 
coded in the following effective Hamiltonian [107] 

(4.2.21) 
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Additional operators involving the vector lepton current are present, 
but they are suppressed with respect to the above ones by the small factor 
1 — 4s\v? 9^ = 0.08 that appears in the SM Z-boson current. By using 
the result in Eq. (4.2.19) the coefficients of the effective operators can be 
estimated as 


C 

C 


10 


10 


''C 




CFe^VtbVtlml V 


47r^ 


X2 


1 rrit (msirii, 


v xt \X% 


mi 


(4.2.22) 

(4.2.23) 


As we explained before, these estimates apply only to the models in which 
the elementary states are mixed with composite operators in the 4, 5 or 14 
representations of SO(5). In the last two cases the flavor-violating effects 
come only from the mixing with the ( 2 , 2 )_x /3 operators needed to give mass 
to the down-type quarks. In the models based on the IO 2/3 SO(5) represen¬ 
tation, on the contrary, the contributions to Cio vanish at leading order in 
the elementary/composite mixings. 

The bounds on the effective operators can be derived from a global anal¬ 
ysis of inclusive and exclusive b decays [107, 113]: 


|Cio|<2.6, |C[ol<3.1. (4.2.24) 


The bound on the left-handed operator translates into a relatively strong 
constraint on m*: 

^^>3V^^TeV. (4.2.25) 

Z 

On the contrary, the bound on does not give any significant constraint 
as a consequence of the suppression factor, msmi,/{X‘^m^) ~ 2 x 10 “^, that 
appears in Eq. (4.2.23). 

Let us now consider the s —>■ d transitions. One of the strongest constraint 
on these processes comes from the —>• decay. The new-physics con¬ 

tributions come from the flavor-changing Z interactions and can be encoded 
in the following effective operators 

= - — Z^ {5gfdLi>^SL + Sgl^dR^SR + h.c.) . (4.2.26) 


The coefficients in the above formula can be estimated as 


Sgt 


mtv 1 g*xt 
>/2 ml z"^ 


X^ 


c > 


dg’k 


mtV 1 g*z'^ 5 / mdma \ 
y/2 ml Xt ^\X}9ml) 


(4.2.27) 


Notice that the right-handed transitions are suppressed with respect to the 
left-handed ones by a factor mdms/{X^m^) ~ 0.02. The experimental mea¬ 
surements correspond to a bound [116] 

|^5^«|<6xl0-^ 


(4.2.28) 
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from which the following bounds can be derived 


m* > 4.7 ^^* - TeV (from Sgjf ), 


(4.2.29) 


m* > 0.7 z TeV (from Sgf^). 



(4.2.30) 


As a consequence of the Z 2 symmetries, in the “single mixing” models based 
on the IO 2/3 representation, the only relevant bound is the one coming from 
the right-handed current in Eq. (4.2.30). The bound in Eq. (4.2.29), instead, 
applies to the scenarios in which the elementary quarks are embedded in the 
spinorial or fundamental representation. 

Constraints on the effective operators in Eq. (4.2.26) can also be obtained 
from the rare Kaon decay K~^ —>■ and from the measurement of the 

Re(£^/eif) parameter. We already showed how the latter observable can be 
used to derive strong constraints on the QCD dipole operators. When con¬ 
sidered in the context of penguin operators, the measurement of Re(£ ' k / sk ) 
leads to a bound on the left-handed flavor-violating Z currents comparable 
to the one in Eq. (4.2.29) [112, 117]. 

To conclude the discussion we briefly mention another class of constraints 
on the penguin operators related to flavor-conserving observables. In the an¬ 
archic scenarios the most relevant effect of this type is the modification of 
the Z interactions with the third-generation quarks. Among these observ¬ 
ables the coupling to the left-handed bottom quark is the one that has been 
measured with the best precision (at the 0 . 1 % level) and can be used to set 
the most stringent constraints. Due to the high precision, the measurement 
of the ZbLbh vertex is usually included among the EW precision tests to¬ 
gether with the oblique EW parameters [118, 119]. We postpone a detailed 
discussion of the ZbiJjL observable to Chapter 7, where we will analyze it 
in the more general context of the EW precision data. Here we only derive 
some rough estimates along the lines of Sect 3.2.2 and compare the resulting 
bounds with the ones coming from flavor-violating processes. 

From Eq. (4.2.2) we find that the deviations in the bottom couplings to 
the Z boson are of order 



(4.2.31) 


The deviation in the right-handed coupling is usually much smaller than the 
experimental precision on 5 ;,^ (see Fig. 7.1). For the left-handed coupling 
the situation is very different. The present data show a mild tension with 
the SM prediction at the 2.5 ct level (see Fig. 7.1). The precise bound on Sgb^ 

^'^See Eq. (7.2.1) for the exact definition of the bottom couplings. 
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bR 
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bL 



Figure 4.2: Examples of one-loop diagrams contributing to the (on the left) 
and (on the right) coefficients of the dipole operators in Eq. (4.2.6). The gray 
circles represent the insertions of the effective Wtabii and Wtnsii vertices. 

thus crucially depends on the sign of the new-physics contributions. To get 
a rough model-independent estimate of the constraints we assume that the 
new-physics contributions should be smaller than the overall precision on gi,j^ 
and we impose the condition | 10“^. In this way a strong lower bound 

on TO* is obtained 



(4.2.32) 


This bound is comparable to the ones we derived from flavor-violating pro¬ 
cesses (see Eqs. (4.2.25) and (4.2.29)). 

W couplings modification 

The last class of operators relevant for the NF = 1 processes includes the 
ones that lead to distortions of the IT-boson couplings. The general structure 
of these operators is shown in Eq. (4.2.3). An effective way to constrain such 
operators is to focus on their contributions to 6 —>■ sy transitions [105, 111]. 
In composite Higgs scenarios the largest new-physics effects are due to new 
W interactions involving the right-handed top component, which generate 
one-loop contributions to the and C'rj..^ coefficients (see Eq. (4.2.6)). The 
structure of the relevant diagrams is shown in Fig. 4.2. Notice that similar 
contributions are also present in the SM. In this case, however, the purely 
left-handed structure of the W couplings implies a strong helicity suppression 
of the b ^ sj transitions. This suppression is instead lifted if right-handed 
couplings exist. 

In anarchic composite Higgs scenarios, the most relevant effects are due 
to the Wtjibn vertex, which generates a correction to and to the Wt^sn 
coupling, which contributes to Cy.^. The size of the Wtubn coupling coming 
from the operators in Eq. (4.2.3) can be estimated as 



which leads to the following contribution to Cr^ [111]: 
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where A'j{rnl/rn^) ~ —0.8. Analogously we can derive an estimate of the 
size of the WipiSn interaction 

X ^ + h.c. = fig + h.c.. (4.2.35) 

and the corresponding contribution to C’^^: 


C 7 , 


1 

71 


mtg*v 


z 1 

Xt ml 



(4.2.36) 


It is interesting to notice that the above correction to is enhanced with 
respect to the one to C^-y in Eq. (4.2.34) by a factor ms/{mbXc) ~ This 
enhancement exactly matches the one that we found for the contributions to 
and coming from the dipole operators (see Eqs. (4.2.7) and (4.2.8)). 

The bounds in Eq. (4.2.9) can be translated in the following constraints 
on the composite mass scale to*: 


TO* 



(from C'j ^), 



(from C'-j^). 


(4.2.37) 

These bounds are much weaker than the ones coming from the dipole oper¬ 
ators, especially if we assume that the latter are generated at tree-level (see 
Eqs. (4.2.10) and (4.2.11)). 

It is interesting to notice that the operators in Eq. (4.2.3), which we used 
to estimate the corrections to the W couplings, are forbidden in many models 
as a consequence of the custodial invariance. This happens if the mixing of 
the right-handed quarks fm to the composite dynamics preserves the SO (4) 
symmetry. In this case the composite operators coupled to the fm fields 
are singlets under the custodial symmetry and can not generate a current 
with the appropriate quantum numbers to couple to the W bosons (which 
transform as a triplet under the SO(3)c custodial group). An example of 
such situation are the models in which the composite operators belong to the 
fundamental or to the 14 representations of SO(5). 

Notice that the custodial symmetry protects the W couplings only at 
zero momentum. Indeed, W interactions with the right-handed quarks can 
still be generated by operators involving derivatives of the quarks. These 
operators are non-vanishing because they are “sensitive” to the breaking of 
the custodial invariance induced by the mixing of the left-handed quarks. 
Operators of this kind are shown in Eq. (4.2.5) and give rise to the relevant 
interactions once we put the quarks on-shell. The operators that generate 
the largest contribution to Wtubn are 


g*ml 


{tniH-^rngl) , 


^^^^{bRiH^lplpgl). 

g*mi 


(4.2.38) 


By using the equations of motion for the elementary fermions, ilpfLi = 
mifm, we can see that both operators give rise to an effective interaction 
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with a strength of order 

2 9 +h.c.. (4.2.39) 

V 2 Tn^, 

Similar considerations apply to the WtuSR interaction, which is mainly due 
to the operator 

^^^^{sRiH^mqD, (4.2.40) 

9*mi 

and can be estimated as 

As expected, in the custodially-invariant scenarios, the right-handed W cou¬ 
plings arise only at fourth order in the elementary/composite mixings. More¬ 
over they are necessarily weighted by the left-handed mixings Xql , which are 
the only ones that break the custodial symmetry. As a consequence the es¬ 
timates in Eqs. (4.2.39) and (4.2.41) differ with respect to the general ones 
(see Eqs. (4.2.33) and (4.2.35)) by a factor 

~ IL , (4.2.42) 

g* V 9*z 

This factor implies a mild suppression, which is significant only for large 
values of g*. By using the bounds in Eq. (4.2.9) the following constraints on 
m* can be derived 

> 0.3 TeV (from C ^..^), m* > 0.5 TeV (from Cy.^). (4.2.43) 


4.2.2 AF = 2 transitions 


Another set of constraints on the anarchic composite Higgs scenarios can 
be derived from the AF = 2 flavor-violating transitions. The main short- 
distance sources contributing to these processes are the contact operators of 
the type 


/:af=2 ~ ■ 


9t 


mt 


(4.2.44) 


Additional long-distance contributions can be mediated by the exchange of 
the Z boson or the Higgs via a pair of AF = 1 flavor-violating vertices. By 
using the estimate in Eq. (4.2.2), it is easy to show that the Z-mediated 
effects are suppressed by a factor jp with respect to the short-distance 
ones in Eq. (4.2.44). The Higgs-mediated effects, on the other hand, can 
lead to sizable effects if they are generated at leading order in the elemen¬ 
tary/composite mixings: 


AA 


1 


f,Hf,H^H. 


(4.2.45) 
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By integrating out the Higgs, the ratio between the long-distance effects and 
the short-distance ones in Eq. (4.2.44) is found to be of order 



(4.2.46) 


This shows that, on general grounds, the Higgs-mediated effects could be 
large and could even dominate over the short-distance ones. However, as 
we discussed in the previous section, in a large class of minimal scenarios, 
the Higgs interactions are protected by the Goldstone structure and flavor- 
violating vertices are strongly suppressed. In this case the Higgs mediated 
contributions to AF = 2 transitions are reduced by a factor ^ yl/iAmY 
are under control. In the following we assume that the protection mechanism 
is at work and we only focus on the flavor-violating effects coming from short- 
distance operators. 

By the use of Fierz identities the 4-fermion contact operators relevant for 
AF = 2 flavor-violating transitions can be reduced to 8 independent Lorentz 
structures. Their explicit form is 


SI' = (/rL7'^/“L)(/fL7,./il), 


(4.2.47) 

(4.2.48) 

(4.2.49) 

(4.2.50) 

(4.2.51) 



and the remaining 3 operators Qtli 3 are obtained from the 3 operators 
by flipping the quark chiralities. In the above operators i, j denote the fla¬ 
vor indices, while a, /3 are color indices. Within the One Scale One Coupling 
power counting, the coefficients of these operators only depend on the fermion 
species and chiralities that are involved. However extra suppressions are pos¬ 
sible in explicit models where the operators are generated by the exchange 
of vector resonances. In this case, for instance, Q 2,3 and Q 2.3 can not be 
generated at the tree-level and thus their coefficient displays a loop suppres¬ 
sion. Moreover, different operators are associated to the exchange of different 
kinds of resonances, so that their coefficient is controlled by the masses and 
the couplings of different particles, which can be numerically different in the 
specific model. For instance it is easy to see, using Fierz identities, that 
Q 4 can only arise from the exchange of vector resonances with non-trivial 
QCD quantum numbers. On the other hand, vector states charged only un¬ 
der SO(5) X U(I)jc can only give rise to the Qi, Qi and Q 5 operators. In 
what follows we will estimate the constraint by using the generic One Scale 
One Coupling power counting estimate. However since some of the strongest 
constraints come from Q 2 , Q 2 and Q 4 operators, the selection rule described 
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above can have an important impact on the interpretation of the experimen¬ 
tal bounds in explicit models. Also numerical suppression or enhancement 
factors due to the multiplicities and the charge of the exchanged resonances 
can have an impact. We refer the interested reader to the Refs. [105, 120] for 
details. 


The Kaon system 

The first set of experimental measurements we consider is the one related to 
the Kaon system. The main flavor-violating effects in this system are related 
to the mixing of the resonance with the corresponding anti-particle K 
and are encoded in the observables Aitik and Sk- The short-distance new- 
physics contributions to this processes are due to AS = 2 contact interactions 
involving two s and two d quarks. 

For illustrative purposes we will focus only on the effective operators 
Qsd^ Qsd Qsd^ whose bounds lead to the strongest constraints on the 
new-physics dynamics.The experimental results are usually expressed as 
constraints on the couplings C that appear in the effective Lagrangian 


/:af=2 = ^^^Qz. (4.2.52) 

The mass scale A is conveniently chosen to be A = 1 TeV. As we will see, this 
mass scale is of the same order of the typical flavor bounds on the new physics 
scale in the composite Higgs scenarios, thus helping to keep running effects 
under control. The current constraints can be expressed as follows [121, 122] 


|ReC'(Qf)| < 9.0 X 10-^ 

|ImC(Qf)| <3.4x 10-^ 

(4.2.53) 

|ReC'(Q^'^)| < 1.9 X 10"®, 

|ImC(Q^'^)| < 1.0 X 10-1°, 

(4.2.54) 

|ReC'(Qf)| < 6.9 x 10-^ 

|ImC(Qf)|< 2.6x10-11, 

(4.2.55) 


where, due to the significant asymmetry in the bounds, we reported sep¬ 
arately the ones on the real and imaginary parts of the coefficients. The 
bounds on also apply to the C'(Q|'^) coefficient. 

The size of the new-physics contributions to the effective operators can 


the cases we consider the Qi operator is generated with a smaller coefficient than 
Ql, while the bounds on the two operators are comparable. The Q 2 and Q 3 operators are 
expected to have similar size, but the bounds on the former are always tighter. The same 
happens for Q 4 and Q 5 [ 121 ]. 
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be estimated as 
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(4.2.56) 

(4.2.57) 

(4.2.58) 

(4.2.59) 


Notice that, in deriving the above expressions, we took into account the fact 
that, if the left-handed quarks are mixed with different composite operators, 
multiple independent contributions to the contact interactions can be gen¬ 
erated. Typical examples are the models in which the composite operators 
belong to the fundamental SO(5) representation. As we discussed in Sect. 4.1, 
in these set-ups the left-handed quarks are mixed with two composite oper¬ 
ators belonging to the 62/3 and 5 _i /3 representations of SO(5) x U(l)x- In 
Eqs. (4.2.56)-(4.2.59) we reported the contributions coming from the mixing 
that generates the up-type quark masses, which gives the leading new-physics 
effect. To obtain the results in the scenarios with only one mixing, it is enough 
to set z = 1. 

The experimental constraints can be easily translated into lower bounds 
on the scale of the composite dynamics m*. The numerical values of the 
bounds coming from the various operators are roughly comparable, although 
each one has a different parametric dependence on the free parameters Xt and 
z. By assuming a maximal complex phase for the new-physics contributions, 
the constraints on the operator give the following results 


and 


m* > 0.4 Xt TeV 

from ReC(Qf), 

m* >6 Xt TeV 

from Im . 

and correspond respectively to 

m* > 0.4 z TeV 

from ReCiQf ), 

m* > 5 z TeV 

from ImC(Q|‘^), 

m* > 0.4 z TeV 

from ReCiQf ), 


(4.2.60) 


(4.2.61) 


(4.2.62) 
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Finally, for the operator we get 

m*>0.6zTeV from Re(7(21'^), 

m* > lOz TeV from ImC(Q 4 ‘^). 


(4.2.63) 


As can be easily seen from the above results, the constraints on m* coming 
from the bounds on the imaginary part of the coefficients of the effective 
operators are quite stringent and favor a compositeness scale around 10 TeV. 
The bound can become even more severe in the models with multiple mixings 
if z > 1, that is if the mixing to the up-type operators is larger than the one 
to the down operators. In order to minimize the constraints one needs to 
ensure that z ~ 1, which requires the up-type mixings to be of the same 
size of the down-type ones (see discussion in Sect. 4.1). Notice also that 
the bounds coming from the operator can be reduced if Xt < 1. 


The Bd and Bg systems 

Other important constraints on the composite dynamics come from the flavor- 
violating processes involving the Bd and Bs mesons. These observables can 
be used to put some bounds on the class of effective 4-fermion interactions 
leading to AB = 2 transitions, namely the and operators. The 
analysis of these effects is completely analogous to the one we described 
for the Kaon system, we thus skip all the details and we only list all the 
constraints on the m* scale in Table 4.2. 

An interesting difference with respect to the Kaon bounds, is the fact that 
the constraints from the Bd^s systems are nearly independent of the complex 
phase in the new-physics operators. In particular the strongest constraints 
come from the Qi operators and are given by 


ixit >5xt TeV 
m.» ^7 Xt TeV 
for the Bd system and 

rrit. ^ 5 Xt TeV 


from ReC'(Q5'^), 
from ImC(Q5 ®*), 

from Re (7(25®), 


(4.2.64) 


(4.2.65) 

m^>Sxt TeV from Im(7(2i®) j 

for the Bg system. Analogously to what we found for the Kaon observables, 
the flavor bounds in Eqs. (4.2.64) and (4.2.65) can be relaxed if Xt < 1. 


The D system 

Another set of constraints on the 4-fermion flavor-violating interactions comes 
from the D system. Differently from the K and B mesons, which are de¬ 
scribed by operators involving the down-type quarks, the D observables 
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Operator 

ReC 

ImC 

Observables 

Qf 

0.4 

6xt 

ArjiK^SK 

Qf 

0.4 2 

5 Z 

t 1 

Qt 

0.4 2 

62 

D 

Qt 

0.6 2 

10 2 

11 

Qbd 

bxt 

7 Xt 

Amsi ; S.^l,Ks 

Qf 

1.42 

2 z 

11 

Qf 

0.6 2 

0.82 

11 

Qf 

bxt 

8 xt 

Ams, 


0.6 2 

I 2 

11 

Q\^ 

0.5 2 

I 2 

11 

QT 

0.5 xt 

1.2 Xt 

Amo]\q/p\,(l)D 

QT 

1.4 

3 

11 

QT 

0.5 

1.1 

11 


Table 4.2: Lower bounds on the composite dynamics scale m* (expressed in TeV) 
obtained from the AF = 2 flavor-violating processes. The bounds coming from the 
constraints on the real and imaginary parts of the coefficients of the effective op¬ 
erators are listed separately and are derived by assuming maximal complex phases 
in the new-physics contributions. The constraints on the effective operators are 
taken from Refs. [121, 122]. The last column lists the observables used to derive 
the bounds. 


are influenced by operators involving the up-type quarks. In particular 
the new-physics contact interactions that mediate AC = 2 transitions are 
parametrized by the operators. The constraints coming from the present 
measurements are listed in Table 4.2. 

Notice that, as a consequence of the SU(2 )l symmetry, the effective op¬ 
erators parametrizing the flavor-violating observables in the D system are 
correlated to the ones related to the K system. In particular the Q™ oper¬ 
ator belongs to the same multiplet as the operator, thus the constraints 
coming from the two operators are not independent. Due to the better de¬ 
termination of the Kaon observables, the bounds coming from the in¬ 
teraction are currently stronger than the ones from Q™. This is particularly 
noticeable on the bounds on the imaginary part of the Qi coefficient, while 
the bounds on the real part are of the same order. 
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4.2.3 The neutron EDM 


As a last set of constraints on the flavor-anarchic scenarios we consider the 
ones coming from the measurement of the neutron EDM dn- To estimate the 
bounds we will closely follow the analysis of Refs. [112, 114]. The largest new- 
physics contributions to dn arise from the flavor-conserving EW and QCD 
dipole operators 


Off, = , Off, = Cff,^-^fa^’^G,nl^f , 

(4.2.66) 

where f = u,d denotes the first generation quarks. The calculation of the 
contributions of the quark dipole operators to the neutron EDM suffers from 
large hadronic uncertainties. By using the QCD sum rules the following 
estimate can be derived [123] 


dn = (1 ± 0.5) 


1.4 ( dd - -di 


-\- l.le ( dd + —di 


(4.2.67) 


where df and df denote the electric and chromoelectric dipole moments of 
the quarks defined as 

- ^^^^Off ^, df = ^ImC//g. (4.2.68) 

The current experimental constraint on the neutron EDM is [7] 

dn < 2.9 X 10-26ecm at 90% C.L.. (4.2.69) 

Banning accidental cancellations among the various contributions, the fol¬ 
lowing constraints on the composite scale to* can be derived 


rri:^ 

> 60 TeV 

from 

^ dd-y 1 

(4.2.70) 


> 20 TeV 

from 

O 

^ uuy 7 

(4.2.71) 


> 55 TeV 

from 

^ ddg 1 

(4.2.72) 


> 25 TeV 

from 

O 

^ uug • 

(4.2.73) 


It is important to stress that the neutron EDM is only generated by the CP- 
violating effects induced by the imaginary part of the coefhcients of the dipole 
operators. The real part of Cjy.y and Cff,, instead, does not contribute to dn. 
The presence of the above bounds is thus crucially related to the fact that, 
in the anarchic scenario, order-one complex phases are generically expected 
in all new-physics operators. 

Indirectly, the neutron EDM is also sensitive to the QCD dipole operators 
involving the second and third generation quarks. This effect is due to the 
QCD running of the dipole operators at low energy. When a heavy quark 
is integrated out a threshold correction is generated that contributes to the 
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three-gluon Weinberg operator. This operator, in turn, directly contributes 
to the neutron EDM and mixes under renormalization with the light quark 
dipole operators [124]. Taking into account the experimental constraint in 
Eq. (4.2.69) the following bounds on the charm, bottom and top chromoelec¬ 
tric dipole operators can be derived [125-127] 

Jdcl < 1-0 X 10“^^ cm, jdfej < 1.1 x 10“^^ cm, jc?tj < 2.1 x 10“^® cm. 

(4.2.74) 

Although weaker than the bounds from the operators involving the first- 
generation quarks, the bounds on the m* scale coming from the heavier 
quarks are still quite stringent: 



> 14 TeV 

from 

o 

^ccg 1 

(4.2.75) 


> 9 TeV 

from 

^bbg : 

(4.2.76) 


> 5 TeV 

from 

Ottg. 

(4.2.77) 


To conclude we remind that, as we did in the whole analysis, to de¬ 
rive the above bounds we assumed that the dipole operators are generated 
at tree level. If they can only be induced by loop effects the above con¬ 
straints must be interpreted as bounds on the / scale rather than on m». 
To derive the corresponding bound it is sufficient to use the replacement 
m* —>■ 47r/. Notice that, even assuming the extra suppression the bounds re¬ 
main quite strong. For instance, from the constraints on the operators with 
first-generation quarks we get 

/ > 4.5 TeV {d quark), / ^ 2 TeV (m quark). (4.2.78) 

4.2.4 Beyond One Scale One Coupling 

So far we analyzed the experimental constraints on the anarchic scenarios by 
adopting the One Scale One Coupling assumption. However this can be a 
very crude parametrization of the composite dynamics. We will now discuss 
how to obtain some refinements. Doing this is particularly important be¬ 
cause of the tension, which we established in Chap. 3 (in particular, see the 
discussion at the end of Sect. 3.3.3), among the scale of the bosonic vector 
resonances and the one of the composite fermionic states. The former con¬ 
trols the corrections to EWPT observables and is thus preferentially heavy, 
whereas the latter determines the generation of the Higgs potential and is 
preferentially light in order to avoid fine-tuning in the Higgs mass. For this 
reason it is worth introducing a new mass scale (with its associated cou¬ 
pling = rn^/f) that characterizes the fermionic states [112, 128, 129]. 
This scale is taken to be smaller than the one of the vector resonances, which 
we keep calling m*. The mass and in turn the coupling controls 

the breaking of the chiral symmetry that is present in the limit of zero res¬ 
onances mass. Any operator that breaks this symmetry is thus weighted by 
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Figure 4.3: Schematic structure of a diagram giving rise to a 4-fermion contact 
interaction through the exchange of a heavy vector resonance. The double-line 
propagators denote the composite states. 


g^. These operators include the coupling of the fermionic resonances to the 
Higgs, which now is proportional to and not g*. As a consequence the 
elementary/composite mixings are now connected to the quark Yukawa’s by 
the relation yi Xhi^ym/gii- 

One further generalization of the One Scale One Coupling assumption 
that is worth considering is to allow for multiple mass scales and couplings 
for the vector resonances, distinguishing those that carry QCD charge from 
the ones that are color neutral. In what follows we will denote as and 

5 ?*^^ the QCD-colored particles mass and coupling, reserving m* and g* to 
characterize the color-neutral ones. Notice that the quantity 
does not necessarily coincide with the Goldstone boson decay constant /. 
On the other hand, for the fermionic resonances m.^/g.^ = /, given that the 
latter relation is taken as the definition of the effective fermionic coupling g^. 

Going beyond the One Scale One Coupling assumption also requires one 
further assumption on the composite sector dynamics. In particular in what 
follows we will rely on the Vector Meson Dominance (VMD) hypothesis that 
we already introduced and discussed at the end of Sect. 2.4.1. This is the idea 
that the communication between the elementary and the composite sectors 
originates from mass-mixings of the elementary fields with composite reso¬ 
nances of appropriate quantum numbers. In this hypothesis the generation 
of the effective operators can be associate to Feynman diagrams and their 
coefficients estimated in terms of the relevant masses and couplings. 

We start by considering the 4-fermion effective interactions, associated 
with the diagram in Fig. 4.3. Each insertion of an elementary fermion fi is 
weighted by its amount of compositeness Xi /gy, that comes from the mixing of 
the elementary fermions with their fermionic partners, which has strength A/ 
(see Eq. (2.4.14)), times the l/m,^ from the fermionic partner propagator. 
An additional weight g'^lm'l comes from the vector resonance propagator 
and from its couplings to the composite fermionic resonances. By putting 
the factors together we find 

Caf=2 - ■ (4-2.79) 
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The above derivation holds for color-neutral vector resonances, if the effective 
operator is instead generated by the exchange of a colored vector resonance 
the glfml factor must, obviously, be replaced by 

The modified power counting has some important consequences on the 
interpretation of the flavor bounds. Keeping the Yukawa’s of the quarks 
hxed, the estimate of the 4-fermion effective operators is rescaled by a factor 
[g*/gip)'^ with respect to the One Scale One Coupling result in Eq. (4.2.44). 
The presence of light fermionic partners thus worsens the flavor-violating ef¬ 
fects. It is easy to check that, once the Yukawa’s are fixed, the coefficient of 
the effective operators mediated by SO(5) vector resonances depends only on 
the fermionic partners mass. This means that the constraints must be inter¬ 
preted as lower bounds on m^, and not on the mass of the vector states. The 
operators mediated by QCD states, instead, can be used to derive constraints 
on the quantity {g^ /. These bounds favor heavy and relatively 

weakly coupled QCD resonances. 

Similar considerations apply to the penguin operators whose estimate is 
modihed as 

~ ^ . (4.2.80) 

aij, ml 

With respect to the estimate in Eq. (4.2.2) the presence of light partners 
induces an additional factor {g*/g-ip)'^■ One power of g*/gip is removed when 
we fix the Yukawa couplings, thus leaving an enhancement g*/g^ of the effects 
of the penguin operators. 

The situation is instead different for the dipole operators. In this case one 
has to take into account the need of a chirality flip in the fermionic resonance 
line, i.e. of a chiral symmetry protection that requires the presence of an 
extra factor in the coefficient of the operator. We thus find 

/:af=i ^ . (4.2.81) 

gip m% 

Once the Yukawa’s are fixed this estimate coincides with the One Scale One 
coupling result in Eq. (4.2.1), thus the bounds are unchanged. Obviously in 
Eq. (4.2.81) m* corresponds to the mass of the relevant vector resonances 
contributing to the effective operator. For instance, in the case of the QCD 
dipole operators the m* mass scale must be interpreted as 


4.3 Flavor symmetric scenarios 

The comparison of the anarchic flavor scenario with the experimental data 
highlighted some interesting features. The straightforward extension of the 
partial compositeness assumption to all the quark generations automatically 
helps in reducing the flavor-violating effects in comparison with generic flavor- 
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violating new physics at the TeV scale.Thus it significantly lowers the sup¬ 
pression scale needed in flavor breaking operators and alleviates the tension 
between this scale and the energy scale of the EWSB dynamics. Although 
the suppression is quite efficient, the constraints on many flavor observables 
are so strong that a residual tension is still present, pushing the natural scale 
of the composite dynamics in the 10 TeV range. This bound is particularly 
problematic since, for many observable, it applies directly to the mass of the 
fermionic partners that control the amount of tuning in the Higgs potential. 
Partners with a mass above 10 TeV imply a minimal amount of tuning of 
order 0.2% (see Eq. (3.3.63)). 

Of course, order one corrections to the estimates and accidental cancella¬ 
tions may be present, so that the 10 TeV bound and the related amount of 
fine-tuning can be (slightly) relaxed in specific models. Lowering the com¬ 
positeness scale to the completely Natural 1 TeV level, however, seems not 
realistic. It is thus natural to ask if alternative implementations of the flavor 
structure can be conceived that could lead to less constrained scenarios. To 
answer this question it is useful to take a step back and reconsider the broad 
features of the anarchic scenario in comparison with the flavor structure of 
the SM. 

The fundamental feature characterizing the anarchic scenario is the RS- 
GIM mechanism, which implies that new-physics flavor effects are weighted 
by the amount of compositeness of the SM quarks. Due to the hierarchies in 
the elementary/composite mixings (see Eqs. (4.1.27)-(4.1.30)), the amount of 
suppression in the flavor-violating observables is roughly equal to the corre¬ 
sponding off-diagonal elements of the CKM matrix. The suppression is thus 
comparable to the one present in MFV scenarios and, in particular, in the 
SM. 

The anarchic scenario, however, differs from the SM in two fundamental 
aspects, namely the generation of FCNC’s and the violation of CP. Let us 
consider these issues more closely. 

In the SM any FCNC can only be generated at loop level. In particular the 
couplings of the Z boson and of the Higgs are completely flavor-diagonal. As 
we saw in the previous sections, this is not the case in anarchic partial com¬ 
positeness. In this scenario the Higgs couplings can mediate flavor-changing 
transitions, although in many models these effects can be suppressed due to a 
partial MFV in the Higgs sector. The situation is slightly more complicated 
for the Z couplings. In general the tree-level Z interactions are not protected 
and can mediate flavor-changing currents arising at leading order in the el¬ 
ementary/composite mixings. Some protection can be present in specific 
scenarios thanks to the existence of discrete Z 2 symmetries (see Table 4.1). 
In all the models we considered, however, a full protection is never achieved 
and flavor-violation in the Z sector always leads to significant bounds. The 

^^For instance, the experimental bounds on the AF = 2 transitions in the Kaon system 
require a suppression scale A > 10® TeV. The RS-GIM mechanism lowers this scale by 
four orders of magnitude (see Table 4.2). 
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Higgs and Z interactions, however, are not the most dangerous sources of 
FCNC’s in the anarchic scenarios. In fact more problematic new-physics ef¬ 
fects are due to 4-fermion contact interactions mediating AF = 2 transitions. 
In models with VMD, these operators are due to the presence of heavy vector 
resonances, which, in the absence of any flavor symmetry, generate arbitrary 
4-point interactions among the fermionic partners. In the SM, instead, anal¬ 
ogous effective interactions are only generated at loop level and are further 
suppressed by the GIM mechanism. These features emerge from the fact 
that the SM is a weakly-coupled perturbative theory and from the fact that 
it automatically obeys the MFV hypothesis, namely that the only sources of 
breaking of the flavor symmetry group 11 ( 3 ) 5 ^ xU(3)u^ xU(3)d„ are the two 
Yukawa matrices. Both conditions are violated in the anarchic composite 
Higgs scenario. 

The second main difference with respect to the SM is related to CP vio¬ 
lation. In the SM, again due to MFV, CP is broken only in the presence of 
three quark families, otherwise the Vckm matrix could be made real by flavor 
symmetry rotations. Therefore CP-violating effect are only possible in the 
SM if all the three generations are “active”, i.e. if they circulate in the loops. 
This implies a huge suppression in the quark dipole moments, in particular 
for the first generation quarks that determine the nucleons EDM’s. In the an¬ 
archic composite Higgs case, instead, many additional flavor-breaking sources 
are present besides the Yukawa matrices and the flavor symmetries are not 
enough to reduce all flavor-violating effects to the CKM matrix. Moreover 
the flavor structures contain several new complex phases that can not be 
removed and lead to new CP-violating effects. This structure has a direct 
impact on the bounds on the composite dynamics. A first consequence is the 
presence of order-one complex phases in the flavor-violating operators. This 
implies that the more stringent constraints coming from CP-violating observ¬ 
ables apply (see for instance the constraints from ek in AF = 2 transitions). 
Moreover, in general the CP violating phases can not be removed even if 
only one generation of elementary quarks is considered. This leads to large 
contributions to the imaginary coefficients of the quark dipole operators and, 
consequently, to the strong constraints from the neutron EDM discussed in 
Sect. 4.2.3. 

In the view of the shortcomings of the anarchic scenario it is natural 
to look for alternative implementations of the flavor structure. The above 
discussion suggests a set of “ideal” features that allow a flavor theory to 
pass the stringent experimental constraints. First of all it should include 
a suppression of the flavor-breaking effects roughly comparable to the one 
provided by the RS-GIM mechanism or by MFV. Second, FCNC’s should 
not be generated at tree-level or, at least, should be suppressed by some 
symmetry mechanism or selection rule. Finally, extra sources of CP violation 
should be kept under control. 

An interesting way to reduce the flavor-violating effects is to assume that 
a set of global flavor symmetries is present. As we will see in the following 
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section, different symmetry patterns can be adopted for both the elementary 
states and the composite dynamics. Although the minimal constructions are 
still based on the partial compositeness hypothesis, the flavor symmetries 
seem not compatible with any natural explanation of the hierarchies in the 
quark masses and in the CKM matrix. This partially undermines the original 
motivation for partial compositeness. 

A more radical solution, which is not yet fully explored in the literature 
(see Refs. [130, 131]) and for this reason will not be described here, is to 
abandon the partial compositeness paradigm for the generation of the light 
quark Yukawa’s. After all, we saw in Sect. 2.4.1 that the Yukawa couplings 
could also be generated by bilinear elementary/composite interactions and 
that the obstruction to this possibility has to do with the generation of the 
heavy quark masses, not with the light ones. Therefore partial compositeness 
is the only known viable option for the top (and possibly bottom) Yukawa 
generation, but we are not obliged to extend it to the light quarks, whose 
Yukawa’s might well be generated by bilinear couplings of the elementary 
fermions to composite scalar operators. Making this viable most likely re¬ 
quires flavor symmetries and a complete explanation of the mass and Vckm 
hierarchies is most likely impossible to achieve in this framework, however we 
encounter the same shortcomings in the flavor-symmetric partial composite¬ 
ness scenario. Furthermore scalar operators with suitable quantum numbers 
to couple to the elementary fermion are necessarily present in the composite 
sector. By ignoring them, as we do in the partial compositeness scenario, 
we are effectively assuming that they are not coupled, or that their scaling 
dimension is so high that their effects are completely negligible in the IR. 
These are not necessarily plausible hypotheses. For this reason a “mixed” 
mechanism for Yukawa generation, with partial compositeness for the third 
family and bilinear couplings for the others appears a plausible option which 
is worth investigating. A similar approach will be taken for the study of 
lepton flavor in Sect. 4.4. 

4.3.1 The U(3)^ models 

The first class of models we consider is based on the assumption that the com¬ 
posite sector is invariant under a global U(3)cs flavor group [105, 132, 133].^^ 
The elementary/composite mixings are the only sources of breaking of the fla¬ 
vor symmetry of the composite dynamics and of the U(3)q^ xU(3)„^ xU(3)d^ 
symmetry of the elementary sector, thus they encode the whole flavor struc¬ 
ture. In order to suppress the new-physics flavor effects the MFV hypothe¬ 
sis is realized by some ad hoc assumptions on the structure of the elemen¬ 
tary/composite mixings. 

One possibility is to assume that the mixings of the q1 doublets are trivial, 
while the mixings of the right-handed singlets are proportional to the SM 

^^The first proposals of flavor symmetric composite Higgs scenarios were developed in 
the extra-dimensional framework in Refs. [134—138]. 
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Yukawas: 


cx 1, X'g^ cx 1, 
Xuji oc Uu , Adfl oc yd ■ 


(4.3.1) 


This choice has a direct implication for the compositeness of the left-handed 
quarks. Due to the flavor symmetries and the conditions in Eq. (4.3.1), all 
the left-handed quark components share the same amount of composite¬ 
ness. In order to reproduce the top quark mass the Xq^ mixing must be 
relatively large, Xq^ > yt, and the compositeness must be sizable. As a 
consequence the light quarks of the first and second generations must also 
be quite composite. Because of this feature, the above scenario is usually 
dubbed “left-handed compositeness”. 

When the right-handed mixings are set to zero, namely for vanishing 
Yukawa matrices yu,d = 0, the theory has a global U(3)^ flavor symmetry. 
This acts as U(3)„j, x U(3)djj transformations on the elementary right-handed 
helds, times one U(3)qj^ that rotates simultaneously the composite sector, by 
the U(3)cs group, and the elementary left-handed doublets. The right-handed 
mixings, i.e. the Yukawa matrices yu,d-, break the U(3)^ flavor symmetry down 
to the baryon number U(1 )b. The MFV hypothesis, in which the Yukawa’s 
are the only sources of flavor breaking, is thus realized. This implies in par¬ 
ticular that flavor breaking can be entirely ascribed, after a field redefinition, 
to the VcKM matrix. In order to verify this we can consider the singular value 
decomposition for the right-handed mixings, which reduces the flavor struc¬ 
ture to 4 unitary rotations. The two “right” rotations can be removed by a 
redefinition of the singlets and On the other hand, only one “left” 
rotation can be removed by a rotation of the left-handed elementary fields ac¬ 
companied by a corresponding flavor transformation of the composite sector 
that leaves the left mixings unchanged. In this way only one flavor-violating 
structure remains, which must coincide with the CKM matrix. 

A similar construction, the so called “right-handed compositeness” can 
be realized by exchanging the mixing structure of the left and right quarks: 


oc yu , X'q^ (X yd , 

Xua oc 1 , Adfl ocl. 


(4.3.2) 


Obviously this scenario can only be realized if the left-handed qL doublets 
are mixed to two or more composite operators. In the scenarios with single 
mixing the up and down quark masses as well as the CKM structure can not 
be accommodated. An extension of the flavor symmetry of the composite 
sector is needed in order to realize MFV in the right-handed compositeness 
scenario. Two composite sector flavor symmetries U(3)“ and U(3)(?g are 
needed, rather than one. The hrst group, U(3)“ acts on the operators 
that mix with ur and on that mix with the ql. The second group acts on 
Op^ and on . Analogously to the models with left-handed compositeness, 

^^This scenario can be easily realized also in the models with a single left-handed mixing 
with the choice oc 1. 
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the requirement of obtaining the correct top mass forces the mixings to 
be large, thus implying a sizable amount of compositeness for all the right- 
handed up-type quarks. To a lesser degree this is also true for the down-type 
quarks, although in this case the minimal amount of compositeness can be 
significantly smaller being determined by the bottom mass. 

The MFV structure is helpful to reduce some of the flavor constraints with 
respect to the anarchic case, below we will briefly describe the situation, skip¬ 
ping all details, which can be found in the original literature. The conclusion 
will be that the extra flavor suppression of this kind of constructions is not 
enough to completely remove the tension with the experiments. 

Differently from the anarchic scenarios, the large flavor symmetry of the 
U(3)^ models allows to keep under control the CP violating effects. In par¬ 
ticular extra CP violation is not present if we assume that the composite 
sector preserves CP. In this case the strong bounds from the neutron EDM 
disappear. 

The flavor symmetry also ensures some cancellation in the FCNC’s. In the 
left compositeness scenarios the tree-level FCNC’s are completely absent [105, 
133], thus removing the bounds from AF = 2 transitions. This is not the 
case in the right-compositeness models, in which minimally-flavor-violating 
FCNC’s are generated at tree level [139, 140]. Under the VMD hypothesis, 
however, the 4-fermion interactions mediating AF = 2 transitions contain 
only the left-handed quarks. The relevant bounds are thus the ones coming 
from the Qi operators, which still push the compositeness scale in the multi- 
TeV range > 4 TeV). 

The large amount of compositeness of the light quarks leads to some 
additional tension with the experiments [105]. An important effect is the 
modification of the gauge boson couplings that affects the EW precision mea¬ 
surements. Significant constraints on the left-compositeness scenarios come 
form the measurement of the partial width of the Z boson into hadrons and 
from the violation of the quark-lepton universality. These observables imply 
a lower bound on the compositeness scale of order m* > TeV. Strin¬ 

gent bounds also come from the angular distribution of dijet events at the 
LHC, which is sensitive to the compositeness of the first-generation quarks. 
The corresponding bound is of the order m* > 4 TeV and applies to the 
left-compositeness models as well as the right-compositeness ones [141]. 

Another consequence of the large compositeness of the light quarks is 
an increased direct production cross section for the fermionic partners. The 
current LHC bounds already push the mass scale of these resonances to the 
few-TeV range [142, 143]. Additional bounds can be derived for the vector 
resonances, which can be easily produced from the light quarks. Significant 
bounds can be derived for the heavy gluons whose present exclusion, in spe¬ 
cific scenarios, can reach the 3 TeV scale [105, 142]. 

Einally it is important to notice that in generic strongly coupled theories 
we expect resonances associated to all the global symmetries. In particular 
in the left and right compositeness models we expect extra vector resonances 
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corresponding to the global flavor symmetry U(3) and U(3)^ respectively. 
These resonances are expected to have a mass roughly comparable to the one 
of the usual EW or QCD resonances and could be an additional target for 
collider experiments. 


4.3.2 The U(2)^ models 

From the above discussion it emerges that the U(3) models can offer a par¬ 
tial improvement with respect to the anarchic scenarios. The improvement 
is however not enough to bring down the composite dynamics scale around 
1 TeV. Some of the most problematic aspects of the flavor symmetric models 
come from the fact that the U(3) invariance necessarily connects the amount 
of compositeness of the light fermions with the one of the third-generation 
quarks. This creates a big tension with the high-precision EW measure¬ 
ments involving the light quarks and significantly enhances the direct collider 
bounds on the production of resonances (either fermionic partners or heavy 
gauge fields). 

A possible way to modify the above scenarios is to reduce the flavor sym¬ 
metry by excluding the heavy quarks. In other words, we can assume only 
a U(2)q^ X U(2)u^ X U(2)d„ symmetry, under which the first two genera¬ 
tion quarks transform as doublets, while the third generation fields are sin¬ 
glets [105, 139, 140]. Compared to the U(3)^ models, a larger number of 
free parameters is present, however the flavor symmetry can be broken more 
weakly since the top Yukawa is now invariant under U(2)^. In complete anal¬ 
ogy to the previous scenarios, models with left or with right compositeness 
can be constructed. In the left-compositeness case the composite dynamics 
is invariant under a U(2) flavor symmetry, while right compositeness requires 
an extended U(2)^ symmetry.^® 

The full MFV structure can not be reproduced in U(2)^ models, how¬ 
ever a reduced version involving the first two generations is still at work, 
suppressing flavor violation for processes involving the light quarks. FCNC’s 
are generically present both for left and for right compositeness. The largest 
contributions involve only the left-handed quarks, thus the strongest con¬ 
straints come from the Qi operators, while the bounds from Q 4 are not 
significant [105]. Although the constraints on m* are roughly similar to the 
ones in the right-compositeness U(3)^ models, the additional freedom in the 
choice of parameters allows a reduction of the bounds to the m* ~ I TeV 
scale. 

Flavor changing interactions involving the Z boson are present at tree- 
level in the models with left compositeness, while they are absent in the 
right-compositeness case. The relevant effects only involve the left-handed 
currents and the corresponding bounds can be lowered to the I TeV scale 

^®Mixed scenarios considering a reduced U(2) flavor symmetry only for one quark chi¬ 
rality and full U(3) symmetry for the others can also be constructed [140]. 
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with the same choice of parameters that reduces the tension from AF = 2 
transitions. 

If the composite sector preserves CP, the corrections to the neutron EDM 
are only generated at higher order in the parameters that break the U(2)^ 
symmetry and are well below the current experimental bounds. 

Finally, the constraints from direct production of composite resonances 
and the ones from the EW precision measurements on the light quarks become 
irrelevant due to the small amount of compositeness of these states. The only 
bounds of this type come from the dynamics related to the third generation 
quarks, in particular from the direct searches for top partners, from the 
oblique parameters and from the corrections to the gauge couplings involving 
the b quark. These constraints are clearly common to all scenarios based on 
partial compositeness and are comparable to the corresponding ones in the 
anarchic models. Given their relevance for generic composite Higgs scenarios 
we discuss them in dedicated chapters, namely Chaps. 6 and 7. 


4.4 The lepton sector 

So far we focused our discussion on the flavor structure of the quark sec¬ 
tor. The construction of a complete model, however, also requires a full 
description of the lepton fields. We will show in this section how a minimal 
implementation of the lepton sector can be obtained as a straightforward 
generalization of the anarchic scenario [112, 144-146]. As we will see, this 
minimal scenario is far from being satisfactory since it suffers from extremely 
strong experimental constraints. It is however a useful toy example to discuss 
the general features of the lepton sector and present the most important ex¬ 
perimental constraints. More refined models that improve the compatibility 
with the experiments through the introduction of flavor symmetries can be 
constructed in analogy to what we discussed in Sect. 4.3 for the quark sector 
or by advocating the presence of discrete symmetries. For brevity, we will 
not enter into the details of such constructions and we refer the interested 
reader to the original literature [147-151]. 

The lepton sector presents two peculiar aspects that make it quite different 
from the quark sector. The first peculiarity is related to the neutrino masses 
which are much smaller than the masses of the charged leptons. This property 
makes it plausible that the neutrino masses come from a different source, thus 
allowing more freedom in the flavor structure. An interesting possibility is to 
abandon the usual partial compositeness structure, and generate the neutrino 
masses through a technicolor-like construction. We will discuss this scenario, 
as well as the standard partial-compositeness one, in the following. 

The second peculiar aspect of the lepton sector is the fact that the lepton 
mixing matrix VpmnS) contrary to the Vckm matrix, seems to have a non- 
hierarchical structure. To understand the consequences of this structure it 
is useful to recall the expression of the mixing matrix in terms of the chiral 
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rotations that diagonalize the Yukawa’s: 

Id^MNS = , (4-4.1) 

where El and Nl refer to the rotation of the left-handed fields in the charged 
lepton and neutrino sectors respectively. A non-hierarchical structure for 
IA’MNS generically occurs whenever Nl is anarchic, irrespectively of the 
charged lepton rotation matrix El- To obtain the correct flavor structure 
it is thus sufficient to generate hierarchical Yukawa’s for the charged leptons 

yl K.KJg *, (4.4.2) 

and to assume that the rotation matrix Nl is non-hierarchical. 

As a first scenario we consider the usual partial compositeness structure. 
In complete analogy to the quark sector we introduce right-handed neutrinos 
and consider Dirac neutrino masses. As for the quarks, in order to generate 
the lepton masses, the left-handed doublets should be mixed to one or 
more composite operators depending on the SO(5) quantum numbers. For 
instance if the composite operators belong to the fundamental representation 
at least two mixings are necessary: one with a 5_i operator giving mass to 
the charged leptons and one with a 5o operator giving mass to the neutri¬ 
nos. In this scenario we are left with a large freedom in the choice of the 
mixings. Apart from the condition in Eq. (4.4.2), we need to assume that 
the left neutrino mixing is non hierarchical, ~ 1. As we explained 

in Section 4.1, this condition ensures that the Nl matrix is anarchic. 

If the fields are mixed with only one composite operator the overall 
picture changes. In this case, in order to obtain a non-hierarchical Nl, we 
need to assume ~ 1. This condition fixes the ratios between the 

Ag^ mixings, which must be chosen to reproduce the charged lepton masses, 
~ rnl/mi for i<j. 

As we mentioned before, an alternative scenario can be advocated for 
the generation of the neutrino masses. Instead of coming from the usual 
partial compositeness mixing, the neutrino masses could arise from couplings 
involving a bilinear of the elementary helds. This can be naturally realized 
if the neutrinos are Majorana. In this case the leading operator responsible 
for generating neutrino mass terms is of the form 

(4.4.3) 

In the above equation is an anarchic matrix and O is a composite operator 
transforming as an SU(2)j^ triplet and with unit hypercharge. If the scaling 
dimension of the composite operator is larger than 2 the Renormalization- 
Group running naturally generates a suppression of the neutrino masses. 

A similar construction can also be realized if the neutrinos are Dirac by 
assuming that the mixing of the right-handed helds A^^ are negligibly small. 
In this case the dominant contribution to the neutrino masses comes from 
higher dimensional operators involving the £l^r bilinear at the UA7 scale. 
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4.4.1 Constraints 

The minimal implementations of the lepton sector we described before are in 
deep trouble when compared with the stringent experimental data. The most 
problematic observables are the electron EDM and the lepton flavor violating 
decay /i —>■ ey. As we will discuss in the following these observables lead to 
bounds on the compositeness scale that are nearly one order of magnitude 
stronger than the ones we found in the quark sector. 


The electron EDM 

We start by considering the electron EDM, which is induced by the dipole 
operator 

Oeey = Ceej . (4.4.4) 

If Oeej is induced a tree level, its contribution to the electron EDM can be 
estimated as 

= ^^ImC'ee7 ^ 2T ■ (4.4.5) 

Stt^ mi 

The current experimental bound is given by [7] 

\de\ < 0.87 X 10-2®ecm at 90% C.L.. (4.4.6) 

This translates into the stringent constraint 

m*> 480 TeV. (4.4.7) 

Even if we assume that the dipole operator is generated only at loop level, 
the bound on the composite dynamics remains quite strong, / ^ 38 TeV. 

The corrections to the muon EDM can be analyzed in a similar way. The 
new-physics contributions, however, are way below the present bounds and 
do not impose any significant constraint. 


Lepton flavor violation 

The second process that leads to a strong constraint on the minimal imple¬ 
mentations of the lepton sector is the /r —)■ eq decay. The effective Lagrangian 
mediating this process can be written as [112] 


C„ 


>67 - 


\ Ai 


Ai ) 


(4.4.8) 


From this expression one can derive the branching ratio for the flavor-violating 
decay 


BR(/r —> eq) = 



Ai 


4' 


(4.4.9) 
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By imposing the current experimental bound BR(n —ey) < 5.7 x 10 [71, 

one finds Al,r > 900 TeV. 

The coefficients of the effective operators can be estimated as 


Ai 


A| 



(4.4.10) 

(4.4.11) 


The above expressions have been written in such a way to emphasize that, in 
order to minimize the constraints, the optimal choice for the parameters 
is 



(4.4.12) 


With this choice we find that the bound on m* is given by 


TO* > 300 TeV. (4.4.13) 

Also in this case the bound remains quite strong even if the dipole operators 
are not generated at tree level (/ > 25 TeV). 

Other minor constraints can be derived from the muon conversion inside 
nuclei and from the ^ 3e decay [112]. These processes are mediated by 
the penguin operators that lead to flavor-violating Z interactions. 






Chapter 5 

Phenomenological models 


In the previous chapters we focused on the broad qualitative features of the 
composite Higgs scenarios that follow directly from the Nambu-Goldstone 
boson nature of the Higgs and from partial fermion compositeness. As we 
discussed at length, the Goldstone structure determines many important as¬ 
pects of the elementary and composite dynamics and, when supplemented 
by a power-counting rule, can be exploited to obtain a semi-quantitative un¬ 
derstanding of the new-physics effects. The full generality of this approach 
is at the same time the source of its advantages and of its main limitations. 
Most of the results we derived are indeed valid only as order of magnitude 
estimates and important numerical corrections could be present in explicit 
models. Moreover, so far we mainly focused on the dynamics of the Stan¬ 
dard Model (SM) fields, but we did not consider in details the properties of 
the composite resonances that unavoidably arise from the composite sector 
and constitute one of the most distinctive features of the composite Higgs 
scenarios. 

In this chapter we will change perspective and we will show how more 
complete descriptions of the composite Higgs theories can be constructed. 
The main aim of our constructions will not be to make progresses on the 
microscopic origin of the composite Higgs scenario, but instead to obtain 
some phenomenological model in which the relevant physical observables, 
such as the Higgs potential and the Electro-Weak (EW) parameters, can 
be reliably predicted. We will see that, as a byproduct of the calculability 
requirement, a parametrization of the dynamics of the composite resonances 
is also automatically introduced. 

The construction of explicit models is important for several reasons. First 
of all, explicit realizations of the composite scenarios allow to check in de¬ 
tails the validity of the model-independent results derived in the previous 
chapters. In particular they are useful to understand up to which extent the 
general estimates can be modified and the various constraints coming from 
the experimental data can be relaxed or tightened. Specific implementations 
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of the composite Higgs idea, indeed, often predict several correlations among 
the physical observables or display some accidental cancellations. All these 
effects are very hard to be guessed in a fully model-independent approach. 
For this reason explicit models can be used to get a more reliable determi¬ 
nation of the impact of the experimental constraints on the composite Higgs 
scenario (these topics will be the subjects of Chaps. 6 and 7). 

It is also important to stress that the explicit models also have a historical 
and practical relevance. In fact, the first holographic implementations of the 
composite Higgs scenarios [42, 73] provided a fundamental proof that this 
kind of framework can be used to achieve realistic models of EW Symmetry 
Breaking (EWSB). Explicit constructions, moreover, have often been the 
playground for the discovery of new features of the composite scenarios, which 
then have been confirmed and more fully analyzed in a model-independent 
way. 

In order to build explicit realizations of the composite Higgs scenarios dif¬ 
ferent alternative constructions can be used. One possibility is to rely on the 
holographic models formulated as gauge theories in hve space-time dimen¬ 
sions. These models provide calculable implementations of the composite 
Higgs idea and, at the same time, include a full description of the composite 
sector resonances. This latter feature is however also at the origin of the 
main drawback of the holographic approach, namely the fact that extract¬ 
ing predictions for the physical observables is usually technically challenging. 
This is particularly so if we are interested in the collider phenomenology of 
the composite resonances. The extra-dimensional models, indeed, necessarily 
include infinite towers of composite states with increasing mass and formally 
describe the dynamics of each of them. Obviously in a collider experiment 
only a few light resonances are accessible, thus retaining the heavier states 
is an unnecessary complication. Furthermore only the light resonances are 
well-described by the theory, the heavy states are only formally present since 
their mass goes above the cutoff. On top of these reasons, a full description of 
the holographic models requires the introduction of many technical tools and 
would drive us too far from the path we followed in the previous chapters.^ 

In the following we will thus choose a different approach and we will 
focus on a class of explicit implementations of the composite Higgs scenario 
based on fully four-dimensional constructions, the so called “multi-site” mod¬ 
els [158, 159]. This approach is inspired by the holographic models and by 
the idea of dimensional deconstruction [160, 161], which consists in discretiz¬ 
ing the extra space coordinate by replacing it with a one-dimensional lattice 
with a finite number of points or “sites”. Each site is associated to a set 
of degrees of freedom that roughly correspond to one level of Kaluza-Klein 
(KK) states. In this way the multi-site models provide a simplified version 

^Good reviews explaining the extra-dimensional implementations of the composite 
Higgs idea can be found in Refs. [43, 152-154]. The holographic correspondence link¬ 
ing these scenarios to the four-dimensional picture has been discussed in Refs. [60, 134, 
153, 155-157]. 
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of the holographic theories in which only few KK levels, i.e. a limited set of 
composite resonances, are included.^ 

From the technical point of view, the construction of these models does 
not require any additional tool since it relies only on the non-linear a-model 
structure and on the CCWZ formalism introduced in Chap. 2. The detailed 
structure of the models is dictated by the requirement of calculability, which 
is implemented via a “collective breaking” mechanism. As we will see, this 
mechanism has its roots in the holographic theories and naturally blends with 
the multi-site structure. 


5.1 Multi-site models: collective breaking 

In order to introduce the phenomenological multi-site models we proceed in a 
constructive manner, following Ref. [158]. The starting point is the simplest 
and most general description of the composite Higgs dynamics, the non linear 
(T-model. The additional ingredients needed to include the dynamics of the 
composite resonances and to ensure the calculability of the Higgs potential 
are then progressively introduced. This leads to a simpler exposition, which 
allows to emphasize the key assumptions and gradually describe the required 
technical tools. 

5.1.1 The non-linear cr-model 

For definiteness we focus on the non-linear tr-model corresponding to the 
SO(5)/SO(4) coset, which constitutes the “minimal” implementation of a 
composite Higgs. This model only contains the pseudo Nambu-Goldstone 
Boson (pNGB) Higgs and the SM gauge helds, whereas the composite sector 
resonances are absent. The general structure of the non-linear u-model has 
already been discussed in Ghap. 2 and we rewrite here only the expressions 
relevant for the present discussion. 

The operators appearing in the Lagrangian can be written in terms of the 
Goldstone matrix U defined as 


[/[H] = exp n,r j , (5.1.1) 

where H.^ are the four NGB helds corresponding to the components of the 
usual Higgs doublet and transform as a 4 of SO (4). We denote collectively 
by T^ = {T“,r®} the SO(5) generators in the fundamental representation, 
corresponding to the generators of the unbroken SO(4) subgroup (T“ with 

^It is important to stress that the deconstructed models are deeply different from a naive 
truncation of the KK tower (for an effective model based on this approach see Ref. [72]). 
A naive truncation, indeed, implies a breaking of the symmetries that protect the Higgs 
dynamics in the holographic models, thus not allowing to implement calculability in the 
effective model. 
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a = 1,..., 6) and to the generators of the SO(5)/SO(4) coset (T* with i = 
For all the generators we choose the normalization Ty\T^T^\ = 
6^^. The explicit form of the generators is reported in Eq. (2.2.21). 

The leading operators in the Lagrangian appear at the two-derivatives 
order and read 

where the d-symbol is dehned, as in Eq. (2.3.28), as the projection on the 
broken generators of the Maurer-Cartan form, namely 


dL = iTr 


(U^D^U) ■ T 


The covariant derivative of the Goldstone matrix is defined as 


(5.1.3) 


D^U = d^U -lA^U, with A^ = gW<^Tl+g'B^Tl, (5.1.4) 


and gives rise to the interaction of the NGB Higgs with the elementary gauge 
helds (a = 1,2,3) and corresponding to the SU(2)i x U(l)v SM 
gauge group embedded in SO(4).^ In the above formula g and g' denote the 
couplings of the SU(2 )l and U(1)y gauge subgroups. The generators 
correspond to the SO(4) generators written in a basis that shows explicitly 
the equivalence SO(4) ~ SU(2)l x SU(2)j^. To complete the leading order 
Lagrangian, canonical kinetic terms for the elementary gauge fields must be 
introduced as well 

/:9 = _iTr[IT^,VFn-(5.1.5) 

where we defined — d^Wf^ — ig[W^, Wi,] with = W^T^. 

In the previous chapters we regarded the non-linear cr-model Lagrangian, 
Cq = , as the leading-order low-energy description of the composite 

Higgs dynamics, valid below a physical cutoff that is provided by the com¬ 
posite resonances scale m* = <?*/. We also saw how to estimate, by the One- 
Goupling-One-Scale power-counting introduced in Ghap. 3, the infinite set of 
higher-order operators that appear in the effective field theory. Here instead 
we discuss the non-linear cr-model with a rather different purpose. Namely 
we want to see which physical observables are formally predictable within 
the leading-order version of the cr-model. More precisely, we ask ourselves 
which observables can be computed by only employing the leading-order La¬ 
grangian Bo I obtaining predictions for them in terms of its three parameters 
/, g and g'. The calculability of the Higgs potential will be our main concern 
in the present section, however the considerations that follow will later find 
other applications in Chap. 7. 

®We momentarily neglect the presence of the extra U(l)j5f charge in the definition of 
the hypercharge and we set Y = T^. The U(l)x subgroup does not play any role until 
the matter fermion fields are introduced. 
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All tree-level diagrams can be computed, obtaining formally valid predic¬ 
tions. Obstructions to calculability instead come from loop diagrams, which 
is where the non-renormalizable nature of the theory shows up. Order by 
order in the loop expansion new divergences will appear, associated to op¬ 
erators that were not present in Eg. Canceling those divergences requires 
additional counterterms, which introduce new parameters in the calculation. 
If the contribution to the latter parameters is not suppressed and the final 
result is strongly sensitive to them, calculability is spoiled. In order to es¬ 
tablish whether this occurs or not we need to count the degree of divergence 
of the Feynman diagrams with L loops and an arbitrary set of external legs 
computed with the leading-order Lagrangian Eg- This is provided by the 
following formula ^ 


A^f 







(5.1.6) 


where A is the hard momentum cutoff of the loop integrals, g and V col¬ 
lectively denote the g and g' gauge couplings and the corresponding gauge 
helds and B^. The degree of divergence associated to a given L-loops 
diagram, with “Att” Goldstone and “Ay” vector external legs is simply given 
by the power of A predicted by the counting rule. A number “d” of exter¬ 
nal momenta insertions, which correspond to derivatives in the equivalent 
effective operators, is also taken into account. The (gf/A)'^^ factor, which 
reduces the degree of divergence (ry is necessarily positive) counts the number 
of elementary gauge held vertices that are present in the diagram. For each 
given observable, the leading divergence is the one of the diagram with the 
smallest number of gauge vertices insertions, i.e. with the smallest 77. How¬ 
ever because of selection rules, as we will see for instance in the case of the 
Higgs potential, there might be an obstruction to reach the absolute mini¬ 
mum 77 = 0. One could be obliged to consider diagrams with 77 > Tjrnin > 0, 
leading to a reduction of the degree of divergence. This mechanism will be 
the key ingredient for the construction of multi-site phenomenological models 
with a calculable Higgs potential. 

The reader should be careful not to confuse the superficial degree of diver¬ 
gence counting in Eq. (5.1.6) with the power-counting estimate we derived in 
Chap. 3 and in particular in Eq. (3.1.18). The two formulas provide answers 
to two distinct questions, therefore they are, a priori, completely unrelated. 
The divergence counting is an intrinsic property of the effective theory, or 
better of the leading-order Lagrangian Eg. Indeed only the leading-order 
parameters appear in Eq. (5.1.6), the scale A being just the unphysical and 
formally infinite loop momentum cutoff. Assumptions on the UV completion 
of the effective theory are instead needed for the power-counting estimate, 
and indeed the physical cutoff scale ttt,* , or equivalently the typical resonance 

^The derivation is not particularly enlightening and thus it will not be reported here. 
The reader is referred to Ref. [158]. 
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coupling g* = is present in Eq. (3.1.18). However, there exists a re¬ 

lation among the two formulas, which emerges if we identify, for a moment, 
the loop momentum cutoff A with the physical cutoff m*. “Naturalness” 
considerations, completely analogous to the ones we made in Sect. 1.2 for our 
estimate of the low-energy contributions to the Higgs mass in the SM, suggest 
that Eq. (5.1.6) should provide an approximate lower bound to the size of the 
effective operator coefficients that are generated from the UV theory. The 
idea is, precisely like for the Higgs mass-term in the SM, that the contribution 
of virtual quanta below the cutoff, which is well described by the effective- 
held-theory loops truncated at the cutoff scale, should be part of the complete 
result for the operator coefficient computed in the UV theory. The operator 
coefficient being “Natural”, i.e. not resulting from a finely-tuned cancella¬ 
tion, thus requires it to be larger or at most equal to the one estimated from 
the effective field theory loops. It is easy to verify that the power-counting 
estimate in Eq. (3.1.18) indeed obeys this condition, provided the coupling 
5 * stays below the maximal value of 47r allowed by perturbativity in the UV 
theory.® The lower bound on the operator coefficients is saturated, and the 
two estimates coincide, only in the “NDA limit” g* = 47r (and consequently 
A = m* = 47r/), i.e. when we consider a completely strongly-coupled UV 
completion for the effective field theory. More precisely, given that the effect 
of elementary gauge held loops was not taken into account in Eq. (3.1.18) the 
comparison with Eq. (5.1.6) is only possible for rj = 0. The {gf/A)^^ factor 
reduces to {g '^for maximal cutoff A = Airf and and it corresponds 
to the loop suppression of the operators that are radiatively induced by the 
elementary helds, like the ones we encountered in Sect. 3.3.2 in the estimate 
of the Higgs effective potential. 

We now return to the issue of calculability of the Higgs potential. A naive 
usage of Eq. (5.1.6) would predict a very high degree of divergence, of the 
quartic order A"^, already at one loop, which is the minimal order at which 
the Goldstone boson potential can be generated. However the divergence is 
reduced because only the diagrams that are sensitive to the breaking of the 
Goldstone symmetry can contribute to the potential. Given that the gauge 
held couplings are the only source of such breaking in the Lagrangian, the 
only relevant diagrams are the ones that involve internal elementary gauge 
held lines and thus some insertion of the elementary gauge held couplings. 
The minimal number of coupling insertions is equal to two, therefore the 
lower bound t] > r]min = 1 must be considered in Eq. (5.1.6). From quar¬ 
tic, the divergence is thus reduced to quadratic because of a selection rule, 
namely because of the presence of the Goldstone symmetry and of its explicit 
breaking, which is entirely due to the gauge couplings. Even if reduced, the 
divergence of the Higgs potential is still present in the non-linear tr-model. 
Since it emerges at the hrst order in the loop expansion at which the potential 
starts being generated, its presence clearly forbids us to compute the Higgs 

^Thinking backwards, this could have been a way to establish the bound g* < 47r in 
the operator estimate. 
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potential (and in turn its mass and self-couplings and the EWSB scale) in 
this theory. The Higgs potential is determined by a counterterm that can¬ 
cels the divergence and leaves behind it a completely arbitrary finite part, 
which is merely one new free parameter of the theory with no connection 
with the ones that appear in the leading-order Lagrangian. Therefore it is 
not a calculable quantity. 

The reduction of the divergence from quartic to quadratic is not sufficient 
to make the Higgs potential calculable, however it indicates the right direction 
to design calculable extensions of the non-linear cr-model. For this reason it 
is worth studying the cancellation of the leading quartic divergence in a more 
rigorous and systematic way by the method of spurions, which will be very 
useful in the rest of this chapter. The concept of spurions has already been 
introduced in Chap. 3 and we refer the reader to that discussion for more 
in-depth explanations. Here we only focus on the minimal ingredients needed 
for the present analysis. The concept of spurions is based on the possibility of 
keeping track of the consequences of a symmetry when it is broken by a small 
explicit perturbation. This can be done by formally restoring the original 
invariance by promoting the symmetry-breaking couplings to spurions with 
definite transformation properties under the symmetry. The only allowed 
operators in the effective theory are then the ones that respect the whole 
original invariance and can be build from the usual fields and the spurions. 

In the non-linear cr-model we restore the full SO(5) invariance by intro¬ 
ducing two spurions Q and Q' and rewriting the elementary gauge field in 
Eq. (5.1.4) as 


+ G'B^ = G^aT^W^ + G'aT^B^ , (5.1.7) 

where the index A is in the adjoint representation of SO(5). In this way the 
covariant derivative transforms homogeneously under SO (5). The elementary 
gauge fields are now associated to a new “elementary” group SU(2)°, which 
is a symmetry of the gauge Lagrangian in Eq. (5.1.5), and do not transform 
under SO(5). In particular the three W" belong to the adjoint representation 
of SU(2)°, while the B^ held and the Goldstone boson Higgs are invariant. 
For consistency, the index a of the spurion forms a triplet under the elemen¬ 
tary group. The SM SU(2)i gauge group, under which both the W helds 
and the Higgs transform simultaneously, is given by the vector combination 
of the elementary SU(2)° and the SU(2)i subgroup of SO(5). One can also 
notice an additional symmetry, a Z 2 parity, that acts by changing the sign of 
the spurion G' and of the B^^ held. 

Clearly Eq. (5.1.7) is just a rewriting of the physical values of the 
spurions are indeed 


Gc.=gT£, G' = g'Tl, (5.1.8) 

which give back the expression in Eq. (5.1.4). The physical value of the 
spurion G breaks the total SU(2)° x SO(5) symmetry down to SO(4) ~ 
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SU(2)i X SU(2)fl. The Q' spurion then produces the further breaking to the 
SM group. The important point about the spurious is that before setting 
them to their physical values they have well-defined transformation proper¬ 
ties under the total symmetry and they must enter in the allowed operators in 
symmetry-preserving combinations with the usual fields. By using the sym¬ 
metry we can classify the local operators in terms of the number of spurious 
they contain. 

Let us now go back to the issue of the calculability of the Higgs potential. 
We said that the potential can only be generated due to the breaking of 
the SO(5) symmetry induced by the elementary gauging. In the language of 
spurious, this means that the operators contributing to the potential must 
contain powers of Q or Q', which carry powers of g and g' and thus lower the 
degree of divergence from quartic to quadratic. At the leading order in the 
gauge couplings it is easy to classify the operators. There are only two of 
them contributing to the Higgs potential ® 

cgf^ (U^GcGcU)^^ = Icgfg^ sin^iH/f) (5.1.9) 

and 

cg<f^ {U^G'G'U)^^ = \cg,fg'^ sin^H/f), (5.1.10) 

where we denoted by H the real neutral Higgs component (normalized in 
such way that on the EW vacuum {H) ~ z; = 246 GeV). In the notation 
used in Eq. (5.1.1) the physical Higgs corresponds to the fourth component 
of the Hi multiplet, H = II 4 . Notice that to construct an SO(5) invariant op¬ 
erator we took the (5,5) component of the matrices in the parentheses. This 
can be understood by recalling the transformation properties of the Gold- 
stone matrix Ujj. The right index I transforms linearly in the fundamental 
representation of SO(5). On the contrary, the left index J corresponds to a 
non-linear realization of SO(5) obtained through SO(4) transformations. As 
we saw in Chap. 2 (compare Eq. (2.3.8)) this corresponds to 

[/[H] ^ U(Il') = g ■ U[H] ■ h-^[H, g ], (5.1.11) 

where g denotes a generic SO(5) transformation, while h\H,g\ is the element 
of SO(4) corresponding to the non-linear realization of SO(5). Within our 
conventions the SO(4) generators are embedded in the right-top 4x4 block 
of the fundamental SO(5) representation. The fifth component of a vector 
in the fundamental representation is thus invariant under SO (4). It is easy 
to see that the U^GaGaU operator in Eq. (5.1.9) transforms with on 

both sides and its (5, 5) component is SO(5) invariant. Similar considerations 
apply to the operator in Eq. (5.1.10). 

®The classification of invariant operators constructed with the gauge spurious was al¬ 
ready carried on in Sect. 3.3.1 with a different and more general technique based on dressed 
spurious. Two operators were found for each of the two Q and Q' spurious, however only 
the ones that are even under the Plr symmetry are generated by radiative corrections 
and are reported in the equations that follow. This is because the 2-derivative non-linear 
CT-model Lagrangian is accidentally Plr -invariant, thus it can not generate odd operators. 
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5.1.2 The two-site model 

We have seen that the Higgs potential is divergent in the non-linear cr-model 
and therefore not predictable. The analysis of the degree of divergence, how¬ 
ever, led to an interesting insight on the dynamics responsible of the breaking 
of the Goldstone symmetry. In particular it highlighted the fact that the 
SO(5) invariance provides a partial protection of the Higgs dynamics which 
lowers the degree of divergence associated to the Higgs potential. This result 
suggests a natural way to go beyond the non-linear cr-model description and 
construct a predictive implementation of the composite Higgs scenario: we 
must promote the SO(5) invariance to a larger set of independent symmetries 
under which the Higgs behaves like a Goldstone boson. The Higgs potential 
is then generated only if all the symmetries are broken and this reduces its 
degree of divergence. This kind of mechanism is usually denoted as collective 
breaking [81, 162] and has been extensively used in the context of little Higgs 
theories (for a review see Refs. [46, 47]). As we will see in the following, an 
interesting byproduct of the collective-breaking structure is the automatic 
connection with the dynamics of the composite sector resonances. The ad¬ 
ditional symmetries are indeed a basic ingredient to introduce the composite 
states in the effective models. 

Before moving to the complete model in which the Higgs potential is fully 
calculable, we focus on a simpler implementation of the idea of collective 
breaking, the two-site model. Although the two-site model has only a limited 
predictive power, it includes most of the ingredients of the complete model 
and allows an easier presentation of the new technical aspects. 

The starting point of the two-site model is again a non-linear cr-model. In 
this case, however, it is not based on the usual SO(5)/SO(4) coset. Instead 
we add a second SO(5) subgroup and consider the chiral group SO(5 )l x 
SO( 5)ij spontaneously broken to the vector subgroup SO(5)y. The new 
coset, SO(5 )l X SO(5)fl/SO(5)v, is parametrized by the SO(5) Goldstone 
matrix 



(5.1.12) 


which transforms linearly under SO(5)l x SO(5)_r 
U[II]^U[II']=^lU[II]^1. 


(5.1.13) 


This structure gives rise to ten Goldstones H^, which transform in the ad¬ 
joint representation of SO(5)v. Under SO(4) C SO(5)v, four of these, the H^ 
corresponding to the SO(5)/SO(4) coset, form a fourplet and are identified 
with the Higgs field. The remaining six, Hq in the adjoint of SO(4), will be 
removed by gauging and will not appear in the spectrum as physical scalars. 
Notice that this notation, in which the Goldstone matrix transforms linearly 
under the group rather than with the non-linear h G SO(4) as in Eq. (5.1.11), 
is rather different from the one we used until now. This formulation of the 
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Goldstone boson theory, alternative to the general CCWZ one, is only pos¬ 
sible for chiral groups broken to the vector combination and it is related to 
the latter by 


U[U/2] 

0 U'^\H/2] 


(5.1.14) 


With the three-fold purpose of removing the Ha scalars, of breaking the 
extra SO(5)i^ invariance and of adding to the model a description of the 
vector resonances, we gauge the SO(4) subgroup of 80(5)^ by introducing 
six gauge fields Given that 80(5)^; is spontaneously broken, the new 
gauge bosons become massive and acquire their longitudinal components by 
eating the Ha Goldstones. The p states are then interpreted as resonances 
of the composite sector and we assign them a coupling gp of the order of 
the typical composite sector coupling g*. Their mass is given by rhp ^ gpf 
(see Eq. (5.1.21)) and is of the order of the typical composite sector mass 
m*. For phenomenological reasons fhp is expected to be of TeV size and 
the coupling Tjp is “large” though not maximal, 1 ^ ffp < 47r. The latter 
assumption is essential to ensure that the dynamics of the vector resonances 
can be described perturbatively. 

The EW bosons are introduced by gauging the 811(2)^ x U(l)v subgroup 
of 80(5 )l with the gauge fields 1T“ and Bp. The W and B fields are in¬ 
terpreted as elementary fields. Their couplings go and g'o almost coincide 
with the 8M g and g' couplings and are typically much smaller than gp (see 
Eq. (5.1.22)). Notice that the SU(2)/, x U(l)y subgroup of 80(5 )l that is 
gauged by the elementary gauge fields does not coincide exactly with the 8M 
gauge group. Indeed the 8M group must be unbroken before EW8B, whereas 
80(5)z, is spontaneously broken to its vector combination with 80(5)^. The 
correct identification of the 8M group is thus with the vector combination 
of the elementary group 811(2)^, x U(l)y inside 80(5)^ and the analogous 
subgroup inside 80(5)i?,. This combination belongs to the 80(5)y symme¬ 
try group and is clearly unbroken before the Higgs takes a VEV. A direct 
consequence of this construction is the fact that the 8M gauge fields do not 
correspond just to the elementary fields W and B, but they are a combi¬ 
nation of the latter with the composite vector resonances 'p. This structure 
clearly corresponds to the assumption of partial compositeness discussed in 
Ghap. 2. 

The structure of the model can also be represented in a schematic way by 
using moose-like diagrams as shown in Fig. 5.1. The pictorial representation 
clarifies the two-site interpretation of the model. This structure corresponds 
to a leading order Lagrangian 


Co = C^ + + (5.1.15) 

where we separated the tr-model kinetic term 

r = ^-^TT[{DpUfDm] , 


(5.1.16) 
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W/B ^ p 

□ I- \m 

Q/Q' Q 


Figure 5.1: Pictorial representation of the two-site model. The Goldstone matrix lA 
is represented as a “link”, i.e. a segment with verical lines at the ends corresponding 
to the global SO(5 )l and SO(5 )h groups. The elementary and composite states are 
associated to different “sites”, represented by the gray square and circle. The left 
site can be interpreted as the elementary group SU(2)5, x U(l)y under which W and 
B transform, the right one is the analogous group for p, SO (4). The corresponding 
spurions Q, Q' and Q are also indicated. Their location reminds the symmetry 
groups under which they transform. 


from the “gauge” terms -I- which only contain the kinetic terms 

of the elementary and the composite gauge bosons. The covariant derivative 
of the Goldstone fields, which gives rise to all the interactions between the 
Goldstones and the gauge fields, is defined as 

D^U = d^U-iA^U+ iUR^, (5.1.17) 

with the elementary field A^ given, in analogy to Eq. (5.1.4), by 

A^ = goW^Tl + g'^B^Tl , (5.1.18) 

and with 

= 9pr^.T'^ ■ (5.1.19) 

The Lagrangian for the composite sector vector resonances is given by 

^L = -^Tr[p^,pn, (5.1.20) 


where — 'Pu]- Finally, the Lagrangian for the elemen¬ 

tary gauge fields, , coincides with the one we introduced in the non-linear 
O'- model in Eq. (5.1.5). 

Let us now discuss briefly the mass spectrum of the gauge fields. The 
Goldstone Lagrangian in Eq. (5.1.16) contains a mass term that mixes the 
elementary gauge fields W and B with the composite fields p. As can be 
inferred from the previous discussion about the embedding of the SM gauge 
group, the massless gauge states correspond to the unbroken SU(2 )l x U(l)y 
gauge invariance and are easily obtained by diagonalizing the mass matrix. 
In this way one also finds the masses of the heavy vector resonances 


go +3^ 2 

2 “ 2 ■' ’ 
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which correspond respectively to the resonances associated to the , to the 
and to the SO(5)/SO(4) coset generators. The SM gauge couplings are 
given by the expressions 
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(5.1.22) 


while the couplings among the heavy resonances are of order gp. 

Similarly to the non-linear u-model described in the Sect. 5.1.1, the two- 
site model is a non-renormalizable theory with a cut-off A that can at most 
reach the scale Inf, where the cr-model interactions in Eq. (5.1.16) become 
non-perturbative. The divergence counting rule for the two-site model is 
similar to the one given in Eq. (5.1.6). The only new ingredients are the 
heavy vector field and the coupling which enter in a way similar to the 
elementary gauge bosons and couplings, namely 



(5.1.23) 

The important novelty of the two-site construction, with respect to the 
minimal non-linear cr-model of Sect. 5.1.1, is the fact that the Higgs is now 
a NGB with respect to two independent symmetry groups instead of just 
one. This means that its dynamics and in particular its effective potential is 
“doubly protected” through a collective breaking mechanism. Let us explain 
with more details how this mechanism works. Imagine setting the Higgs to 
its VEV, which corresponds to (n 4 ) constant and the other components of H 
vanishing. This produces a constant matrix U that can be eliminated from 
the Lagrangian by either performing an SO(5 )l or an 80(5)^ transformation 
in Eq. (5.1.13) with either or = U. This means that the Higgs 

VEV always cancels if any of the two groups is an exact symmetry of the 
theory. The Higgs potential, and also all the effects triggered by EWSB can 
only originate from the breaking of both symmetries. 

In order to better exploit the implications of the symmetries we introduce 
the spurious Q, Q' and Q associated to the gauging of the SU(2 )l and U(l)y 
subgroups of 80(5) and of the 80(4) subgroup of S0(5 )_r. The Q and Q' 
spurious appear in the rewriting of the elementary gauge helds 

Ap = QaW^ + Q'Bp = + G'a.T^^Bp , (5.1.24) 

with the Al index in the adjoint of 80(5 )l and a in the triplet of the ele¬ 
mentary 8U(2)° group. The physical values of these spurious are 

G^=goTf, G'=g'^Tl. (5.1.25) 

The new spurion G is introduced by replacing Rp in Eq. (5.1.19) with 


Rp — GaPp — Gap 


1 ^ H 


(1 7 


(5.1.26) 
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Figure 5.2: Pictorial representation of the three-site model. 


where the Ar index is in the adjoint of SO(5)/j. The other index, a, is in the 
adjoint of the group SO(4), which we define as the group under which only 
the helds transform. The physical value of Q is 

Ga=gpT\ (5.1.27) 


and it breaks the SO(5)_r x S0(4) group to the diagonal SO(4) subgroup. 

In order to generate an operator contributing to the Higgs potential we 
now need to insert, in addition to the spurions related to the elementary 
couplings, also the ones that correspond to the composite p resonances. It 
can be easily checked that the leading contributions to the potential come 
from operators containing 4 spurions. Examples of such operators are 


—^/'^Tr 
IGtt^ 


GaGcMGaGoU^ 


and 


IGtt^ 


/^Tr 


Q'Q'ug^gjJ^ 


(5.1.28) 


The presence of two additional powers of the gauge couplings with respect 
to the case of the non-linear cr-model in Eqs. (5.1.9) and (5.1.10) reduces the 
degree of divergence from quadratic to logarithmic. To further reduce the 
divergence and make the potential finite at one loop we need to introduce 
one additional symmetry under which the Higgs is a Goldstone. This is 
achieved in the three-site model as we will discuss in the following section. 


5.1.3 The three-site model 

The key ingredient for the construction of the three-site model, schemati¬ 
cally depicted in Fig. 5.2, is a pair of identical cr-models based on the coset 
SO(5 )l X SO(5)_R/SO(5)y. The Goldstones are parametrized by two SO(5) 
matrices Ui and U 2 for a total of 20 states, Hj^ and H^. The leading-order 
Goldstone Lagrangian is given by 

OP = ^Tr {{D^UlfD^Ux\ + ^Tr D^^UG\ . (5.1.29) 

Notice that in Eq. (5.1.29) we kept the decay constants of the two cr-models 
as independent parameters. The number of free parameters could be reduced 
by imposing a 1 -f-)- 2 discrete symmetry, which enforces the relation fi = f 2 . 
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The symmetries of the two cr-models, SO{5)\ x SO(5)}j and SO(5)| x 
SO{5)l , are broken by gauging. As in the two-site case, the “first” subgroup 
80(5)];^ is broken by the couplings with the elementary gauge bosons and 
the “last” one, S0(5)|j, by the couplings with p. The remaining subgroups, 
S0(5))j and S0(5)|_, are broken by gauging their vector combination. The 
ten associated gauge fields, p^, whose coupling is denoted by pp, become 
massive by eating ten Goldstones and are interpreted as resonances of the 
composite sector. 

The gauge structure, summarized in Fig. 5.2, corresponds to the covariant 
derivatives 


DplAi — dplAi — iAplAi -f ilAiRp , 

DpU2 = dfJJ2 — iLpU2 + iH2Rp ,, (5.1.30) 

where Rp and Lp are actually identical, Rp = Lp = ppp^TA, while Ap and 
Rp are defined in Eqs. (5.1.18) and (5.1.19). After introducing the spurions, 
Rp and Lp are rewritten as 

= = (5.1.31) 

and transform under different symmetries, respectively SO(5))j. and SO(5)|. 
The index A carried by the two spurions is associated to an SO(5)p group 
under which the Pp field transform in the adjoint representation while all the 
other fields are invariant. The physical values of the spurions are 

Qr^ = Ql^ =9 pT^ , (5.1.32) 

and break the SO(5))j x SO(5)| x SO(5)p to the vector combination. As in 
the two-site model, additional spurions are associated to the SM couplings, 
Q and Q', and to the p, Q (see Eqs. (5.1.24) and (5.1.26)). 

In the three-site model the Higgs dynamics is triply protected by the 
Goldstone symmetries. To understand this better let us set the Higgs to its 
VEV. This corresponds to constant configurations (Hf 2 ) of the Goldstone 
fields H^ 2 ■ These constant configurations can be eliminated by a symmetry 
transformation provided that at least one of the broken symmetries is restored 
by setting the corresponding gauge coupling to zero. Eor instance if we set 
Qp to zero the SO(5)]j. and SO(5)|, symmetries are restored and they can be 
used to get rid of (Hf) and (H^). The situation is slightly more involved in 
the case of ^p. To understand the collective breaking mechanism in this case, 
it is important to remember that even in the presence of a non-vanishing pp 
the vector combination of SO(5))j and SO(5)| is still unbroken and it can be 
used to set (H^) to zero. The VEV is thus moved entirely onto H^ and, if 
Pp is zero, can be eliminated by an SO(5)|j transformation. The same holds 
for the elementary couplings, po and Pq. Therefore, any physical effect of the 
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Higgs VEV is necessarily mediated by the three couplings gp, gp and go (or 
g'o)- 

The presence of the unbroken vector combination of SO(5))j and SO(5)| 
has also another implication: any Higgs configuration, including a VEV, 
chosen for Ui can always be rotated away and moved to U 2 and vice versa. 
To represent the Higgs it is thus better to choose the invariant combination 
U 1 U 2 . Notice also that in the three-site model the Goldstone Higgs decay 
constant does not coincide with any of the cr-models decay constants, instead 
it is linked to them by the relation 

1/f = I //1 + 1//I ■ (5.1.33) 

This relation can be easily derived from the Higgs effective Lagrangian in 
which the gauge resonance have been integrated out. We will explicitly per¬ 
form this computation at the end of the section. 

The triple collective breaking of the shift symmetry provides a further 
reduction of the degree of divergence of the Higgs potential. In particular 
the Higgs potential becomes finite because it must contain at least two ad¬ 
ditional powers of gp. Performing the spurion analysis one actually finds no 
contributions of order g^. The leading operators, like 

Ui Qr^ q' Ui Qr^uI] Tx\gR^U2 Ul gL^U2 g^ ul\ , 

(5.1.34) 

contain four powers of gp. This further lowers the degree of divergence. 
Indeed the rule in Eq. (5.1.23) shows that the gauge contribution to the 
potential is not only finite at one loop, but it starts diverging at the three- 
loop order. 

The reduction of the degree of divergence in the Higgs potential due to 
the collective breaking can also be easily understood in a diagrammatic way. 
In order to be sensitive to the breaking of all the Goldstone symmetries any 
diagram contributing to the Higgs potential must include simultaneously the 
elementary gauge fields, the Pp and the Pp fields. The schematic structure 
of a one-loop contribution is shown in Fig. 5.3. It is easy to see that at least 
four vertices coming from the gauge interactions in the Goldstone Lagrangian 
in Eq. (5.1.29) are needed. As can be seen from the explicit form of the 
Lagrangian, each vertex carries two powers of the gauge couplings. This 
explains why in Eq. (5.1.34) we found four powers of gp along with two 
powers of the elementary coupling go and of ^p. 

Gauge fixing 

Before concluding the discussion of the gauge sector of the three-site model 
it is useful to briefly discuss the issue of gauge fixing. A common choice is 
to adopt a “partial” unitary gauge, that is to remove the Goldstones eaten 
by the Pp and pp fields, while keeping in the Lagrangian the complete Higgs 
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WJB, 


Figure 5.3: Schematic representation of a one-loop contribution to the Higgs po¬ 
tential induced by gauge fields. The double-line propagators represent the heavy 
gauge fields, while the single-line one represents the elementary states. The black 
dots denote the interaction vertices, which also include the Higgs field, coming from 
the gauge interactions in Eq. (5.1.29). 

fourplet. Due to a remnant of the symmetries at the middle and right-most 
site, the “partial” unitary gauge choice does not completely fix the form of 
the Lagrangian: we can still choose how the Higgs fourplet is embedded in 
the Ui and U 2 matrices. 

A convenient choice is to remove the Higgs from U 2 by setting it to the 
identity while keeping the full dependence on Ui 



(5.1.35) 


where Hi correspond to the four Higgs components. With this gauge choice 
the only dependence on the Goldstones appears at the left-most site, resulting 
in a particularly simple form for the Lagrangian of the composite sector. 

Other simple gauge fixing choices are possible. For instance one can 
move the full Higgs dependence on the IA 2 matrix while setting Ui equal to 
the identity. In this way one recovers the usual picture in which the Higgs 
interacts directly only with the composite states and not with the elementary 
sector. A third possibility is to “split” the Higgs into the two Goldstone 
matrices as 



(5.1.36) 


The one in Eq. (5.1.36) defines the “unitary gauge” of the theory, indeed it 
ensures that the Goldstones do not have a quadratic mixing with the gauge 
fields [163]. 

As an example, we now compute the Goldstone Higgs decay constant as 
a function of the original cr-models parameters /i 2 . For this purpose we 
use the gauge choice in Eq. (5.1.35). In this gauge the only dependence of 
the Lagrangian on the Goldstone matrix comes from the covariant derivative 
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D/^U (see Eq. (5.1.30)). This quantity can be rewritten by using the identity 


U^D^U = u'^d^U - i U'^A^U + iR^ = -iA^^^) + iR^,, 

,TtT\ 


(5.1.37) 


where A'A’ ) corresponds to a gauge transformation of the elementary fields 
given by 

Af^^ =u'^{A^ + id^)U. (5.1.38) 

With the above definitions the Lagrangian in Eq. (5.1.29) can be written as 


/■2 

£77 ^ 




9pPtJ, 


^Tr 


iPpPp 9pPp) 


(5.1.39) 


Erom this expression we can derive an effective action for the Goldstone 
Higgs by integrating out the massive vector resonances. The calculation is 
straightforward if we are only interested in the two-derivative terms. The 
equations of motion at zero momentum for the p fields and for the SO (4) 
components of p imply 

9prp = 9pPl=(Af^)\ (5.1.40) 

thus the SO(4) components in the Lagrangian (5.1.39) exactly cancel. The 
equations of motion for the p* fields in the coset SO(5)/SO(4), instead, give 

9pPl = j^^[Af))\ (5.1.41) 


By substituting Eqs. (5.1.40) and (5.1.41) back into the Lagrangian we obtain 


— 
f f — 


AVI 


•E 


(5.1.42) 


4(/2 + /I) 

Erom this expression we can immediately read the Goldstone decay constant 

1/V = 1/A + 1//I ■ (5-1.43) 

In the case A = A = / the Higgs decay constant simply becomes / = 

A/A 2 = /2/V2. 


5.1.4 The matter sector 

So far we included in our effective model only the gauge degrees of freedom. 
To complete the construction we also need to introduce the SM fermions and 
couple them to the Higgs. Hollowing the hypothesis of partial compositeness, 
we assume that the SM fermions originate from elementary degrees of free¬ 
dom, external with respect to the composite sector. These states are then 
coupled linearly to some composite sector operator. 
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The construction is analogous to the one of the SM vector bosons that we 
discussed in the previous sections. The elementary vectors arise from gauging 
the SM subgroup embedded in the SO(4) symmetry of the composite sector. 
This kind of construction gives rise to linear couplings of the form 
where denotes a current operator coming from the composite dynamics. 
The linear coupling results in a mixing of the elementary fields with the com¬ 
posite resonances. For the vector bosons, indeed, we find in our Lagrangian 
terms of the form Cmix — (5o/ffp)’7^p Analogously, for the elemen¬ 

tary fermions, g, we assume a mixing of the form Cmix — (2/‘^/5p)™p9 l/’i where 
j/'J is the coupling of the elementary field with the corresponding fermionic op¬ 
erator and tjj generically denotes the fermionic composite resonances. Because 
of the mixing, the light states, which eventually describe the SM particles, 
are linear combinations of the elementary fields, q, and the composite ones. 
Ip. 

Before starting the explicit construction it is important to add a further 
comment. In the case of the gauge and Goldstone Lagrangian constructed in 
the previous sections the Goldstone symmetry almost completely determined 
the whole structure of the model, leaving very narrow space for alternative 
constructions (on this point see Sect. 5.1.5). The situation, instead, is con¬ 
siderably different for the fermionic sector. First of all, the elementary fields 
can mix with composite operators in many possible representations of the 
SO(5) symmetry group, thus leading to different quantum numbers for the 
corresponding fermionic composite states. On top of this, even the number of 
composite resonances included in the model is to a large extent arbitrary and 
can give rise to a large number of alternatives. In the following we will focus 
on a “minimal” scenario in which only one multiplet of composite fermions 
is associated to each site. Moreover we will assume that the elementary 
states are mixed with operators in the fundamental, the 5, representation of 
SO(5). For simplicity we will introduce in the model only the set of fermionic 
resonances that are mixed with the top quark and are responsible for gen¬ 
erating its mass, the so called “top partners”. This minimal construction, 
however, contain all the main ingredients of generic multi-site models and 
can be straightforwardly adapted to different cases. 


The two-site model 

In the case of two sites, focusing for simplicity on the top quark sector, we 
introduce only one Dirac fiveplet of fermionic resonances ip. It transforms 
under the SO(5)ii; subgroup and is mixed with the elementary doublet qL = 
[thi ^l) and with the singlet tji. The mixing term is 

Cm^x = + VrITrUu^^ + h.c., (5.1.44) 

^Notice that, due to gauge invariance, the elementary/composite mixing arises from 
terms of the form f’^igoW^ — Qpp ^)^see for instance Eq. (5.1.16). 
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where Ql and Tr are the embeddings of the qL and tft elementary fermions 
into incomplete 80(5)/, fiveplets. In Eq. (5.1.44), as customary, we expressed 
the elementary/composite mixing in units of /. The 5 representation decom¬ 
poses as 5 = ( 2 , 2 ) 0 ( 1 , 1 ) under 80(4) ~ 8U(2)i x SU(2)ij. The ( 2 , 2 ) part 
consists of two SU(2 )l doublets with opposite U(l)^ charge = ±1/2. We 
choose to embed in the negative-charge doublet and Ir in the singlet. The 
explicit form of the embedding was given in Eqs. (2.4.28) and (2.4.23) and 
we report it here for completeness 


Ql 


-ibR 


■ 0 ■ 

-bh 


0 

-ith 

Tr = 

0 

II 


0 

0 


Jr. 


(5.1.45) 


If we identify the U(l)y symmetry with the subgroup of 80(5 )l generated 
by as we did in the previous sections, we do not obtain the correct 
hypercharges for the fermions. We saw in the previous chapters that solving 
this problem requires an extra U(I)j5f global symmetry, which acts on the 
matter fields Ir and as a phase rotation with charge X = 2/3. The 
hypercharge gauge held is now introduced by gauging the subgroup of 
80(5 )l X U(l)x corresponding to the combination 

Y = TI^ + X. (5.1.46) 


Given that the Goldstones are not charged under the extra U(l)x, this change 
in the dehnition of Y does not affect their couplings to and the construc¬ 
tion discussed in the previous sections can be left unchanged. The IT“ and 
the massive resonances are included, as before, by gauging the 811 ( 2 ) 2 , 
subgroup of 80(5 )l and the 80(4) subgroup of 80(5 )_r, whereas the U(l)x 
symmetry acts on all sites and there is no new composite resonance associated 
to it. 

To keep the discussion as simple as possible we also assume that the QGD 
gauge group SU(3)c is “external” with respect to the site structure, similarly 
to the U(I)x one. This means that it acts on all sites and, in particular, all 
the fermionic states we described before belong to the fundamental 8U(3)c 
representation. Alternatively we could have extended the multi-site construc¬ 
tion presented in the previous sections for the EW gauge fields to the case of 
the U(l)x and SU(3)c groups. In this way one would get additional vector 
resonances associated to these gauge groups analogous to the pp states. An 
important difference with respect to the EW case is the fact that the replicas 
of the U(l)y and 8U(3)c groups at the various sites are fully gauged, thus no 
extra physical Goldsone boson remains in the spectrum. Moreover each new 
group factor is associated to its own coupling /, which a priori is independent 
of the coupling / related to the 80(5) invariance. 

In order to make clear the symmetry pattern in the fermionic sector, we 
now discuss how to introduce the spurions that we will use to analyze the 
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fermionic contribution to the Higgs potential. Due to the presence of the extra 
U(l)x symmetry, the group under which the elementary fields transform is 
enlarged to SU(2)° x U(l)^ x U(l)'j(^. The charge of the elementary fields 
under U(l)^ corresponds to the charge under the original subgroup of SO(5 )l 
generated by hence ql has charge —1/2 while tu is neutral. The spurious 
are two vectors Al and Nr in the 5 representation of SO(5 )l and also 
transform under the elementary SU(2)° x U(l)5j x U(l)*^ group. The 
spurion is in the 2 representation of SU(2)° with U(l)5j charge 1/2 and 
A° = —2/3 (the conjugate of the ql representation), while Nr is a singlet 
with = —2/3 and is neutral under U(l)5f. The physical values of the 
Nl.r. spurious are (compare Sect. 3.3.1) 


(AL)i 


VlI r 0 0 +1 0 

72 [+* -1 0 0 0 


{NrY = yRf[Q 0 0 0 l]^ 


(5.1.47) 

By using the previously dehned objects we can rewrite the Lagrangian in 
Eq. (5.1.44) as 


+ IrN^rUu^^^ + h.c., (5.1.48) 

where i denotes the SU(2)° index, while / and J are the usual SO(5) indices. 

The physical value of the spurious Nr^r breaks the composite-sector group 
SO(5 )l X U(l)x and the elementary one SU(2)° x U(l)5j x 11(1)')^, preserving 
the SU(2)j^ X U(l)y subgroup that is gauged by the W and B elementary 
helds. The unbroken SU(2)i is the vectorial combination of SU(2)° and 
the SU(2)j;, subgroup of SO(5 )l, while the hypercharge is the combination 
of the U(l)y subgroup of the elementary U(l)5f x U(l)j(-, whose genera¬ 
tor is specified in Eq. (5.1.46), and the analogous combination coming from 
SO(5)r X U(l)x. 

As already discussed, in addition to the gauging at the left-most site, we 
also gauge the SO(4) subgroup of SO(5 )_r by introducing the p resonances. 
This leads to the covariant derivatives 

D^Ql = (^5^ - qr , 

D^tR = ^ 9 ^ - i-^Bfj^ tR , 

Notice that if) is neutral under SO(5 )l, therefore its covariant derivative 
does not contain the gauge fields. It contains instead B^ because ip 
is charged under U(l)x and the hypercharge is defined as in Eq. (5.1.46). 
In terms of the covariant derivatives the elementary and composite sector 


2g' - ~ \ 7 

- WpPti V- 


(5.1.49) 
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QL/tR u V’ 

□ I- 

^L,R fh 

Figure 5.4: Pictorial representation of the matter sector of the two-site model. 


kinetic Lagrangians read 

= iQLl^Df,qL + itR'y^Df.tR , 

, (5.1.50) 


where a mass term m = diag(TOQ,mT), different for the fourplet and sin¬ 
glet components of ijj, has also been introduced. This mass matrix fh^'^ is 
a spurion with two indices in the fundamental of SO(5)/j and breaks this 
symmetry to its SO(4) subgroup. 

The fermionic sector of the two-site model is summarized in Fig. 5.4. With 
respect to the gauge sector presented in Sect. 5.1.2, the only new parameters 
that we introduced are A.l,r and fh, which are masses, not new couplings. 
This makes particularly easy to generalize the divergence counting rule of 
Eq. (5.1.23). The result is 



(5.1.51) 

where ip generically denotes the fermions qr, Ir or ip, while fi is any of the 
masses Ar^r or fh. In the above formula V and g collectively denote all 
the vector fields and the gauge couplings. The positive integer y counts 
the number of mass-term insertions and it is forced by the chiral symmetry 
{ipL —>■ —ipR, ipR —>■ ipR, and /i —>■ —/i) to be even or odd depending on the 
chirality of the operator. 

Now that we introduced all the necessary tools it is easy to generalize 
the discussion on the calculability. The fermionic contribution to the Higgs 
potential is logarithmically divergent. The local operators associated to the 
divergence are 


cr 

167r^ 


A^j^Um^U^AR = 


Cr 

IGtt^ 


vlf 


(-—I *2 

[ttiq — rrirpj sin 



TTlrp 


(5.1.52) 


and 


Cr 

IGtt^ 


Y,{Al)^Um'^U^Al = 


Cr 

327r2 


ylf 


(my 



sin^ 



+ 4mQ , 
(5.1.53) 
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qi/tR Ui ^ U2 ^ 

□ I-^01- \m 

^L,R A fh 

Figure 5.5: Pictorial representation of the matter sector of the three-site model. 


and originate, respectively, from loops of the elementary tji and qL- Notice 
that the functional dependence on the Higgs is completely determined by the 
spurion analysis, in agreement with the results of Chap. 3. 

The three-site model 

To obtain a calulable Higgs potential we need to consider the three-site 
model. As shown in Fig. 5.5, this is consHucted by introducing two five- 
plets of fermionic Dirac resonances ijj and ip. The former transforms under 
the SO(5))j group,® while V’ transforms in the fundamental of SO(5)^. The 
Lagrangian is similar to the one of the two-site case, with the difference that 
the elementary fields mix now with tp and not with ip: 

Cmix = TjLfQL^ii’ + yRfTRU2ip + NipU2ip + h.c.. (5.1.54) 

The other terms present in the leading-order Lagrangian are 

= i^Ll^D^qL + itR'y^Df,tR , 

+ m^'^ipjipj + iip^^Dfj_ip + mipip , (5.1.55) 

where the covariant derivatives for the elementary fields and for ip are defined 
in Eq. (5.1.49) and 


D^iP = {df, - - igpT^p^ iP . (5.1.56) 

Notice that the ip mass term m does not break any symmetry, differently 
from m which breaks SO(5)|j to its SO(4) subgroup. 

To simplify the Lagrangian in Eqs. (5.1.54) and (5.1.55) we assumed that 
the composite sector is invariant under parity {x —> —x) and the only terms 
that break this symmetry are the mixings of the elementary fields with the 
composite states. If we do not impose this invariance a different mixing 
is allowed between the left- and right-handed components of ip and ip in 
Eq. (5.1.55). 

®We could equivalently assume that the ij) field transforms under the vector combination 
of SO(5))j and SO(5)|^, in analogy with the pp gauge fields. The choice made in the main 
text, however, helps in clarifying the pattern of symmetry breaking induced by the fermions 
and makes simpler the introduction of spurions. 
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We can now introduce spurious and analyze the fermion contributions to 
the Higgs potential. The mixing Lagrangian in Eq. (5.1.54) can be rewritten 
as 

Crmco = ql^L(^i)iji’''+tR^H(^2)ij^^+^'A/iU2)ijip^ + h.c.. (5.1.57) 

The associated spurious, and A^, transform under both the elementary 
SU(2)° X U(1)5j X U(l))(f and the SO{5)\ x U(l)x group and break the 
global symmetry to the SU(2)i x U(l)y subgroup as explained in the two- 
site case. The new spurion A has indices in SO(5))j and in SO(5)|. Its 
physical value A/*^ = ASi'^ is proportional to the identity and therefore 
breaks SO(5))j x SO(5)| to the vector subgroup. 

The leading local contribution to the Higgs potential comes from operators 

like 

A^uIAr, (5.1.58) 

and similarly with A^. These fermionic contributions are finite at one loop 
and start diverging only at two loops, differently from the gauge contributions 
of Eq. (5.1.34) for which the divergence was postponed to three-loop order. 

Before concluding the discussion cT the three-site model it is useful to 
add a comment on the choice of the ip fermion representation. In our con¬ 
struction we assumed that V' is a complete SO(5)|j representation although 
we allowed, in analogy to the gauge sector, an explicit soft breaking due to 
the mass matrix m which only respect an SO(4) invariance. This choice was 
necessary in order to obtain the protection due to the collective breaking 
mechanism. For instance the assumption that the ip fermions fill incomplete 
SO{5)l representations (of course always respecting the SO (4) invariance) 
would have induced a hard breaking of the symmetry and no further reduc¬ 
tion in the degree of divergence. As a consequence the fermion contribution 
to the Higgs potential would have been logarithmically divergent as in the 
two-site model. Introducing incomplete representations of fermions at the 
last site can be compatible with the calculability of the Higgs potential only 
in models with more than three sites, where the additional symmetries ensure 
enough protection to the Higgs dynamics. 

5.1.5 Alternative constructions 

As already discussed, the structure of the multi-site phenomenological mod¬ 
els, although quite constrained by the Goldstone symmetry and the collective¬ 
breaking principle, admits some variations, especially in the fermionic sector. 
To give an idea of the possible alternative constructions we present here the 
model proposed in Ref. [159]. 

The structure of the gauge and Goldstone sector of the model resembles 
closely the one of the three-site model presented in Sect. 5.1.3. It is based on 
two non-linear cr-models: one corresponding to the 80(5)];^ x SO(5))j/SO(5)y 
structure and the second given by SO(5)|/SO(4). Schematically it can be 
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W/B ^ " t/ 

□ I-lOI— 


Figure 5.6: Pictorial representation of the gauge sector of the alternative two- 
site model. The “half” link on the right represents the non-linear a-model 
SO(5)i/SO(4). 


represented as shown in Fig. 5.6. The symmetry structure gives rise to 14 
Goldstones, ten of them coming from the SO(5)^ x SO(5)^ cr-model and the 
remaining from the SO(5)|^/SO(4) one. We encode the two sets of Goldstones 
in the matrices U and U respectively. Ten Goldstones are then eaten by 
the introduction of the composite gauge resonances p that gauge the vector 
combination of the SO(5)^ and SO(5)| groups. The elementary gauge fields, 
W and B, are instead associated to the gauging of the SU(2)i x U(1 )l 
subgroup of SO (5)^. The leading-order Lagrangian of the Goldstone boson 
sector is given by 

£7r ^ llTrliD^UfDf^U] + , (5.1.59) 

where the definition of the covariant derivative D^U is similar to the expres¬ 
sion for Ui given in Eq. (5.1.30) and the (T^ symbol is defined in analogy to 
Eq. (5.1.3). As in the three-site model the Goldstone Higgs decay constant 
/ is given by 1/p = l//i + 1//! and the Higgs field is represented by the 
U ■ U combination which is invariant under the unbroken vector subgroup 
of SO(5))^ and SO(5)|. In the present set-up the gauge contribution to the 
Higgs potential is finite at one-loop order, although it diverges at two loops. 

Notice that the above construction is in some way “intermediate” between 
the two-site and three-site models of Sects. 5.1.2 and 5.1.3. For instance it 
can be formally obtained from the three-site construction by decoupling (or 
integrating out) the p resonances. On the other hand the two-site models can 
be recovered from the construction presented in this section in the /2 —^ oo 
limit. 

We can now describe the fermionic sector. As in the two-site and three- 
site models, the qL and in elementary fermions are embedded in incom¬ 
plete SO(5))^ representations. In the present construction they mix with two 
composite multiplets ipq and ipt, both in the fundamental representation of 
SO(5))j. The kinetic terms for the fermions and the gauge interactions are 
analogous to the ones described in the two-site model, with the only differ¬ 
ence that now a complete SO(5) group is gauged by the resonances. The 
Lagrangian containing the mass terms can be split into the part containing 
the elementary fields and the part that only involves the composite states, 
^mix = ^mix + ^mix' The mixing part for the elementary states is 

^tix = yLfQLUtpq + yRfTRUp + L.c.. 


( 5 . 1 . 60 ) 
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The composite fermions mass terms contain, in addition to Dirac masses for 
the ^pq and ipt fields, also mixing mass terms that only couple the left-handed 
component of tpq and the right-handed component of ijjt-, namely 

^Zix = mqiljqiljq + mt-il^ti’t (5.1.61) 

+ (tpqLU)^ + m2 4’qLi’tR + TO 3 1pqRlptL + h.C. . 

Notice that the peculiar structure of the mixing between the '0, and V't fields, 
as well as the structure of the elementary/composite mixing terms, is neces¬ 
sary to ensure the finiteness of the fermion contribution to the Higgs potential 
at one loop. If other mass mixing terms allowed by the symmetry struc¬ 
ture are included, such as m (U'^iptL)^ + h.c., m 

or m ('0jl7)g the fermion contribution to the Higgs potential devel¬ 

ops a logarithmic divergence. Notice that not including these mass terms is 
an ad hoc assumption, because they are not protected by any symmetry. 

The fermionic sector of the model is identical to the three-site construc¬ 
tion. This can be easily seen by the following identification of the fields 

i’qL^^L, tptL^'fpL, IptR^^R- (5.1.62) 

By working in the gauge in which the Goldstones are described only by the U 
matrix (and by the Ui in the three-site model), one can easily check that the 
masses and mixing terms for the fermions can be identified with the ones given 
in Eqs. (5.1.54) and (5.1.55) if we allow for different mixings A for the left- 
and right-handed fermion components by breaking parity. Analogously, if we 
extend the construction of the present section to n sites, the fermionic sector 
will be similar to the one of a model with 2n — 1 sites built along the lines of 
Sect. 5.1.4. The only real difference between the three-site construction and 
the alternative models presented in this section is due to the fact that the 
composite fermions are associated to different global symmetries and, as a 
consequence, have different interactions with the composite gauge resonances. 

5.1.6 Locality in theory space 

To conclude the discussion about the construction of the multi-site models 
it is instructive to take a closer look at the Lagrangian of the explicit re¬ 
alizations. The symmetry structure of the underlying non-linear cr-models 
naturally led to a peculiar “nearest-neighbor” form for the Lagrangian. This 
structure can be easily seen in the bosonic sector of the model. The leading 
terms in the effective Lagrangian are the ones that respect the whole global 
symmetry of the non-linear cr-models and include the kinetic operators for the 
Goldstones (excluding the gauge interactions) and for the gauge fields. All 
these operators are “local” in theory space, i.e. they involve fields belonging 
to a single site or to a single link. The other operators we introduced in the 
Lagrangian do not respect the whole global symmetry and are suppressed by 
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powers of the couplings that induce the breaking. An example are the inter¬ 
actions between the Goldstones and the gauge fields, which are weighted by 
the gauge couplings. Notice that in the multi-site constructions the gauge 
couplings (including the ones of the composite vector fields) are assumed to 
be perturbative. Thus an insertion of a gauge coupling leads to an effective 
suppression of the corresponding operator. Following this logic, the leading 
operators that break the global symmetry are the ones that involve fields 
connected to the same link, or, in other words, are of nearest-neighbor form. 
Operators that involve fields in non-near sites necessarily break more sym¬ 
metries, thus are suppressed by more insertions of the symmetry breaking 
couplings. 

It is easy to realize that the nearest-neighbor form is also tightly related 
to the collective breaking mechanism. Indeed it guarantees that the various 
subgroups under which the Higgs transforms as a Goldstone are broken inde¬ 
pendently of each other. As a consequence, insertions of multiple symmetry¬ 
breaking couplings are necessary to generate operators which depend on the 
Higgs VEV, such as the Higgs potential. If the locality assumption is not re¬ 
spected the collective breaking mechanism is typically spoiled and the Higgs 
observables become divergent. 

The Lagrangian of the multi-site models does not naively follow the min¬ 
imal One Scale One Goupling (ISIS) power counting in Eq. (3.1.18), but 
it can be described by a simple extension of it. The non-linear cr-models 
associated to the global symmetry structure of the multi-site constructions 
are interpreted as an effective description of the underlying strongly coupled 
dynamics. They are thus described by an effective Lagrangian that follows 
the ISIS power counting. The exact values of m* and g* characterizing this 
part of the Lagrangian do not have a big impact on our constructions as long 
as 5 * is (much) larger than the gauge couplings of the vector resonances.® 
The elementary fields are external with respect to the composite dynam¬ 
ics and they enter in the power-counting as external sources associated to 
a weak coupling which breaks the global invariance of the composite sector 
(namely the global SO(5))^ symmetry at the left-most site). There is however 
an important subtlety related to the vector and fermion states introduced at 
the composite sites. Although these resonances are interpreted as composite 
states, they are assumed not be fully strongly coupled so that their dynamics 
can be described perturbatively. This meas that from the point of view of 
the power-counting we effectively split the composite sector into two parts: a 
fully strongly coupled sector encoded in the non-linear u-model and a semi- 
perturbative sector that includes the p and ?/> states. This assumption is 
incorporated in the power counting by treating the composite resonances as 
weakly-coupled external sources with a coupling 'pp that is smaller than the 
(T-model coupling 5 *. 

We will now briefly discuss how the multi-site models are modihed by 

®For simplicity here we associate all the a models to a single / decay constant and a 
single m*. 
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the introduction of non-nearest-neighbor operators. As an example of non- 
minimal terms we can consider in the three-site model the non-nearest- 
neighbor interaction 

Oncn-local = ^Tr[(D^iNiN2)f (0^^ (N 1 N 2 ))] ■ (5.1.63) 


This operator induces a breaking of the SO(5))j and the SO(5)| symmetries 
to their diagonal subgroup and at the same time feels the breaking of the 
SO(5)i and SO(5)| due to the gauging of the elementary fields W and B 
and the composite vector resonances p. As a consequence its coefficient is 
expected to be subleading with respect to the one of the usual kinetic terms 
of the Goldstones. It is easy to understand that the inclusion of Cnon-iocai 
into the three-site Lagrangian reintroduces a logarithmic divergence in the 
gauge contribution to the Higgs potential. The operator in Eq. (5.1.63) in 
fact is analogous to the kinetic term for the Goldstones in the two-site model 
(Eq. (5.1.16)) as can be seen by the identification U 1 U 2 -^U. In exactly the 
same way the inclusion of the operator 


Cnon-local = ^ ^ | (ZYt/)) ' 

i 


(5.1.64) 


in the alternative construction of Sect. 5.1.5 destroys the collective breaking 
mechanism and reintroduces a divergence in the Higgs potential as in the non¬ 
linear (T-model case. “Non-local” operators such as (5.1.64) have sometimes 
been considered in the literature in connection to the multi-site constructions 
(see for example Ref. [159]) because they induce a tree-level correction to the 
S parameter which can, in part, compensate the sizable contribution coming 
from the heavy vector resonances (see Sect. 7.1.2). As we discussed before, 
however, this can be done only at the price of violating the power counting 
and the collective-breaking mechanism. 

Non-nearest neighbor interactions can also be constructed in the femionic 
sector. An explicit example is the operator 


Cnou-local=K(i)M^ [{UiU2f {D^ {UiU2))\ (V') ^ + h.c., (5.1.65) 

where ('0)i and {'4’)b denote the ( 2 , 2 ) and ( 1 , 1 ) SO(4) components inside the 
SO(5) fiveplet ij:. The above operator does not modify the fermion masses 
and contains only derivative interactions with the Higgs. Eor this reason it 
does not contribute to the Higgs potential at one loop and the violation of the 
collective breaking structure manifests itself only at higher order. Operators 
like (5.1.65) correspond, after integrating out the heavy gauge resonances, to 

terms of the form fC('0)i7^^(i('0)5 + h.c., where d), is the GGWZ d-symbol 
constructed with the physical Goldstone Higgs and the elementary gauge 
fields. As we will show in Ghap. 7 this kind of operators, if present with 
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accidentally large coefficients, can help in cancelling the contribution to S 
coming from fermion loops. 

To conclude the discussion, it is worth mentioning that the nearest- 
neighbor structure is also deeply related to the holographic realizations of 
the composite Higgs scenario. As we already mentioned, the multi-site con¬ 
structions are analogous to a discretized or deconstructed version of the five¬ 
dimensional models. This can be clearly seen from the schematic moose 
representations of the multi-site constructions: each site can be interpreted 
as a lattice point along the fifth dimension. The replicas of the SO(5) group 
at each site then correspond to the remnant of the five-dimensional gauge 
invariance on the four-dimensional slices corresponding to each lattice point. 

From this perspective, the nearest-neighbor assumption becomes equiv¬ 
alent to the usual concept of locality along the fifth dimension. Moreover 
the collective-breaking mechanism corresponds to the protection of the Higgs 
dynamics in holographic models that is due to the five-dimensional gauge 
invariance. Notice that, in this picture, a complete five-dimensional model 
coincides, at least formally, with an effective theory with an infinite number 
of sites. This allows us to interpret the finiteness of the Higgs potential in the 
holographic theories at any loop order as the result of a collective breaking 
with an infinite number of independent symmetries. 


5.2 The Higgs potential 

The pNBG nature of the Higgs has a deep impact on the Higgs potential: it 
can only be generated at the radiative level and is tightly related to the collec¬ 
tive breaking mechanism. One unavoidable, sizable source of breaking of the 
Goldstone symmetry is the top quark Yukawa coupling. It is thus reasonable 
to expect a tight relation between the Higgs mass and the fermionic sector 
involved in the generation of the top mass. The general analysis presented in 
Chap. 3 confirms this expectation. In generic composite Higgs models a light 
mass scale for the fermionic resonances associated with the top quark, the 
top partners, is required to minimize the amount of fine tuning. Moreover 
in a large class of minimal scenarios, as for instance the ones with fermionic 
resonances in the fundamental representation of SO(5), a strict relation exists 
between the Higgs mass and the mass of the lightest top partners. 

The calculable phenomenological models described in the previous sec¬ 
tions offer a privileged framework to explicitly test the validity of the general 
results. The simplicity of the multi-site constructions, moreover, allows us to 
derive explicit formulae for the Higgs potential which can be used to refine the 
estimates presented in Chap. 3. In the following we will analyze in details the 
structure of the Higgs potential in two scenarios, following Refs. [128, 129]. 
The first one is the minimal model we presented in the previous sections in 
which the top partners belong to the fundamental representation of SO(5). 
As a second scenario we consider a representative of the minimally tuned 
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models (see Chap. 3) in which the right-handed top component is fully com¬ 
posite. 


5.2.1 The 5-1-5 model 


The first scenario we consider is the three-site model presented in Sects. 5.1.3 
and 5.1.4. As we saw, the structure of the fermionic sector of the model is 
in large part determined by the choice of the embedding of the elementary 
fermions and tji in incomplete representations of the SO(5) group. In the 
model we consider both elementary states are embedded in the fundamental 
representation, the 5, thus we will denote this scenarios as the “5-1-5 model”. 

In the general analysis of Chap. 3 we saw that this type of model belongs 
to the category of “doubly-tuned” scenarios in which the amount of tuning 
needed to obtain a realistic configuration is significantly higher than the naive 
expectation. The explicit computation of the Higgs potential presented in 
this section will be also useful to explicitly verify the origin of the additional 
tuning. 

Explicit form of the potential 

The most relevant contribution to the Higgs potential comes from the fer¬ 
mionic resonances that are coupled to the top quark, namely the ones we 
included in our explicit multi-site constructions in Sect. 5.1.4. The spectrum 
of the top partners in the three-site model contains two levels of resonances 
with the same quantum numbers. The 'ip and tp resonances transform in the 
fundamental representation of SO(5) and have U(l)x charge 2/3. Under the 
unbroken SO(4) x U(l)jc group they can be decomposed into a fouplet, in 
the ( 2 , 2)273 representation, and a singlet, in the (1,1)2/3. Each fourplet 
contains two SU(2 )l doublets. The one with T^ = — 1/2 gives rise to a the 
{T, B} multiplet with the same SM quantum numbers of the elementary qj^. 
The remaining doublet, {^ 5 / 3 , A 2 / 3 }, transforms in the 27/5 representation 
under the SU(2 )l x U(l)y SM group and contains the exotic resonances X 5/3 
and X 2/3 with electric charges 5/3 and 2/3 respectively. Finally, the singlets 
give rise to resonance^ with the same quantum numbers of the elementary 
which we denote by T. The spectrum of the resonances and their properties 
will be discussed in details in Chap. 6 . 

The Higgs potential can be straightforwardly computed by using the stan¬ 
dard Coleman-Weinberg formula 



(5.2.1) 


where A’c = 3 denotes the number of QCD colors and the product inside the 
logarithm argument extends to all masses of the fermionic states mi(H) writ¬ 
ten as a function of the Higgs VEV. A simple trick to compute the expression 
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inside the logarithm is to express it as a determinant of the complete mass 
matrix of the fermions M 


(/ + mf{H)) = det [p^l + M^M] . (5.2.2) 


In order to remove the divergent Higgs-independent part one can subtract 
from the potential in Eq. (5.2.1) its value a.t H = 0. 

The only relevant fermionic states that are coupled to the Higgs are the 
top and the resonances of charge 2/3. The contribution of these states to the 
potential has the form 


V{H) 


2fVc 


dp log 


1 - 


Fi{p^) 


F2{p^) ■ 2 

- sm 


D{p^) 

, 2 ^ 

7 


J^2(7) . 4 

D{p^) 



(5.2.3) 


where the T’i_ 2 (p^) form factors are functions of the integration variable p 
and of the fermion mass parameters but not of the Higgs. The whole depen¬ 
dence on h is encoded in the trigonometric functions that appear inside the 
logarithm. The factors DijP') appearing in the denominator of the argument 
of the logarithm is given by 


D{p^) = 2p'^ n + (5.2.4) 

i=tA 


where m/± denote the masses of the charge 2/3 resonances before EWSB. 
The ± sign refers to the two levels of composite resonances that are present 
in the three-site set-up. Notice that all these masses include the shift due to 
the mixing with the elementary states. The initial factor p^ that appears in 
Eq. (5.2.4) is due to the presence of the top which is massless before EWSB. 
Finally the form factors Ei_2(7) are given by 


J Fi{p^) = (mg - mT)A^Ci{p^) [{yl - 2y\)p - y\v\fCi{:p^)\ 

\ ^2(7) = -(WQ - farflN^yly^f'^ 

(5.2.5) 

The Ci^ 2 {p^) functions will not be needed for our analysis, however we report 
them here for completeness: 


Fi{p^) = p^ [{m + mT){p^ + A? - mmo) P {niQ O tut)] 

C2{p^) = (7 + A2 -t TO^)/ [(p2 + m\ _){p^ + ) 


(5.2.6) 


The potential can be approximated by expanding at leading order the 
logarithm in Eq. (5.2.3). This approximation is sufficiently accurate if we are 
interested in phenomenologically viable scenarios, in which a gap is needed 
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between the Higgs VEV and the Godstone decay constant: (H)/f v/f 
As will be clear in the following, in order to minimize the potential and 
compute the Higgs mass we need to consider the terms of order sm‘^{H/f) 
as well as the sin^(i7//) ones. This means that, in principle we should also 
keep into account the second order of the logarithm expansion in Eq. (5.2.3). 
However, as we will see below, a sizable cancellation of the s\t?{H/ f) terms 
is needed in order to ensure v/ f <C 1, thus the second order of the expansion 
is always negligible in realistic scenarios. 

After the expansion and the integration, the potential takes the generic 
form (compare Eq. (3.3.46)) 

V{H) ~ a si-n^iH/f) + /? sin^{H/f). (5.2.7) 


By minimizing the potential we find the physical Higgs VEV 


^ = sin^ 



a 


and the value of the Higgs mass 


2 2/3 , 2 

^H = sm 



(5.2.8) 


(5.2.9) 


The requirement u// <C 1 implies that the a coefficient must be much smaller 
than p. However, as can be seen from the explicit expressions of the form 
factors in Eq. (5.2.5), the coefficient a is generated at leading order, 0{ip), 
in the elementary/composite mixings, whereas /3 is generated only at 0{y'^). 
This structure leads to the presence of an additional fine tuning in the 5 + 5 
models with respect to the naive estimate ^ = v ^/in agreement with the 
results obtained in the general analysis of Sect. 3.3 . A more careful inspection 
of Eq. (5.2.5) shows that the leading contribution to a is proportional to 
— 2j/^. The cancellation thus leads to the condition 


yL ^ V2yii , 


(5.2.10) 


i.e. the left and right mixings of the top must be roughly of the same size. This 
relation is very well satisfied numerically for realistic configurations [158]. 
The value of the coefficient /3 can be easily computed analytically: 


/3 


N, 




I = T. ,T+ 

f-,f+ 


\og{myp) 

riwK-™!)' 


(5.2.11) 


^^The expansion is not valid in the limit p ^ 0, in which the argument of the logarithm 
diverges. However in this limit the factor in front of the logarithm compensate for the 
divergence and the approximate integrand vanishes for p ^ 0. The error introduced by 
this approximation is thus small. As discussed in Sect. 3.3.2, the presence of the divergence 
is related to the IR contribution to the Coleman-Weinberg potential coming from the top 
quark. A fully consistent computation of the potential can be obtained by first isolating 
the top contribution and then expanding the remaining terms which are regular for p ^ 0. 
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In the limit in which the second level of resonances is much heavier that the 
first one, we can use an expansion in the ratio of the heavy and light states 
masses and get a simple approximate formula for /3: 


N, 


/3 ^ 


log 




T_ 


2 2 
mL m~ 
T+ T+ 


(5.2.12) 


As can be seen from the above formula, when one of the states r_ and T_ 
is much lighter than the other, the contribution to /3 coming from the first 
level of resonances is enhanced by the logarithmic factor log /to ~ ). In 
this case the contribution from the light states completely dominates and the 
corrections due to the second layer of resonances become negligible. On the 
other hand, if the two light states have comparable masses, the second level of 
resonances, in certain regions of the parameter space, can be relatively close 
in mass to the first one, thus giving sizable corrections to the Higgs mass. 
The sign of these corrections is fixed and they always determine a decrease 
of the Higgs mass. The size of the corrections is typically below 50%.^^ 


Light top partners for a light Higgs 


For a quantitative estimate of mn we need to determine the size of the 
yL,R mixings that appear in the expression for /?. These mixings control the 
generation of the top Yukawa, thus we can relate them with the top mass 
TOt. An approximate expression for TOj can be derived by using an expansion 
in sir?[H/f). The result can be conveniently rewritten in terms of the yL,R 
mixings and of the masses of the T and T resonances: 

(toq - tot)^ ^ 


TO^ ~ 




2 2 
T+ T+ 


(5.2.13) 


By comparing this expression with the approximate formula for the Higgs 
mass in Eqs. (5.2.9) and (5.2.12) we find a remarkable relation between uih 
and the masses of the lightest T and T resonances: 


^ ^ 7 V^ m|_TO|_ log (to^_/to|_) 

TO( TT^ /2 rn^ — TO- 


(5.2.14) 


We can now compare the relation in Eq. (5.2.14) with the general results 
obtained in Chap. 3. As can be seen from Eq. (3.3.57), in the 5 + 5 models 
the Higgs mass can be estimated as 

(5.2.15) 

Additional subleading corrections to the Higgs mass can also come from loops of vec¬ 
tor partners. In particular the two-loop contribution due to gluon partners can be non- 
negligible in some regions of the parameter space [164]. 
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mj-- (TeV) "*5/3- (TeV) 


Figure 5.1: Scatter plot of the masses of the lightest T and T resonances (left 
panel) and of the X 5/3 and T resonances (right panel) in the three-site model. The 
compositeness scale has been fixed to ^ = 0.1. The black dots denote the points 
for which 115 GeV < mn < 130 GeV, while the gray ones have niH > 130 GeV. 
In the left plot the area between the solid red lines represents the range obtained 
by applying the result in Eq. (5.2.14) for 115 GeV < tuh < 130 GeV. The dashed 
blue line corresponds to a lower bound on mT_ due to a saturation effect. The 
plots are taken from Ref. [128]. 


where At denotes any of the yL,R- The ul.r mixings can be related to the 
top mass. In particular if ^ yn one can extract the relation 


ytop ^ yLyRm.^/f , 


(5.2.16) 


where denotes the mass of the lightest state mixed with the top, = 
min(mT_, ruf )• Inserting the result in Eq. (5.2.16) into the estimate for the 
Higgs mass we get 




(5.2.17) 


This equation qualitatively reproduces the relation ^between the Higgs mass 
and the masses of the lightest resonances T and T found in Eq. (5.2.14). 
In the case = m\ = m~ the two expressions exactly coincide, while, 
when a large hierarchy between the two light states is present, they differ by 
a factor of 0{1). This shows that the general analysis of Chap. 3 correctly 
captures the main connection between the Higgs and the top partners masses, 
both at a qualitative and a quantitative level. 

The scatter plot of the masses of the T and T light resonances can be 
used to check the validity of Eq. (5.2.14). The numerical results obtained in 
Ref. [128] for ^ = 0.1 are shown in the left panel of Fig. 5.1. As expected 
Eq. (5.2.14) describes accurately the relation between the Higgs and the 
resonances masses in the regions in which one state is significantly lighter than 
the others. On the other hand, when the T_ and T_ masses are comparable 
sizable deviations from Eq. (5.2.14) can occur. These are due to the possible 
presence of a relatively light second level of resonances, as already discussed. 
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The numerical results clearly show that resonances with a mass of the 
order or below 1.5 TeV are needed in order to get a realistic Higgs mass 
in the case ^ = 0.1. The upper bound becomes 1 TeV for ^ =_0.2. The 
prediction is even sharper in the case in which only one state, the T_ is light. 
In this region of the parameter space states with masses around 600 GeV are 
needed for ^ = 0.1 and around 400 GeV for ^ = 0.2. 

The result becomes even more stringent if we also take into account the 
masses of the other composite resonances. As we d^cussed before, the first 
level of resonances contains, in addition to T_ and T_, three other states: a 
top-like state, the X 2 / 3 -, a bottom-like state, the i?_, and an exotic state 
with charge 5/3, the X 3 / 3 _. the V 5 / 3 _ can not mix with any other state, 
even after EWSB, and therefore it remains always lighter than the other 
particles in the fourplet.^^ The scatter plot for the masses of the X 3 / 3 _ and 
T_ states is shown in the right panel of Fig. 5.1. In the parameter space 
regions with realistic Higgs mass, the A' 5 / 3 _ resonance can be much lighter 
than the other states, especially in the configurations in which the T_ and 
T_ have comparable masses. In these points the mass of the exotic state can 
be as low as 300 GeV. 


Calculability in the two-site model 

We saw in Sect. 5.1 that the three-site model provides an effective description 
of a composite Higgs in which the Higgs potential is calculable at one-loop 
order. This property allowed us to decouple the UV physics and fully charac¬ 
terize the model in terms of the parameters describing the elementary states 
and a small set of composite resonances. 

If we accept to give up a complete predictivity, however, the much simpler 
two-site construction can be used to describe the low-energy dynamics of a 
composite Higgs and of just one level of composite partners. As we saw, in 
this set-up the Higgs potential becomes logarithmically divergent at one loop. 
There is however an interesting property which partially preserves predictiv¬ 
ity. For simplicity let us focus on the fermionic contribution from the top 
partners, which dominates the Higgs potential. As shown in Sect. 5.1.4 only 
the leading terms in the expansion in powers of the elementary/composite 
mixings can develop a logarithmic divergence. These terms have a fixed de¬ 
pendence on the Higgs VEV, namely they only depend on sit?{H/ f) (see 
Eqs. (5.1.52) and (5.1.53)). As a consequence, to regulate the divergence 
only one counterterm is needed, which corresponds to the renormalization 
of a single parameter. An interesting possibility is to fix the value of the 
physical Higgs VEV, or more precisely the v/f ratio, as a renormalization 
condition, obtaining the Higgs mass as a prediction of the model. In this 
sense ruH is predictable also in the two-site set-up. 

^^Some approximate expressions for the masses of the resonances can be found in 
Ref. [158]. For a discussion of the details of the spectrum see also Chap. 6. 
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We will now explain a possible procedure to deal with the logarithmic 
divergence and compute the Higgs potential in the two-site model. The 
simplest way to regulate the Coleman-Weinberg potential in Eq. (5.2.1) is 
to introduce a hard cut-off A. With this prescription we obtain the standard 
formula 


N, 




Nc 4,'u^ [i f 1 

(5.2.18) 

In the two site model only a logarithmic divergence appears in the Higgs 
potential and therefore the quadratically divergent term must be independent 
of the Higgs VEV. This is ensured by the condition 


m^{H) = 'm1{H = 0) = const., (5.2.19) 

i i 

which holds in the multi-site constructions as can be explicitly verified.As 
discussed above, the logarithmic divergence is proportional to sin^(/i//), and 
this implies the relation 

y^ mf{H) cx sin^(i7//) -I- const.. (5.2.20) 


We can therefore cancel the divergence by introducing a single counterterm 
proportional to 





1 

2 


(5.2.21) 


which depends on one free renormalization parameter, namely the scale /i. 
The renormalized potential thus takes the form 


V{H) 


IOtt^ 


'^mf{H) log 


mUH) 


(5.2.22) 


To compute the Higgs potential we then need to choose a renormalization 
condition that fixes the parameter /r. A convenient choice is to fix the position 
of the minimum of the potential to the required value oiv/f. In this way the 
potential is completely determined and can be used to extract a prediction 
for the Higgs mass. 

It is interesting to notice that, as shown in Ref. [128], the approximate 
relation in Eq. (5.2.14) between the Higgs mass and the masses of the top 
partners is valid also in the two-site model. Of course in this case one needs 
to identify the T_ and r_ states with the only level of resonances included 
in the model. 

^^If, as in the three-site case, the Higgs potential is completely finite at one loop, an 
analogous condition holds for the logarithmic term, i.e. = 0) = 

const.. 
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5.2.2 The 14 + 1 model 


The second scenario we consider is a representative of the class of minimally 
tuned models. This class of models is characterized by the fact that the 
right-handed top component is fully composite and is identified with one 
chiral resonance coming from the composite dynamics. In order to implement 
this assumption we need to slightly modify the fermionic sector of three-site 
construction as we will show in the following. 

As an explicit example we will consider the case in which the elementary 
ql doublet is embedded in the 14 representation of SO(5). The tn, instead, 
is a total singlet. Under the U(l)x group the ql and Ir helds as well as the 
composite top partners have charge 2/3.^^ 

The structure of the model 

The global symmetry structure of the model is exactly equal to the one of the 
three-site construction and the gauge sector coincides with the one described 
in Sect. 5.1.3. The fermionic sector requires instead a few changes. First of 
all we embed the elementary doublet in the 14 representation of SO(5). 
A suitable basis for this representation is given by symmetric traceless 5x5 
matrices. Under the SO(4) ~ SU(2)i x SU(2)fl subgroup they decompose 
as 14 = 9 © 4 © 1 = (3, 3) © (2, 2) © (1,1). The explicit form of the SO(4) 
multiplets is 



(3,3) : 


( 1 , 1 , 1 , 1 . - 4 ) , 


(5.2.23) 


The elementary is embedded in the (2, 2) multiplet, in particular in the 
doublet with = —1/2, analogously to what we did in the case of the repre¬ 
sentation 5 (the explicit form of the embedding Ql is given in Eq. (2.4.50)). 
The qL multiplet is associated to the leftmost site and formally transforms 
under the S’!?(5)/ symmetry. 

The composite sector now contains the tp and tp fields in the 14 represen¬ 
tation and the as an SO(5) total singlet. The ip field is associated to the 
middle site and transforms under the SO(5))j symmetry. The ip field belongs 
to the rightmost site and transforms under the SO(5)|j subgroup. The 
held, being now composite, is associated to the rightmost site as well. The 

^^The reader is referred to Ref. [165] for an implementation of the same setup in the 
framework of 5-d holographic models. 
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Figure 5.2: Pictorial representation of the matter sector of the three-site 14 + 1 
model. 


moose representation of the fermionic sector of the model is shown in Fig. 5.2. 
The Lagrangian for the composite states reads 

Ccs = Tr - m'i/'V’] 

+ Ti[i'tjj^^D^'ip — — rhqQQ — m^TT] 

+ - Tr[TOijTflTL + h.c.] 

- ATv[U^^U 2 -0] + h.c., (5.2.24) 

where we denoted by Q and T respectively the 9, 4 and 1 components 
of the ^ multiplet, while Tr denotes the embedding of the field into 
the singlet component of the 14 representation. The Lagrangian for the 
elementary states, including the element ary/composite mixing, is given by 

Cei+niix = iq^-f^D^qL - yLfPi'pli + h.c.. (5.2.25) 


Phenomenological properties 

To understand the phenomenological properties of the 14+1 model it is 
useful to start from a comparison with the 5 + 5 set-up. As we discussed 
at length, in the latter model there is a tight connection between the Higgs 
mass and the spectrum of the light top partners. In the previous sections we 
derived this result by a careful analytic approach, there is however a simpler, 
although less rigorous, way to understand this connection which can be easily 
extended to other models. 

Let us start from the simplest description of the 5 + 5 model, namely the 
non-linear cr-model SO(5)/SO(4) plus the elementary bosonic and fermionic 
sources. As shown in Sect. 3.3.1, in this set-up only one independent op¬ 
erator contributes to the Higgs potential at leading order in the elemen¬ 
tary/composite mixings. This operator is quadratically divergent at one loop, 
however it has a fixed dependence on H/f, namely sin^(7L//), thus it intro¬ 
duces a strong sensitivity to the UV dynamics only in the a coefficient in 
Eq. (5.2.7). On the contrary, the operators contributing to the sin^(iL//) 
terms, which control the Higgs quartic coupling and ultimately the Higgs 
mass, start to be generated at quartic order in the mixings and are only 
logarithmically divergent. As a consequence the /3 coefficient in the Higgs 
potential has a very mild dependence on the UV dynamics, i.e. on the details 
of the top partners spectrum. The correlation between the /3 coefficient and 
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the mass of the ligtest top partners is not generated directly, instead it comes 
indirectly from the size of the elementary/composite mixings which is fixed 
by the top mass. At fixed ytop, indeed, the yL,R mixings are related to the 
mass of the lightest top partners as shown in Eq. (5.2.16) and this determines 
the tight connection between the Higgs mass and the top partners spectrum. 
This peculiar structure explains the robustness of this connection and its 
independence from the details of the explicit models. 

The situation is totally different for the 14 + 1 model. The 14 represen¬ 
tation decomposes into three SO(4) multiplets and gives rise to two indepen¬ 
dent invariants at the leading order in the elementary/composite mixings. 
The two operators have a different dependence on H/f, thus their quadratic 
divergence at one loop implies a strong dependence of the Higgs potential on 
the details of the top partners spectrum. In particular the Higgs mass will 
not be any more determined only by the lightest top partners, but instead it 
will depend on a larger set of resonances. 

As shown in Chap. 3, the power counting estimates can be used to derive 
a relation (Eq. (3.3.55)) between the Higgs mass and the overall fermion mass 
scale m^= g^f 



(5.2.26) 


where yt is the top Yukawa. It is important to stress that in the above 
formula does not denote the mass of the lightest top parters, instead 
it must be interpreted as an “average” mass of the first level of fermionic 
resonances. Moreover, as clear from the above discussion, in the 14 + 1 
model large departures from the power-counting estimates are possible. For 
instance, this can happen if accidental cancellations are present in the Higgs 
potential. 

The relation between the Higgs mass and the fermionic mass scale is 
reasonably well verified in the explicit three-site model, although a significant 
amount of spread is present (see left panel of Fig. 5.3) [129].^® The origin 
of the spread is mainly due to the relation between the top mass and the 
elementary/composite mixing yj^. In a model with fully composite tfj one 
generically expects y^ — yti however order-one corrections can be present. 
By using an approximate analytic expression for the top mass one can find a 
lower bound on the value of j/l needed to reproduce the correct nit 



(5.2.27) 


Although the above inequality can be saturated, in a large part of the param¬ 
eter space some cancellation occurs and a value of significantly larger than 
the minimal one is required. The spread on y^ determines a corresponding 

^®The mass scale of the resonances has been identified in the scan with the quadratic 

average of the fermion mass parameters present in the composite sector Lagrangian. 
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Figure 5.3: Left panel: scatter plot of the Higgs mass as a function of for ^ = 0.1 
in the 14 + 1 three-site model. Right panel: scatter plot of the mass of the lightest 
fermionic resonance as a function of the Higgs mass. The red lines show the estimate 
of the Higgs mass with — yt (solid), yL = \j2/5yt (dot-dashed) and yL = lyt 
(dotted). The choice yL = lyt corresponds to the largest value for yL used in the 
scan. The black dots correspond to the points with yL < yt, while the gray ones 
have yL > yt- The plots are taken from Ref. [129]. 


spread in the relation between the Higgs mass and the fermion scale 5 ^. If 
this effect is taken into account^® the agreement between the general estimate 
and the numerical results becomes quite good. 

From the general estimates and the numerical results it is easy to see that 
there are only two possibilities to get a realistic Higgs mass: considering the 
region of the parameter space in which all the fermionic resonances are light 
(ffi/’ ^ 2 ): allow some extra tuning which cancels the overall size of the 

effective potential. The amount of tuning required has been estimated in 
Chap. 3. 

As a final point we discuss the connection between the Higgs mass and 
the presence of light top partners. As we discussed before, in the 14 + 1 
model a strict relation between the Higgs mass and the masses of the lightest 
fermionic resonances does not exist. Given that many resonances determine 
the Higgs potential it is possible to obtain a cancellation in the Higgs mass, 
by means of tuning, even if all the resonances are heavy. This can be seen 
explicitly in the right panel of Fig. 5.3, where a scatter plot for the mass of 
the lightest fermionic resonance is shown as a function of the Higgs mass. For 
a realistic Higgs mass the resonances can be much heavier than the typical 
masses required in the 5 + 5 model, mughtest ^ 1-5 TeV for ^ = 0.1 (see 
Fig. 5.1). The plot shows nevetheless a preference for light states, obviously 
due to the lower degree of tuning associated to a smaller value of g^. The 
numerical result shows that, at the price of tuning, resonances as heavy as 
4 TeV can be obtained with a light Higgs. 


^®For this purpose it is sufficient to replace yt with yL in Eq. (5.2.26). 
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5.3 The Weinberg sum rules 

In the previous sections we addressed in a constructive manner the problem 
of finding a calculable effective description of the composite Higgs scenar¬ 
ios. Our approach was to add to the simple non-linear cr-model some extra 
symmetries which could protect the Higgs potential thanks to a collective 
breaking mechanism. In this section we want to consider the problem from a 
different perspective, namely we want to understand what kind of informa¬ 
tion we can get about an effective description of the composite scenario by 
requiring that the Higgs potential is calculable without introducing by hand 
any additional symmetry. As we will see, the requirement of calculability 
is strong enough to imply some stringent constraints of the structure of the 
effective theory. In particular, at least in the simplest realization of the com¬ 
posite Higgs scenario, a structure analogous to a multi-site model is always 
needed to ensure the finiteness of the Higgs potential. 

5.3.1 The general effective Lagrangian 

For simplicity in our analysis we will only focus on the femionic part of 
the theory and in particular on the states belonging to the top sector. For 
definiteness, we will also assume that the elementary fermions ql and tn 
are embedded in (incomplete) multiplets in the fundamental representation 
of SO(5). With this choice the elementary fermions can only mix directly 
to composite resonances that transform as fourplets or singlets '0) under 
the unbroken SO(4) symmetry. We can now construct the most general 
effective Lagrangian by using the CCWZ formalism. The kinetic terms for 
the elementary and composite states are given by 

Ckin = 

Ns , Nq 

+ ^ ^ - muWi . (5.3.1) 

i=l i=l 

For simplicity, in writing the above formula, we chose to work in the ba¬ 
sis in which the mass matrices for the composite states are diagonal. Nq 
and Ns denote the number of fourplets and singlets included in the theory. 
The most general elementary/composite mixing terms, following the partial 
compositeness assumption, are given by 

Ns 

Crm. = Y. [VRlf {TRU)^i^l + VrJ {TRU)^i^l] + h-C. 

Nq 

+ Y[yLif{QLU),ri+ylJ{QLU),r4\ +h.c., (5.3.2) 

i=l 

where Qr and Tr denote the embedding of the elementary states into in¬ 
complete SO(5) multiplets (the explicit expressions are given in Eq. (5.1.45)) 
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and U is the Goldstone matrix. The 4 and 1 subscripts in the expressions 
(( 5 ^C/) 4 .i and {TjiU) 4 ^i denote respectively the fourplet and singlet compo¬ 
nent. 


5.3.2 The Higgs potential and the Weinberg snm rnles 

As a preliminary step for the computation of the fermion contribution to the 
Higgs potential it is useful to derive the effective Lagrangian for the elemen¬ 
tary top quark. This can be done by integrating out the composite states tp\ 
and ip\. The final result written in momentum space can be expressed as 


jC-eff = tL +tR:^URtR — (tLH-LRtR + il.C.) . (5.3.3) 

The form factors are given by 

rni = no+sin2(H//)ni 

luR = U% + sm^iH/m], , (5.3.4) 

[ Hlr = sin{H/f) cos{H/f)Ulj^ 


where 
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(5.3.5) 


The fermion contribution to the Higgs potential at one loop can be expressed 
in terms of the form factors that appear in the top effective Lagrangian: 

V{H) = -2N,J ^\og(p^UL{-p^)UR{-p^) + \ULR{-p^)f) , (5.3.6) 

where we rotated the integration variable in Euclidean space. 

Similarly to what we did in the case of the multi-site models we can 
expand the potential in a series in sin(iJ//): 

V{H) ~ asin^{H/f) + Psiii^{H/f). (5.3.7) 

The a and j3 coefficients can be easily extracted from the expression of the 
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potential and read 


47r^ 

Stt^ 


dp p 


Nc /■ , 3 

= dp p 



Hi p^HlHlJ ’ 

nk I (nD^ y o P^nin],-(n°^)^ 

no, pmiHiJ pmiHi 


(5.3.8) 

We can now analyze the behavior of the integrands at large p^ with the aim 
of determining the UV divergent contributions. From the explicit expressions 
it is easy to see that for large Euclidean momenta .R ^ ^l.R ~ P ^ 
and ~ p~^. It follows that the terms involving are all finite. 

Analogously, all terms of order higher than four in the sin(7J//) expansion 
are UV finite. The only divergent contributions come from the 11^ ^ form 
factors. In particular the a coefficient is quadratically divergent, whereas jd is 
only logarithmically divergent, in agreement with the results of our previous 
analyses. 

To ensure the calculability of the Higgs potential we can impose a set 
of sum rules on the integrands in Eq. (5.3.8) demanding that a and jd are 
finite [166, 167]. These sum rules are analogous to the Weinberg sum rules 
in QCD [168], which constrain the behavior of the spectral functions of the 
axial and vector currents by interpreting them as the result of the exchange 
of weakly coupled mesonic resonances. The cancellation of the logarithmic 
divergence in fd requires 


lim 

p^—^oo 
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y^ \ym\ = 0; 


i=l 


Nq 

\yL4 


i=l 


= 0 . 


(5.3.9) 


It is straightforward to check that, if the above conditions are satisfied, the 
quadratic divergence in a is automatically canceled. A further condition is 
needed to cancel the logarithmic divergence in a: 


lim 

P^—¥(X> 
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/ nk(-p^) ni(-p^) \ 

\Hl{-p^) Hl{-p^)J 


Ns Nq 

= 2^ml - \ylP) - {\yl^\^ 
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\y. 


L4l 


0. (5.3.10) 


The conditions in Eq. (5.3.9) have a very simple interpretation. The 
linearity of the mixing between the elementary and the composite states (see 

^^The integral in the expression for /3 has a spurious IR divergence arising from the 
expansion of the potential. It can be cured by inserting a small IR cut-off on the integration 
domain. Given that we are interested only in the UV behavior we will ignore this subtlety. 
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Eq. (5.3.2)) implies that each elementary field is only mixed with one linear 
combination of composite fourplets and one linear combination of the singlets. 
By a field redefinition in the composite sector we can thus go to a basis in 
which y’l = 0 for i > 2 and only the ^ mixings are non-vanishing both 
for the fourplet and singlet components. Of course in the new basis the mass 
matrix of the composite states is in general non-diagonal. The sum rules in 
Eq. (5.3.9) can now be rewritten as 

= Ij/kP and \yi^\^ = \yl^\^. (5.3.11) 


By a redefinition of the phases of the fields we can always choose 

ym = ym = yn and y\^ = yl^ = yL ■ (5.3.12) 

The Lagrangian with the elementary/composite mixing in the new basis reads 

Cmix = ynf (TflU)^ V’lL + ynl {TrU)^iIjIi^ + h.c. 

+ VlI + yLf {QlU)^ ^Ir + h-c. 

= yRfTRU^Pl + yLfQLU^I’]i + h.c., (5.3.13) 

where is obtained by joining the fourplet and singlet fields and to 
form a multiplet in the fundamental representation of SO(5) and analogously 
for The mixing Lagrangian in Eq. (5.3.13) exactly coincides with the 
one we considered in the two-site model (see Eq. (5.1.44)) once we identify 
tjj^ with Ip and U with the U Goldstone matrix (in the gauge in which only 
the Goldstone Higgs modes are present). This result shows that the only ex¬ 
tension of the basic non-linear cr-model in which the Higgs mass is calculable 
necessarily has a two-site structure. 

Let us now consider the additional condition in Eq. (5.3.10) which ensure 
the cancellation of the logarithmic divergences. Taking into account the result 
in Eq. (5.3.12) we get 


(M^Mi)^^ - 


11 


Vr 


yi=0, 
(5.3.14) 

where M 4 and Mi denote the mass matrices in the composite sector, namely 


Cmass = J2ij '04L(-^4)ijV'4fl + V'lL (^1 + h.c.. Similarly to what 

we did for the first Weinberg rum rules, we can simplify the condition in 
Eq. (5.3.14) by a change of basis in the composite sector. Given that the 
mass mixing terms between the 4 fields and the other resonances are linear 
in '04 1 j ’"^6 can always redefine the 4 fields with z > 2 in such a way that 
tp^ has mass mixing only with '0| 4. In this basis the sum rule in Eq. (5.3.14) 

depends only on the 'ip\ 4 masses, m}i\'tp]^^ ij &cid on the mass mixing 
terms with '01 4 , m^ii^"tp la.i’^'ra. 1 + h.c. and rn,4^4^04^4 4 ' 0 )j 4 4 -|- h.c.. In the 
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new basis the sum rule in Eq. (5.3.14) becomes 
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1 (1)|2 , 
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1 (12)|2 
\m\ 

2/i=0, 


(5.3.15) 


Of course, given the large number of free parameters there is no unique 
solution to the above equation. If we require Eq. (5.3.15) to be satisfied for 
arbitrary values of the elementary/composite mixings yL and the possible 
solutions are limited. A natural way to satisfy the sum rule is to assume 
that the relevant mass terms respect an SO(5) symmetry under which iIj^ 
and transform in the fundamental representation. This structure ensures 
the relations and and provides a 

solution for Eq. (5.3.15). Notice that the SO(5) assumption is automatically 
realized in the three-site construction. 






Chapter 6 


Collider phenomenology 


In this chapter we focus on the phenomenology of the composite resonances. 
Due to their ubiquitous presence and their tight connection with the Higgs 
and Electro-Weak (EW) dynamics, these states are one of the primary targets 
to directly test the composite Higgs scenarios in collider experiments. 

Two main classes of composite states are generically present. The first one 
includes the fermionic partners of the Standard Model (SM) matter fields, 
which are responsible for generating the SM Yukawa couplings. At the same 
time, these resonances give rise to the leading contributions to the Higgs ef¬ 
fective potential, thus triggering EW symmetry breaking. The second class 
of composite resonances includes the vector states related to the global sym¬ 
metry of the composite dynamics, which can be considered as the partners 
of the SM gauge fields. 

Eor definiteness, in our discussion we will focus on the standard anarchic 
flavor scenario presented in Chap. 4. In this set-up the most relevant collider 
signatures are due to the quark partners. As we will see in Sect. 6.1, being 
the lightest composite states, the quark partners have a particularly simple 
phenomenology which is almost completely fixed by their quantum numbers 
under the global symmetry of the composite sector. The vector resonances, 
on the other hand, are less directly involved in the tuning issue and are 
usually heavier than the fermionic partners. Their collider phenomenology 
can be significantly affected by the details of the composite dynamics and, 
in particular, by the presence of light fermionc states. We will discuss this 
topic in the second part of the chapter (Sect. 6.2). 


6.1 Fermionic resonances 

We start our discussion by analyzing the collider phenomenology of the fer¬ 
mionic resonances. In particular we focus on the properties of the top part¬ 
ners, i.e. the composite states responsible for generating the top mass. As 
we explained in Chap. 3, these states are unavoidably present in all mini- 
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mal composite Higgs scenarios and are required to be relatively light in all 
the models that aim to solve the hierarchy problem. This feature makes the 
top partners the privileged channel to probe the minimal composite Higgs 
frameworks in collider experiments. 

It is important to stress that, from the point of view of the collider phe¬ 
nomenology, the concept of top partner can be extended to any vector-like 
fermionic resonance that has sizable mixing only with the third-generation 
SM quarks, independently of any connection with Naturalness or with the 
generation of the top mass. In fact, any such state shares the same phe¬ 
nomenological properties of the “canonical” top partners and gives rise to 
analogous collider signatures. Notice that, as we explained in Chap. 4, in the 
anarchic flavor scenario all the quark partners have sizable couplings to the 
top sector, thus they can be considered as top partners. 

As can be easily understood, in a large class of scenarios the main collider 
signatures are determined by the lightest composite resonances. The heavier 
states, due to the smaller production cross section, usually play a marginal 
role and can be neglected in a first approximation. This feature allows to 
study the collider phenomenology of the top partners by only focusing on 
a small set of resonances, thus simplifying the analysis and making it more 
model-independent. It is important to mention that the top-partner dynam¬ 
ics can also be affected by the presence of composite vector resonances, which 
can contribute to their production cross section. We postpone a discussion 
of the interplay between vector and fermionic resonances to Sect. 6.2. In this 
section, instead, we focus exclusively on the fermionic states and we assume 
that the vector resonances are heavy enough so that they have a small impact 
on the collider phenomenology. 

A possible way to parametrize the dynamics of the fermionic partners is 
provided by the multi-site models discussed in Chap. 5. This approach allows 
at the same time to describe the phenomenology of the resonances and to 
relate their properties to the Higgs dynamics and to the EW observables. 
The multi-site constructions thus offer a straightforward way to take into 
account simultaneously the implications of the direct searches and of the 
indirect experimental constraints, as for instance the EW precision tests. 

In this chapter, however, we want to focus only on the collider phe¬ 
nomenology of the partners and we prefer to adopt a simpler and more 
model-independent approach, which allows to avoid spurious effects related 
to specific explicit constructions. Following Refs. [169-171], we will thus 
parametrize the dynamics of the to partners by the most generic effective 
Lagrangian compatible with the non-linearly realized Goldstone symmetry. 
We will not require any extra assumptions, as for instance the full calcula- 
bility of the EW and Higgs observables, which is one of the main ingredients 
of the multi-site models. General effective Lagrangians for the composite 
resonances can be constructed by using the GGWZ formalism presented in 
Chap. 2. To simplify the analysis we will include in the effective models 
only a minimal set of resonances, which should be interpreted as the lightest 
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fermionic partners. As a last ingredient, we will use the power-counting dis¬ 
cussed in Chap. 3 to define a leading Lagrangian and estimate the relevance 
of additional higher-order operators. 

6.1.1 The effective parametrizations 

As a first step we present the effective Lagrangians of the simplified models 
for the top partners. As we did in the rest of these Notes, we restrict our 
attention to the class of minimal composite Higgs realizations based on the 
symmetry pattern SO(5)/SO(4). 

In the following we consider three simplified models that are represen¬ 
tative of a large fraction of the explicit theories explored so far in the lit¬ 
erature. The first one is based on the standard partial compositeness set¬ 
up (see Chap. 2), in which all the SM fermions have an elementary coun¬ 
terpart. In particular we focus on the scenario in which the elementary 
fermions are mixed with composite operators in the fundamental SO(5) rep¬ 
resentation. This choice reproduces the phenomenology of a large class of 
“minimal composite Higgs models” (in particular the holographic MCHM 5 
constructions [73] ) and is closely related to the 5-1-5 phenomenological model 
presented in Sect. 5.2.1. The other two simplified models are based on a 
slight modihcation of the classical partial compositeness set-up in which the 
tfi field is fully composite and is identified with a chiral state coming from 
the strong dynamics. Two models of this kind will be considered, in which 
the ql elementary doublet mixes with operators in the fundamental SO(5) 
representation and in the 14 respectively. The first choice is motivated by 
minimality, whereas the second is related to Naturalness considerations. In 
fact, as we explained in Chap. 3, the models with a fully composite and 
resonances in the 14 representation minimize the amount of tuning needed 
to get a realistic Higgs mass. The simplified model based on the 14 represen¬ 
tation, moreover, describes the collider phenomenology of the explicit 14-1-1 
construction presented in Sect. 5.2.2. 


The 5-1-5 model 

The first model we consider is the one based on the usual partial compos¬ 
iteness assumption, in which the SM multiplets, ql and tn, are realized as 
elementary fields. As we already anticipated, we assume that the composite 
operators that mix with the elementary fields transform in the fundamental 
representation of SO(5), the 5. Due to the connection with the phenomeno¬ 
logical model of Sect. 5.2.1 we will denote this simplified scenario as the 5-1-5 
model. 

Under the unbroken SO(4) symmetry, the representation 5 decomposes as 
5 = 4 © 1. Thus, in this model, the top partners transform as fourplets and 
singlets under SO(4). In our simplified description we will include only one 
layer of composite resonances, namely one SO(4) fourplet and one singlet. 
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The leading effective Lagrangian can be written as a sum of three terms 
containing the dynamics of the composite states, of the elementary ones and 
the mixing terms: 


C = C, 


+ Ce 


( 6 . 1 . 1 ) 


The Lagrangian for the composite fermions contains the usual kinetic and 
mass terms and an interaction term between the fourplet and the singlet 
that involves the d-symbol operator: 


Ccomp = + i-ipilpipi - 

- CL + i CR + h.c.) , (6.1.2) 

where denote the composite fourplet and singlet. The covariant deriva¬ 
tives for the composite fermions are given by 


= 









■01 , 


04, 


(6.1.3) 

(6.1.4) 


where denotes the gluon held and gs is the SU(3)c coupling. In the 
above formulae df_i and denote the CCWZ symbols dehned in Eq. (2.3.28) 
(their explicitly expressions are given in Appendix 2.B). In terms of helds 
with dehnite SO(4) ~ SU(2)l x SU(2)l; quantum numbers, the fourplet 04 
decomposes as 


04 


1 

71 


—iB + i A 5/3 
-B - A 5/3 

-iT -iX2/3 

T-X 2 IZ 


(6.1.5) 


The four components of the multiplet correspond to two SU(2 )l doublets, 
{T,B) and (A 5 / 3 ,A 2 / 3 ), with hypercharges 1/6 and 7/6 respectively. The 
hrst doublet has the same quantum numbers as the elementary qr doublet, 
while the second one contains an exotic state, the A 5 / 3 , with charge 5/3 and 
a top-like state, the X 2 / 3 , with charge 2/3. The singlet 0i has the same 
quantum numbers of the Ir SM field. To make contact with the notation of 
Sect. 5.2.1, we also denote this resonance by T. 

The Lagrangian for the elementary fermions is given by the usual kinetic 
terms 

C-elem = * qR^qL + * tRiptR (6.1.6) 


where the covariant derivatives coincide with the SM ones 


Df,qL 


DptR 


- iglT/y - i^g'B^ - igsG,,"^ gR , 
i^g'B^ - igsCA Ir . 


(6.1.7) 

( 6 . 1 . 8 ) 
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The mixing between the elementary and composite states is described by 

Cmix = yL4f{qlU)^ipl + yLif{qlU)^'ilJi + h.c. 

+ yR4f{iRU)^i^l + yB.if{i%U)^'ipi +h.c., (6.1.9) 

where the index i takes the values i = 1,...,4. The embedding, g® and 
of the elementary states in incomplete fundamental representations of 
SO(5) has been already given in the previous chapters, we rewrite it here for 
completeness ^ 



-ibL 


■ 0 ■ 

-bL 


0 

-Hl 

- 

5 — 

0 

11 


0 

0 


_tR_ 


( 6 . 1 . 10 ) 


Notice that, as explained in Chap. 5, in order to accommodate the correct 
hypercharges for the SM fermions an extra U(l)x subgroup must be in¬ 
cluded. Under this symmetry the elementary helds qL and tu as well as all 
the composite multiplets have charge 2/3. 

The complete effective Lagrangian contains 8 free parameters, namely the 
4 elementary/composite mixings yn.i and the masses of the composite 
states, m 4 .i, and the coefficients of the d-symbol interactions cl,r. All these 
coefficients are in general complex. Five complex phases can be removed by 
suitable field redefinitions but the remaining ones are physical and can not 
be eliminated. For simplicity, however, we assume that the strong sector is 
invariant under CP, in this way all the parameters in the Lagrangian are real. 

Let us now discuss the natural size of the parameters. The d-symbol 
term is a purely strong sector interaction, thus its coefficient is expected 
to be of Oil). The elementary/composite mixings, on the other hand, are 
external with respect to the strong dynamics, thus their size is not fixed by 
the power counting. The partial compositeness paradigm, however, implies 
that the mixing of an elementary states to the composite fourplet and singlet 
are correlated. In the usual set-up, indeed, both terms are mainly generated 
from the mixing of the elementary fields with only one composite operator in 
a complete SO(5) representation (see Sect. 2.4), thus we expect 2 / 4,4 ^ y^i and 
yRA ~ yRi ■ The exact value of the mixings is determined by the requirement 
of reproducing the correct top mass. 

It is interesting to notice that the simplified model we presented so far 
almost coincides with the fermionic sector of the two-site model discussed in 
Chap. 5. Indeed, it is straightforward to check that the Lagrangian obtained 

^In order to avoid confusion with the notation used for the composite states, we denote 
the embedding of the elementary fields in the fundamental SO (5) representation by 
and f^, and not by Q 4 and as in the previous chapters. Later on we will adopt an 
analogous notation for the embedding in the 14. 
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by integrating out the vector resonances in the two-site 5-1-5 model is equal to 
the simplified model of this section for the following choice of the parameters: 

yL4 = VLl = VL , VRA = VRl = VR , Cl = Cr = 0 . (6.1.11) 

In the two-site model the relation between the elementary/composite mixings 
is dictated by the global symmetry structure and is essential to realize the 
collective breaking mechanism which protects the Higgs potential. In the two- 
site set-up the d-symbol term in Eq. (6.1.2) is only generated through non- 
nearest neighbor interactions, it is thus suppressed with respect to the general 
power-counting estimate (see Sect. 5.1.6). In extended multi-site models, on 
the other hand, the d-symbol operator can arise as an effective interaction 
mediated by heavy vector resonances associated to the SO(5)/SO(4) coset 
and its expected size follows the usual power-counting. 


The mass spectrum We can now analyze the spectrum of the fermionic 
resonances. The mass matrix of the charge 2/3 states after EWSB has the 
simple form 


th 

Tl 

X 2 / 3 L 
Tl . 


0 

VRAf 

VRAf 

VRlfCe 


VLAf , VLaJ , VLlf 

-^0 + Ce) -^(l-Ce) 


— 7714 

0 

0 


0 

-7714 

0 


0 


0 

-mi 


tR 

Tr 

^1l?,R 

Tr 


( 6 . 1 . 12 ) 

where we defined e = {h)lf, while Sg and denote the sine and cosine of e. 
For completeness we also report here the relation between e and the EWSB 
scale v: 




= sm e. 


(6.1.13) 


For small values of ^ the approximate relation ^ ~ is valid with good 
accuracy. 

An interesting feature of the mass matrix in Eq. (6.1.12) is the fact that 
the dependence on the Higgs VEV appears only in the terms that mix the 
elementary and the composite states. This shows that all the effects due 
to EWSB are necessarily weighted by the elementary/composite mixings. As 
explained at length in Chap. 2, this feature is a consequence of the Goldstone 
nature of the Higgs and, as we will see, implies a very peculiar structure for 
the spectrum of the resonances. 

The mass matrix for the charge 2/3 states can not be exactly diagonalized 
in closed analytic form. However one can find some approximate formulae 
for the masses of the resonances by using an expansion in The expression 
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for the top mass is 



(6.1.14) 


while the masses of the heavy resonances are 



(6.1.15) 


(6.1.16) 


(6.1.17) 


where, inside the square brackets, we only kept the leading order terms in 
an expansion in the elementary/composite mixings and in In the above 
formulae we denoted each mass eigenstate by the same names of the states 
with definite SO(4) quantum numbers. Of course this identification is valid 
only as long as the elementary/composite mixings are smaller than the mass 
parameters in the composite sector and the fourplet states are not close in 
mass to the singlet. If these conditions are satisfied, in the limit of small 
each mass eigenstate is approximately aligned with one field in the original 
basis, otherwise the above expressions for the masses of the resonances are 
still approximately valid but the mass eigenstates have sizable components 
along states with different SO(4) quantum numbers. 

Let us now consider the states with charge —1/3. For simplicity, in the 
effective model we do not include a right-handed bottom component because 
its mixing with the composite dynamics is typically small and it does not 
significantly modify the collider phenomenology. Therefore the state re¬ 
mains in the spectrum as a massless field. In addition to the 6 ^, the model 
also contains a heavy B whose mass is given by 



(6.1.18) 


This formula is exact and does not receive corrections after EWSB. In fact 
the mass matrix of the charge —1/3 states in the 5-1-5 model does not depend 
on the Higgs VEV. 

The heavy B forms a nearly-degenerate SU(2 )l doublet with the T res¬ 
onance. By comparing Eqs. (6.1.16) and (6.1.18) one finds that the mass 
difference between the two states is of order Am? ~ where y denotes 
the typical size of the yL 4 and ym mixings. Notice that the lightest state 
inside the doublet can be either the T or the B depending on the values of 
the elementary/composite mixings. 

The exotic state X 5/3 is the only field with electric charge 5/3 in the 
model, thus it can not mix with any other state. Its mass is simply given by 
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Figure 6.1: Typical mass spectrum of the fourplet states. The left panel corresponds 
the the scenario with an elementary Ir (the 5 + 5 model), while the right panel to 
the set-ups with a fully composite tu (the 5 + 1 and 14 + 1 models). 


the fourplet mass parameter mx^/^ = W 4 . This state forms an approximate 
SU(2 )l doublet together with the X 2/3 resonance. The spitting between the 
two states is of order Am? ^ and the lightest state in the doublet is 

nearly always the X 5/3 resonance.^ 

By comparing the masses of the two approximate SU(2) ^ doublets we find 
that the splitting inside each doublet is typically much smaller than the mass 
difference between the two multiplets. As we saw before, the splitting inside 
the doublets is generated only after EWSB and is thus proportional to the 
Higgs VEV. On the other hand, the mass difference between the two doublets 
is induced by the mixing with the elementary q^. This effect is present even 
before EWSB and induces a split of order Am? ~ which is enhanced 

by a factor 1/^ 1 with respect to the mass split inside the doublets. The 

structure of the mass spectrum of the resonances coming from the fourplet 
is schematically shown in the left panel of Eig. 6.1. 

Notice that the peculiar structure of the spectrum is a consequence of the 
Goldstone nature of the Higgs. In a model in which the Higgs is a generic 
composite resonance but not a Goldstone there is no particular structure in 
the mass spectrum and the splitting among all the states in the fourplet is 
typically of the same order. 


The 5 + 1 model 

In the second simplified model we consider, the right-handed top component 
tfj is identified with a fully composite chiral state coming from the strong 
dynamics. As in the previous model, the elementary doublet ql is assumed 

^The A2/3 can be the lightest resonance inside the fourplet due to level-repulsion effects 
if the singlet and fourplet are close in mass. In this case, however, the lightest charge 2/3 
state is not purely the X2/3, but contains a large admixture of the T. 
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to mix with composite operators in the fundamental representation of SO(5). 
In analogy with the previous model, we denote the present set-up by 5 -I- 1, 
where the two numbers correspond to the SO(5) representations in which the 
SM fields are embedded. 

The Lagrangian for the composite states, which now include also the t/j 
identified with a total SO(5) singlet, is given by 

^comp — ii/’40V’4 + ii'ilpi’i FitRlptR - - ruiV'iV'i 

- + i + h.c.) 

- (^icttjjlR"f^dl,tR + h.c.'^ . (6.1.19) 

In the above equation we did not include a possible mass mixing involving 
the Ir and the tj^i helds. This term is allowed by the symmetry of the model, 
however it can always be set to zero by a suitable field redefinition. Notice 
that the presence of the Ir field in the composite sector allows to write an 
additional d-symbol interaction involving the fourplet '04- 

The Lagrangian for the elementary doublet contains only the usual 
kinetic term: Ceiem = iqL^IlL- The mixing terms between the elementary 
and composite states are given by 

Cmix = yLtf{qlU) 5 tR + ynf{qlU)i'ijj\ + yLif{q\U)zipi + h.c.. (6.1.20) 

An important difference with respect to the case with an elementary Ir is 
the fact that now the top field has a direct Yukawa term which comes from 
the yLt mixing. 

In the 5-1-1 model there are 8 free parameters, which can be forced 
to be real by imposing CP invariance. For simplicity we will adopt this 
assumption in the following. The cl,r and c* couplings correspond to purely 
strong sector interactions and their coefficients are naturally of 0(1) as can 
be inferred from the power counting in Eq. (3.1.18). Moreover, we expect the 
elementary/composite mixings to be of the same order, y^t ~ yL 4 yLi- 


The mass spectrum. Let us now discuss the features of the spectrum. As 
a first step we consider the charge 2/3 helds, whose mass matrix is given by 


11 

T 

_Tl 


X 2 / 3 L 


. Tl . 



yuf yL4f 
V 2 2 
0 
0 
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(1 + Ce) 

-7714 
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yL4f 


(i-c.) 
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— 1714 
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VLlf 

0 

0 

— ?77i 


Ir 

Tr 

X 2 / 3 R 

Tr 


( 6 . 1 . 21 ) 

It is interesting to notice that one combination of the T and X 2/3 helds does 
not mix with the other states, namely 

^2/3 = ^2/3 - (1 - c.) T] . 


( 6 . 1 . 22 ) 
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Therefore the mass of the state is just given by the composite mass 
7714 and is exactly degenerate with the exotic X5/3 resonance. On the other 
hand, the orthogonal combination of T and ^2/3; 

r = ^ [(1 + c,) T + (1 - c,) X2/3] , (6.1.23) 

V2a/ 1 + cj 


is mixed with the elementary fields and its mass acquires a shift controlled 
by the 2/^4 parameter, plus an additional corrections due to EWSB:^ 


rriT — 




\ _ VlaP ^ 

4m| 


(6.1.24) 


This state is close in mass to the charge —1/3 resonance coming from the 
fourplet, the B, whose mass is ms = p+ ypf^- Apart from some corner 
of the parameter space, the T resonance is lighter than the B. 

The spectrum of the fourplet resonances is schematically shown in the 
right panel of Fig. 6.1. As one can see, the structure of the spectrum is quite 
similar to the one we found in the 5 + 5 model. The only difference is the fact 
that in the 5 + 1 case the X 2/3 and the A5/3 states are exactly degenerate. 

The remaining charge-2/3 heavy state, the T, which comes from the sin¬ 
glet, has a mass given by 


rrif ~ TOi 



vhP , I 
Ami ^ 


(6.1.25) 


As we discussed before, in the models with a fully composite a direct 
mixing term between the elementary and the Ir is present in the effec¬ 
tive Lagrangian. The top mass is therefore mostly determined by the yLt 
parameter and, at leading order in the v/ f expansion, is given by 


m 


2 _ 

top 


1 ml 
2 ml + ylJ^ 


ylJP + oipp). 


(6.1.26) 


The 14 + 1 model 

As in the 5 + 1 model, in the third scenario we consider, the 14 + 1 model, 
the right-handed top component is a fully composite chiral state. Differ¬ 
ently from the previous case, however, the elementary doublet qr is mixed 
with some composite operators in the symmetric (the 14) representation of 
SO(5). Under the unbroken SO(4) subgroup the symmetric representation 
decomposes as 14 ~ 9 0 4 0 1. This implies that, in addition to fourplets 
and singlets, the elementary states can also mix with fermionic resonances 
that transform as nineplets under SO(4). 

®For simplicity in the following we will drop the prime in front of the T' and ^2/3 
resonances and we will denote them simply by T and X2/3. 
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The Lagrangian for the composite states is analogous to the one we built 
for the 5 + 1 model. In particular the operators involving only the fourplet, 
^/>4, and the singlet, ipi, are exactly the same as in the previous scenario and 
are given in Eq. (6.1.19). 

The nineplet, tpg, can be described by a 4 x 4 symmetric matrix. This 
multiplet contains three SU(2)2, triplets with different SU(2)4j charges: 


{Ug/s ) 

U 5/3 

j ^^2/3} 

with 


— +1 ) 


{^5/3 , 

^2/3 j 

^-1/3} 

with 


= 0, 

(6.1.27) 

{■^2/3 ) Z 

-1/3 j 

^-4/3} 

with 


= -l, 



where the subscripts denote the electric charge. For shortness we do not give 
here the embedding of the various components in the 4x4 matrix notation. 
It can be found in Ref. [172]. 

The dynamics of the nineplet, ipg, is described by additional kinetic and 
mass terms in the composite sector Lagrangian: 

= * Tr [ipglp'ijjg] - mgTr [i/'gV'g] , (6.1.28) 

where the covariant derivative of the '09 held is defined as 

Df_,ipg = - igsGf^'^ ipg - ie^tpg + iipge^ . (6.1.29) 

The presence of a nineplet allows some additional interaction terms contain¬ 
ing the d-symbol: 

Ccomp = - (* CLg09i7'"c^]i^4L + * Cflg09fl7'"d],04fl. + h.C.^ 

- + h.c^ . (6.1.30) 

Notice that in the last line of Eq. (6.1.30) we included a higher-dimensional 
interaction involving two powers of d^. The coefficient of this operator, fol¬ 
lowing our power counting, is expected to be suppressed by the cut-off of the 
effective theory, which we identify with the mass scale of the heavy vector res¬ 
onances, TO*. Although the interactions coming from the higher-dimensional 
operator are suppressed with respect to the other ones, they can be impor¬ 
tant for the collider phenomenology of the Ug/a resonance, as we will discuss 
in Sect. 6.1.3. 

The mixing of the elementary doublet with the composite states is 
described by the following Lagrangian 

+ 2/L4/(C/*9i^C/),50^ + ^/(t/*gl%)550i + h.c., (6.1.31) 
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where now denotes the embedding of the qL doublet into the 14 repre¬ 
sentation (compare Eq. (2.4.50)): 




1 

71 


0 0 0 0 —ibi, 

0 0 0 0 

0000 -Hl 
0 0 0 0 tL 

-ibL -bh -ith tL 0 


(6.1.32) 


The normalization of the mixing terms in Eq. (6.1.31) has been chosen in such 
a way that the Lagrangian for the fourplet and singlet states matches the one 
of the 5-1-1 model in Eq. (6.1.20) at leading order in the v/ f expansion. 


The mass spectrum. As one can see from the mixing terms in Eq. (6.1.31), 
analogously to the 5-1-1 set-up, a direct Yukawa term for the top quark is 
present and the top mass is mostly determined by the yLt parameter. At 
leading order in ^ it can be approximated by 

^ + ^ • (6.1.33) 


The spectrum of the fourplet and singlet resonances is quite similar to 
the one we found in the 5-1-1 model. In addition to these states now several 
other resonances coming from 'ipg are present. We do not report here the 
complete mass matrix and we only give some approximate expressions for 
the resonance masses. 

It is clear from Eq. (6.1.31) that the structure of the mass matrix for 
the charge-2/3 states is analogous to the one in Eq. (6.1.21). In particular 
the mass matrix is diagonal apart from the mixings of the composite states 
with the II components. This implies that the field is only mixed with one 
combination of the T and resonances in and with one combination of 
the 1 / 2 / 3 , ^ 2/3 -^ 2/3 states coming from The masses of the orthogonal 

combinations, therefore, are not affected by the mixing and by EWSB and are 
simply given by the composite mass parameters, 1114 for the fourplet states 
and mg for the states in the 9. As in the 5-1-1 model, the fourplet state 
which is mixed with the II almost coincides with the T, we will thus denote 
it with the same name, whereas we will denote the orthogonal combination 
as the ^ 2/3 state. The mass of the T resonances is approximately given by 


rriT ^ \Jml + yU^ 



Mi/!. , 

4m4 


(6.1.34) 


while the mass of the Y 2/3 state is mx^/^ = W 4 . 

Regarding the ^g states, the resonance with the largest mixing with the 
tL held is the .^ 2 / 3 - Us mixing is approximately twice as large as the one 
of the ^ 2 / 3 ) while the mixing of the 1 / 2/3 arises at next order in ^ and is 
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thus negligible. The mass of the Z 2/3 state can be well approximated by the 
formula ^ 


TOZ2/3 - "I9 


1 + 


^vlJ 


8 mi 


<+' 


(6.1.35) 


The masses of the other states are instead simply = ^9 

do not receive corrections after EWSB. The last charge 2/3 state, the T 
resonance contained in the singlet V'l; has a mass 


rrif ~ TOi 



yhP 

4mf 



(6.1.36) 


Differently from the model based on the fundamental representation of 
SO(5), in the 14 + 1 scenario the resonances with charge —1/3 have some 
couplings with the Higgs and receive a mass shift after EWSB. The mass of 
the B state contained in the fourplet is given by 


tub ^ 


\lml + ylJ^ 


1 - 


vLP 


2iml + yl,P) 




(6.1.37) 


Inside the 9 two additional states with charge —1/3 are present, namely the 
y_i /3 and the ^- 1 / 3 . Similarly to the charge 2/3 states, only one combi¬ 
nation, namely = (E_i /3 — Z_i/ 3 )/-\/ 2 , is coupled to the Higgs and 

receives a mass shift after EWSB: 


rUn- ~ TOg 
-1/3 




(6.1.38) 


The mass of the other field + Z_ii^)lp2, instead, is just 

given by m„+ = mg. 

-1/3 

The charge 5/3 resonances, namely the X 5 / 3 , the 1 / 5/3 ^^id the Y 5/3 are 
not coupled to the Higgs and their masses are equal to the composite mass 
parameters, mx^/^ = m ,4 and mu^/^ = ^^ 5/3 = wg. Finally the exotic 
resonances and being the only states with these electric charges 

can not be mixed with any other field and have masses = wg. 

To conclude the discussion of the resonances masses in the 14 + 1 model 
we briefly summarize the structure of the spectrum of each SO (4) multiplet. 
The spectrum of the fourplet states is completely analogous to the one we 
found in the 5 + 1 model and is schematically shown in Fig. 6.1. In the 
spectrum of the resonances coming from the 9 representation all the states 
are degenerate with mass mg apart from one charge 2/3 state, the ^ 2/3 j and 
one charge —1/3 state, the The latter states are heavier than the 

other ones and the mass split is of order Nw? ^ ■ 

^For shortness we denote by Z2/3 the combination of states that mixes with the top 
and by V2/3 ^2/3 the orthogonal ones. 
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Figure 6.2: Leading diagrams contributing to the pair production of composite top 
partners. 


6.1.2 General properties 

After the description of the effective Lagrangians and of the spectrum of the 
composite resonances, we can now focus on the general properties that deter¬ 
mine their collider phenomenology. In particular we will analyze the structure 
of the couplings involving the composite partners and the SM states and we 
will estimate their sizes. These couplings control the relative importance of 
the various production channels as well as the decay branching ratios of the 
composite states. 

Production mechanisms 

As a first aspect we discuss the main production mechanisms of the top 
partners. Being color triplets, they can be produced in pairs via QCD in¬ 
teractions through the splitting of a virtual gluon (see diagrams in Fig. 6.2). 
An important feature of this production channel is the fact that its cross 
section is universal, that is, it depends exclusively on the partner mass 
(^pair — o’pairi'm^). QCD pair production is thus always present for all top 
partners and has a substantial cross section due to the sizable QCD coupling. 

Additional contributions to pair production are mediated by the EW 
gauge interactions. All these contributions are typically suppressed with re¬ 
spect to the QCD ones due to the smallness of the EW gauge couplings. Two 
classes of EW contributions are present. The first class is due to diagrams 
with an s-channel exchange of an EW gauge boson. The second class, instead, 
is generated by t-channel diagrams containing “flavor-changing” gauge inter¬ 
actions that mix a SM quark and a fermionic resonance. The first class 
of contributions is nearly universal and is determined by the EW quantum 
numbers of the composite resonances (up to small effects of higher order in 
v/f). The second set of contributions, instead, is sensitive to the details of 
the strong sector dynamics and crucially depends on the parameters of the 
model that determine the size of the flavor-changing couplings. 

Apart from pair production, the top partners can also be singly produced 
in association with either a top or a bottom quark. The structure of the 
diagrams that lead to the dominant contributions is shown in Fig. 6.3. These 
processes are induced by a virtual EW boson V = {W^, Z} emitted from a 
light quark, which then interacts with a top or a bottom quark produced by 
a gluon splitting. A distinctive feature of the single production processes is 
the presence of a forward jet. Differently from QCD pair production, single 
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Figure 6.3: Dominant diagrams contributing to the single production of a composite 
top partner in association with a top or bottom quark. 




M [GeV] M [GeV] 


Figure 6.4: Cross sections for the production of top partners at an hadronic collider 
with energy = 8 TeV (left panel) and -^s =13 TeV (right panel). The black 
dashed lines correspond to pair production, while the solid lines correspond to W- 
mediated single production in association with a b (red line) or a t (blue line). The 
single production couplings (in the unitary gauge) have been fixed to Csingie = 0.2, 
which is a typical value for ^ = 0.1. 


production is not universal and is determined by the value of the flavor¬ 
changing EW couplings. 

Due to the lower threshold, single production processes are favored over 
pair production for higher top partner masses. The production cross section 
for typical values of the single production couplings are shown in Fig. 6.4.® 
As one can see from the plots, single production in association with a top 
quark becomes comparable to pair production for m.^ ^ 1 TeV. On the other 
hand, the process in association with a bottom quark can have a larger cross 
section than pair production even at low resonance masses. 

Couplings 

As we saw in the above discussion, the phenomenology of the light top part¬ 
ners is relatively simple and is regulated by a few basic ingredients. The 
production channels depend only on the QCD interactions and on the EW 
flavor-changing gauge couplings. The latter couplings are also responsible for 
the top-partners decays. 

®The cross sections for pair and single production of top partners at the 8 TeV and 13 
TeV LHC can be found in Ref. [ 173 ]. 
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Since we are typically interested in configurations in which the resonances 
are much heavier than the EW bosons and the SM quarks, we can analyze 
the top-partner dynamics by using the Goldstone boson equivalence theo¬ 
rem [174, 175]. This theorem states that, at high energy, E ^ mw, the 
longitudinal components of the gauge bosons are described by the Goldstone 
helds. The transverse polarizations, on the other hand, are well described 
by the vector fields in the absence of EWSB. For the processes we are inter¬ 
ested in, the transverse components typically give a negligible contribution 
and the main effects come from the longitudinal modes. This can be easily 
understood for the two-body decay processes into SM fermions, in which the 
large mass difference between the composite resonance and the SM states im¬ 
plies that the decay products are very energetic. A similar conclusion holds 
also for the single production processes. In this case, however, the proof is 
not straightforward and the effective W approximation [176, 177] must be 
advocated to justify the result [169]. 

In order to derive the couplings to the Goldstone bosons it is convenient 
to work in an R^ gauge, in which the degrees of freedom associated to the un¬ 
physical Higgs components are retained. The Higgs field can be parametrized 
as 


H = 


1 


(j)+ 

[v + p + i(jP) ’ 


(6.1.39) 


where p denotes the physical Higgs boson and are the unphysical Gold¬ 
stone modes. 

The trilinear couplings of the Goldstones arise from three kind of terms: 
the mixings between the elementary and the composite fermions, the e- 
symbol term contained in the covariant derivative in the 4 and the 9 repre¬ 
sentations and the d-symbol terms. The last two types of operators generate 
trilinear interactions involving a SM fermion only after the rotation to the 
mass eigenstate basis. An important feature of the and operators is 
the fact that they give rise to interactions that contain the derivative of the 
Goldstones and whose strength crucially depends on the energy of the pro¬ 
cess. To simplify the analysis it is convenient to integrate by parts these 
interaction terms and use a field redefinition to get rid of the derivatives. If 
we neglect the top and bottom masses, the effect of the redefinition is just 
to replace the derivative acting on a heavy resonance with the mass of the 
resonance itself: 


mpip , ■ (6.1.40) 

The quantum numbers of the resonances determine at which order in the 
v/f expansion each trilinear coupling is generated. It is easy to check that 
only the couplings involving fermions in different SO(4) representations can 
be generated at leading order. On the contrary, couplings between fields in 
the same representation are necessarily suppressed by powers oi v/f and are 
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Table 6.1: Couplings of the composite resonances with the third generation SM 
quarks mediated by the gauge fields or the Higgs. The couplings that are present at 
leading order are denoted by a / mark, while the ones generated only at subleading 
order in v/f are denoted by e. 


typically subleading. The order at which the various couplings between the 
heavy resonances and the SM fields are generated is summarized in Table 6.1. 

A few peculiar things regarding the couplings of the charge —1/3 partners 
are worth mentioning. It is straightforward to check that the composite sector 
is automatically invariant under the Plr discrete symmetry, which arises 
as an accidental invariance of the leading effective Lagrangian [52].® This 
symmetry is also preserved by the mixing of the elementary and tji fields, 
whereas it is broken by the mixing of the t^. An important implication 
of the Plr invariance is the fact that the Z coupling to a Plr eigenstate 
is canonical and is not modified even after EWSB. Moreover the Z boson 
can not mediate flavor-changing currents between two eigenstates with the 
same Plr parity. Corrections to the Z couplings can only arise through the 
couplings that break the Plr symmetry. As far as we are only interested 
in tree-level effects, however, the breaking induced by the 11 mixing can not 
affect the charge —1/3 fermionic sector, which is thus completely invariant 
under Plr."^ From the embedding of the elementary and composite fields 
into SO(4) multiplets, one can check that all the charge —1/3 states are odd 
under Plr, with the exception of the field coming from the 9 , which 

instead is even. As a consequence, the only resonance that can be mixed to 

®See Appendices 3 .A and 7 .A for a detailed discussion of the Plr symmetry and its 
implications. 

^Other corrections can arise from finite-mass effects due to the Z boson. These effects 
however are suppressed by m^/m^ and are negligible. 
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tR elementary 

tR composite 

tR 

-URi C4>jf + \/2cR f 

V2ctmx^^Jf 

{p + i4>°)X2/ZL tR 

Cfl S0H "iW/3 / / 

ct mxyjf 

{p-i4P)TL tR 

- Cr Wt// 

^ - Ct mr/f 

4‘~Bl tR 

+ V2cr ms// 

-yu 34,^ + V2ctmB/f 

{p P i(lP)fRtL 

+ CL ruf/f 

— + Cr cn^j f 

(t>-^TRbL 

yLlCc/yj^Ccj,^ -|- y RAS (f>s(f) 

-V2cl ruf/f 

Vli ^<pL c-Ij vrUj^f f 


Table 6.2: Leading-order trilinear couplings of the Goldstone bosons involving one 
heavy resonance and one third-generation SM fermion. On the second column “Ir 
elementary” we report the results for the 5-1-5 model. On the third column “Ir 
composite” we list the results for the 5-1-1 and 14-1-1 models that give rise to the 
same coupling at leading order in the v/f expansion. We denoted by ^ and 
^ the sine and cosine of the mixing angles 4‘l,r- 


the through the Z is the state, whereas the B and B^^^^ do not 

have such couplings. 

Another peculiar result on the couplings is obtained in the 5-1-1 model. 
In this set-up for accidental reasons the mass eigenstate A2/3 is exactly or¬ 
thogonal to the state that is coupled to the 6^ through the W boson. This 
means that the only state that is coupled to the is the T and not the 
A2/3. Notice that this accidental alignment is not present in other models, 
for instance in the 14-1-1 set-up the coupling ITA2/3&L exists, although, as 
expected, it is suppressed hy a v/f factor. 

Finally, the trilinear coupling of the b^ and B fields involving the physical 
Higgs is present only in the 14-1-1 model and arises at order v/f. In the 5-1-5 
and 5-1-1 models, instead, the charge —1/3 fields are not coupled at all with 
the physical Higgs. 

Differently from the b^ couplings, the interactions involving the top field 
follow a much more regular pattern. At leading order in v/f, the fourplet 
states are coupled only to the Ir field which is realized as an SO (4) singlet 
in all the scenarios we considered. On the contrary the leading interactions 
of the T resonance and of the 9 involve the left-handed top component. It 
is worth mentioning that, in the limit in which the fourplet is completely 
decoupled, the Z boson coupling of the T resonance with the tn exactly 
vanishes at all orders in v/ f. 
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The explicit expressions for the leading order couplings of the fourplet 
and singlet states are reported in Table 6.2.® To simplify the results we 
introduced the two angles (pL and (pR defined by 

taiKpL = ^ taii(pR = ^ (6.1.41) 

7714 mi 

which parametrize the amount of compositeness of the ql and Ir SM fields 
or, in other words, correspond to the rotation angles that connect the gauge 
eigenstate basis with the mass eigenstate one before EWSB. 

The leading order couplings in the case of the 5 + 1 and 14 + 1 models are 
exactly the same. Moreover they coincide with the ones derived in the 5 + 5 
model in the limit of large Ir compositeness, sin (pR = 1 , as can be seen by a 
trivial identification of the d-symbol term coefficients. It is important to stress 
that, although the interactions of the resonances in the fully composite Ir 
models can be obtained as a limiting case of the scenarios with an elementary 
tfl, the two set-ups do not fully coincide in this limit. Indeed in the 5 + 5 
model the mixing of the elementary Ir breaks the global SO (5) invariance 
(for instance it generates a contribution to the Higgs potential), whereas in 
the 5 + 1 and 14 + 1 models the tR field and its interactions are completely 
invariant under SO(5). 

Another interesting result is the fact that the interactions of the A 5/3 and 
T resonances coincide with the ones for the A 2/3 and B states apart from 
an overall y/2 factor. This is a consequence of the SU(2) r invariance that is 
respected by the leading-order couplings. 

As can be seen from the explicit results in Table 6.2, the strength of the 
d-symbol interactions is controlled by the mass of the heavy resonance and 
thus can significantly enhance the trilinear couplings. This is especially true 
in the scenarios with a fully composite tfl, where the terms proportional to 
Ct control the interactions between the fourplet and the Ir. However, also 
in the other cases, the contributions from the strong sector interactions can 
be sizable. For instance, in the 5 + 5 model, although the d-symbol term 
does not directly generate a coupling involving the elementary fermions, it 
can significantly modify the trilinear interactions in Table 6.2 through the 
elementary/composite mixings. Of course this contribution is only present 
if both the fourplet and the singlet resonances are present in the effective 
Lagrangian. The decoupling of this effect is governed by the mixing angles 
sin (pR^R, thus even a relatively heavy multiplet can affect the couplings of 
the lighter resonances provided that its mixing angle is not too small. 

It is also important to stress that, from the point of view of our effective 
approach, the d-symbol interactions are controlled by free parameters, c* 
and cr^r, and the values of the trilinear couplings relevant for the single¬ 
production and the decays are, to a large extent, arbitrary. This has to 

®For shortness we do not report the explicit couplings of the resonances in the 9 mul¬ 
tiplet. The explicit expressions for the leading couplings of these states can be found in 
Ref. [172]. 
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be contrasted with what happens in renormalizable theories with additional 
vector-like quarks. In that case the trilinear interactions involving a SM field 
and a resonance arise only from the usual gauge interactions after rotating the 
fields from the gauge-eigenstate basis to the mass-eigenstate one. This means 
that the value of these couplings is tightly related to the mixings between the 
elementary and the composite states and their maximal size is determined 
by the SM gauge couplings and by the EW charges of the resonances. In 
composite Higgs models, on the contrary, this constraint is not there and 
these couplings can be significantly larger. 

To conclude the discussion it is useful to comment on the connections be¬ 
tween the Goldstone couplings and the gauge couplings in the unitary gauge 
which is commonly used in the explicit computations and for parametrizing 
the production cross sections (see Refs. [169, 173]). The gauge bosons cou¬ 
plings in the unitary gauge at the leading order inv/f can be easily derived 
from the leading Goldstone couplings listed in Table 6.2. The connection is 
given by the relation 


^.Gold 



gwxtL,R = 




where g is the SU(2 )l gauge coupling and is the cosine of the weak mixing 
angle. Analogous relations are valid for the leading 6^ couplings. 

In general the size of the single production couplings can vary considerably 
in different models depending on the resonance species and on the detailed 
implementation of partial compositeness. It is however possible to derive a 
simple generic estimate which can be used to get a rough idea of the expected 
coupling size. The single production interactions in the unitary gauge are 
always proportional to the EW symmetry breaking scale v. This can be easily 
understood by noticing that the gauge interactions are flavor diagonal if the 
EW symmetry is unbroken. In the composite Higgs scenarios any v insertion 
is accompanied by a factor I//, therefore the couplings are proportional to 
the universal factor 



(6.1.43) 


where the EW coupling factor g is due to the fact that the single production 
couplings are EW gauge interactions. Given that, in reasonably Natural 
and viable scenarios, ^ ~ 0.1, the above estimate suggests a typical value 
Csingie ~ 0.2, even though considerable numerical enhancements are possible 
in explicit models. 

6.1.3 Collider phenomenology 

In this subsection we briefly discuss the collider phenomenology of the top 
partners. For simplicity we focus on simplified scenarios in which all the rele¬ 
vant light fermionic resonances belong to a single SO(4) multiplet. Although 
more generic situations are possible, this assumption is not a very restrictive 
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one. From he point of view of collider phenomenology, a mass difference of 
a few hundred GeV is typically enough to suppress the role of the heavier 
states due to a reduced production cross section. In this case considering only 
the lightest multiplet is typically a very good approximation. Exceptions to 
this rule are possible in non-generic cases in which the heavier states have 
exceptionally large couplings to the SM fields or lead to final states which are 
particularly easy to identify. In these situations considering only the lightest 
multiplet can lead to an underestimation of the signal and to milder exclusion 
bounds. 

The fourplet 

As a first case we concentrate on the scenario with only a light fourplet. The 
lightest state in the spectrum is given by the exotic resonance. Due to 
its electric charge its only gauge interaction with the SM fermions involves 
the top quark, hence its only non-negligible decay channel is into a top and 
a W boson, BR(Al 5/3 —>■ W^t) ~ 1. The size of the coupling to the top 
has a different parametric dependence in the scenarios with a fully composite 
and an elementary tR- In the former case, the coupling strength follows the 
general estimate in Eq. (6.1.43); in the unitary gauge one gets 





(6.1.44) 


On the other hand, in the generic scenarios with an elementary Ir the cou¬ 
pling tends to be suppressed at high resonance masses:® 



(6.1.45) 


Apart from pair production, which typically dominates at small masses 
< 700 GeV at the 8 TeV LHC), the V 5/3 resonance can also be singly 
produced in association with a top. Both production channels give rise to 
final states containing same-sign leptons, which can be efficiently detected at 
the LHC [I78-I80]. 

Contributions to the same final states also come from the B resonance. 
This state is always heavier than the AI 5 / 3 , thus its contribution to the signal 
is relevant only if the mass split is not too large (Am <C 500 GeV) [173, 179]. 
The dominant coupling of the B involves the top quark, thus it can be singly 
produced in association with a top and its most relevant decay channel is 
B Wt. 

In all the scenarios we considered the A 5/3 resonance forms a nearly- 
degenerate doublet with the V 2 / 3 . At leading order, the X^j-i couples to the 

® Significant deviations from this estimate can appear if a light singlet is present or if 
the tji mixing is much larger than the one (yn yL)- In these cases the coupling 
follows the general estimate in Eq. (6.1.43). 
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top through the Z boson and the Higgs. These two couplings have similar 
strength and determine the dominant branching ratios BR(X 2/3 —> Zt) « 
BR(X 2/3 ^ ht) « 1 / 2 . 

The last state inside the fourplet, the charge-2/3 T, is close in mass to the 
B. Its phenomenology is similar to the one of the X 2/3 resonance and the two 
states have similar production and decay channels (BR(T — Zt) « BR(T 
ht) « 1/2). Given the sizable mass gap between the T and the lightest 
resonances inside the fourplet, the chain decays T —>• ZX^jz, T / 1 X 2/3 and 
T -^WXzjz are usually kinematically allowed. The corresponding couplings, 
however, arise at subleading order on u//, thus the direct decays into SM 
states are favored. 

To conclude we summarize the constraints coming from the 8 TeV LHC 
searches. The experimental collaborations performed several searches for 
pair-produced fermionic resonances. The most sensitive ones exploit the 
same-sign leptons final states to look for exotic X^/z resonances. They pro¬ 
vide the bound ^ 770 GeV [181, 182]. Several searches for charge-2/3 

resonances have also been presented. The strongest bounds on these states 
are given by mx^/s ^ 700 GeV and have been obtained by the CMS collab¬ 
oration by combining the three decay channels bW, tZ and tH [183]. Other 
searches for charge-2/3 resonances performed by the ATLAS collaboration 
are available in the literature. They include, in particular, searches for res¬ 
onances decaying into a single channel [Zt [184] and ht [185]), as well as 
searches for resonances giving rise to final states with two same-sign lep¬ 
tons [182]. 

Although the single production channels have not been taken into account 
in the experimental analyses at the 8 TeV LHC, their impact on the exclusions 
can be non-negligible. Estimates of the constraints on the parameter space of 
the 5-1-5 and 14-1-1 scenarios are shown in Fig. 6.5.^° These results include the 
same-sign lepton signal coming from single production of the V 5/3 resonance 
and the additional contributions due to the B resonance. One can see that 
these effects can significantly increase the bound on TOXj/a and push it above 
1 TeV in a sizable part of the parameter space. The exclusions for the 5-1-1 
scenario only slightly differ from the ones for the 14-1-1 case, the differences 
in the bounds being of order 20 GeV. The full LHC program should be able 
to extend the reach for top partners to the 2 — 3 TeV range. 

The singlet 

The second scenario we focus on is the one with only a light composite singlet. 
The phenomenology of this scenario is quite simple because the low-energy 
spectrum contains only one light resonance, the T. As shown in Table 6.1, the 
T resonance has three leading-order couplings, which involve the left-handed 
top and bottom quarks. The SU(2)i invariance fixes the relative size of 

^'^One free parameter, namaly j/r .4 in the 5-1-5 model and yn in the 14 + 1, has been 
fixed by requiring the correct value of the top mass. 
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Figure 6.5: Exclusions in the scenarios with only a light fourplet for the 8 TeV LHC 
data. On the left panel: 5 + 5 model for ^ = 0.1 (green region) and ^ = 0.2 (blue 
region). The gray areas are theoretically excluded. On the right panel: exclusions 
for the 14+1 model in the (mxgyjjCt) plane. The blue (green) region shows the 
excluded points for yz ,4 = 3 {yn = 0.3) for ^ = 0.2. The exclusions for ^ = 0.1 are 
denoted by the dashed contours. 


these couplings (see Table 6.2) and determines the dominant decay branching 
ratios: BR(T — Wb) « 1/2 and BR(T —)■ Zt) « BR(T — ht) « 1/4. Notice 
that the decay channel into the bottom quark is further enhanced by the 
larger phase space, although this effect is relevant only for small T mass. 

The presence of large W and Z couplings to the top and bottom quarks 
implies a sizable cross section for the single production channels. In partic¬ 
ular single production in association with a bottom quark is the dominant 
production mechanism jn a large part of the parameter space. The leading- 
order couplings of the T resonance can be easily estimated. In the case with 
an elementary tji one finds 


drbL ~ — 2 y.yJ/top^_ , (6.1.46) 

which is suppressed at large resonance masses with respect to the general 
estimate in Eq. (6.1.43). In the models with a fully composite tfj the estimate 
of the coupling strength becomes 

gfbL ~ ■ (6.1.47) 

It is interesting to notice that the expression for gf^^ in Eq. (6.1.47) depends 

only on the yLi mixing and on the T resonance mass, but not on the com¬ 
positeness scale /. This implies that the exclusion bounds, when expressed 
as a function of dli are almost independent of 

In the scenarios with only a light singlet a strong correlation exists be¬ 
tween the coupling responsible for ^-associated single production, gfi,^, and 
the Vtb element of the CKM matrix. Before EWSB, the only IT-mediated 
coupling involving the b quark is the usual tiy^bp vertex, included in the 
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Figure 6.6: Exclusions in the 5 + 5 (left panel) and 14 + 1 scenarios (right panel) 
with only a composite singlet for the 8 TeV LHC data. The blue (green) region 
shows the excluded points for ^ = 0.2 (f = 0.1). The striped regions correspond 
to the points with SVtb > 0.1 for ^ = 0.1, while the boundary of the region with 
SVtb > 0.05 is denoted by the dashed gray lines. The dotted gray lines show how 
these regions change for ^ = 0.2. 


element ary-fields Lagrangian. After EWSB, due to the mixing between the 
top and the L-handed component of the T resonance, the coupling 
is generated together with some corrections to the coupling. It is 

straightforward to see that the following relation holds 

g^f,^+9i=gV2 => gf^^=g^SVtb-5Vi/2, (6.1.48) 

where gtb denotes the tiA^bi, coupling and SVtb = 1 — \Vtb\- The requirement 
that the correction to Vtb should be small implies an upper bound on the 
gft^^ coupling and on the single production cross section. The current mea¬ 
surements of the Vtb matrix element give the value |Vtb| = 1.021 ± 0.032 [7]. 
Taking into account the fact that in our scenario |Vtb| < 1, the experimental 
bound implies gf^j^ ^ 0.21 g at the 2cr level. Obviously, if additional relatively 
light resonances are present, the relation in Eq. (6.1.48) may be modified and 
larger values of could be compatible with sufficiently small deviations 
in Vtb- This however would probably require a certain degree of additional 
tuning. 

The 8 TeV LHC bounds on this scenario come from the searches for 
pair produced charge-2/3 states. The strongest ones {rrif > 700 GeV) have 
been obtained by the CMS collaboration [183]. Slightly milder bounds have 
been derived by the ATLAS collaboration by looking into single channels 
{Wb [186], Zt [184] and ht [185])) or looking for final states with two same- 
sign leptons [182]. 

Due to the large single production cross section in association with a 
bottom quark, it is conceivable that the bounds can be significantly increased 
by a modified search strategy which could be sensitive to this additional 
channel. Possible search strategies have been proposed in the literature [187] . 
The exclusion bounds in the 5 + 5 and 14+1 scenarios for the 8 TeV LHC 
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data are shown in Fig. 6 . 6 . The results shown in the plots include the bounds 
from the experimental analyses and the estimate of the constraints coming 
from single production searches. The bounds for the 5 + 1 scenario are very 
close to the ones for the 14 + 1 model. 

The nineplet 

As a last case we discuss the scenario with only a light nineplet. As we 
saw in Sect. 6.1.1 in this model all the resonances are almost degenerate, 
thus they can all be pair produced with similar rates via QCD interactions. 
Moreover direct decays into SM states, if allowed, are favored with respect to 
chain decays, which should necessarily proceed off-shell. The phenomenology 
of the states with charge 2/3, —1/3 and 5/3 is quite similar to the one we 
discussed in the two previous scenarios.In particular the bounds coming 
from the 8 TeV LHC experimental searches apply to the nineplet resonances 
as well. A small difference with respect to the previous scenarios is the fact 
that, due to the presence of multiple almost-degenerate states, each final state 
benefits from an enhanced signal. By taking into account this effect slightly 
stronger bounds than in the fourplet and singlet cases can be derived. 

In addition to the above mentioned resonances, the nineplet also contains 
two exotic-charge states, the and the ^- 4 / 3 . The latter has a simple 
phenomenology since it can couple only to the bottom quark. This fixes its 
decay channel, ^- 4/3 —> W~b, and implies that it can be singly produced only 
in association with a b. On the other hand, the phenomenology of the Ug /3 
resonance is more peculiar. Due to its charge, it can not simply decay into a 
gauge boson and a SM quark. Instead it must decay into a three-body final 
state Us /3 W^W~^t. This decay can be mediated by an off-shell charge- 
5/3 resonance (the X 3/3 or the T 5 / 3 ) or by a contact interaction coming from 
the higher-order operator 

Cuv = i—i’g d'^M^’UR + h.c., (6.1.49) 

where Ctg is expected to be of order one. It turns out that, if to* is in the multi- 
TeV range, the contribution due to the contact interaction is subleading with 
respect to the one mediated by an off-shell resonance. For smaller values 
of TO*, instead, the contact interaction can play a significant role and can 
modify the angular and invariant mass distributions of the decay products. 

The Us /3 state can be easily probed in final states with two or three same- 
sign leptons. The searches for charge-5/3 states, which exploit the former 
channel, can thus be reinterpreted for the Us /3 resonance. Since several W 
bosons are present in the final state, the probability of obtaining two or more 
same sign leptons is quite high. As a consequence, the efficiency for the two 
same-sign lepton searches is enhanced (it is nearly an order of magnitude 
higher than for a charge-5/3 resonance), making the Us /3 the best target to 


^^The interested reader can find a more detailed discussion in Ref. [172]. 
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probe a light nineplet. The 8 TeV LHC searches can be recast to get the 
bound TOg > 990 GeV [172], which is much stronger than the ones obtained 
from pair production in the light fourplet and light singlet scenarios. 


6.1.4 Other fermionic partners 

To conclude the discussion about the fermionic partners, it is worth mention¬ 
ing that other classes of fermionic resonances are usually present in the com¬ 
posite Higgs scenarios. As we saw in Chaps. 2 and 4, in several models, most 
noticeably the ones in which the composite states belong to the fundamental 
representation of SO(5), additional fermionic partners specihcally connected 
to the bottom sector are present. These states are responsible for generating 
the bottom mass and are mainly coupled to the bn component and to the 
9 l = (tL^bn) doublet. Being dominantly coupled to third-generation quarks, 
the bottom partners have the same collider phenomenology of top partners. 
The only peculiarity of these resonances is the fact that their mixing with 
the elementary states, being controlled by the bottom mass, is typically much 
smaller than the one of the top partners. The bottom partners can be easily 
parametrized by a generalization of the formalism we used in this chapter. 
Their relevance for collider experiments has been analyzed in Refs. [188-190]. 

As already mentioned and explained in details in Sect. 4.1, in the anarchic 
flavor scenarios all the quark partners have sizable mixing with the third- 
generation quarks, thus they unavoidably belong to the wide category of top 
(or bottom) partners. The situation can be quite different in models based on 
flavor symmetries. In this case the light-generation quarks can be associated 
to specific sets of fermionic partners whose mixing with the heavy SM quarks 
is quite small. These states can be copiously produced at hadron colliders 
and their cross section can be signihcantly enhanced by the fact that the 
light SM quarks can have a sizable amount of compositeness. The decay 
channels of the light-generation partners are quite different from the ones of 
the top partners. These states mainly decay into light quarks (i.e. jets) via 
interactions mediated by the SM gauge bosons or the Higgs. This kind of 
decays leads to very distinctive collider signatures. We refer the interested 
reader to the original literature [133, 137, 138, 142, 143, 191, 192]. 

Finally, in addition to the quark partners, composite Higgs models can 
also predict lepton resonances. For instance, this happens if the lepton sector 
follows the usual partial compositeness structure (see Sect. 4.4 for a discussion 
on this topic). Obviously the collider phenomenology of the lepton partners 
differs significantly from the one of the quark partners. A fundamental dif¬ 
ference is the fact that the lepton partners are neutral under QCD, thus they 
can not be easily produced at a hadron collider. Only a limited attention has 
been devoted so far to the phenomenology of these resonances. The main re¬ 
sults can be found in Refs. [193, 194], which focus on scenarios characterized 
by a large tau compositeness. 
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6.2 Vector resonances 

In the previous section we focused on the phenomenology of the fermionic 
resonances. In particular we considered them “in isolation”, that is, we as¬ 
sumed them to be the only light composite states coming from the new strong 
dynamics and we neglected effects due to other possible resonances. However, 
as we saw in the general discussions in Chaps. 2 and 3, the composite dy¬ 
namics typically gives rise to a much richer set of relatively light resonances. 
For instance in One-Scale-One-Coupling theories (see Chap. 3) we expect the 
presence of composite vector states with a mass roughly comparable to the 
one of the fermionic resonances. In such a scenario a non-trivial interplay in 
the phenomenology of the fermionic and vector resonances is expected. 

Going beyond the One-Scale-One-Coupling scenarios and taking into ac¬ 
count Naturalness considerations, a slightly more refined picture emerges. 
The fermionic states, in particular the top partners, are usually required to 
be quite light (to,/, ^ /) in order to obtain a light Higgs and minimize the 
amount of fine-tuning. On the other hand, the Naturalness “pressure” on 
the vector resonances is less severe, allowing these states to be considerably 
heavier than the fermions without worsening the amount of tuning. A high 
mass for the vector resonances is also preferred by the indirect constraints 
coming from flavor physics (see Chap. 4) and EW precision measurements 
(see Chap. 7). The former constraints force the QCD vector resonances to 
be quite heavy, while the latter impose a lower bound of a few TeV on the 
mass of SU(2)i-charged states. Of course these bounds, as usual for indirect 
constraints, should be interpreted as rough estimates and not as strict lim¬ 
its. Cancellations in the indirect bounds are always possible, although they 
usually require some additional amount of tuning. 

Analogously to what we did for the fermionic resonances in the previous 
section, in the following we will discuss the phenomenology of the vector 
resonances by using a model-independent approach. Guided by the above 
considerations, however, we will not describe the vector states alone, instead 
we will write some more complete simplified models that also include the 
dynamics of the composite fermions. Given that in many scenarios the top 
partners tend to be the lightest fermionic states, we will only include them in 
the effective parametrization and we will assume that other possible fermionic 
states are heavier and are not relevant for collider phenomenology. For most 
of our discussion we will follow Refs. [195, 196], related studies can be found 
in Refs. [88, 197]. 

6.2.1 The effective parametrizations 

The effective Lagrangians describing the vector resonances can be straight¬ 
forwardly built by using the CCWZ formalism. The vector resonances are 
classified in terms of their quantum numbers under the unbroken SO(4) ~ 
SU(2)i X SU(2)7 j group. In the following we will consider three relevant 
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scenarios, with resonances in the (3,1), (1,3) and (1,1) representations. 

In addition to the SO(5) x U(l)x group, the global symmetry of the 
composite dynamics also contains the usual SU(3)c QCD group. This implies 
that vector resonances with QCD quantum numbers can also be present. 
These resonances are usually called “heavy gluons” or, adopting the language 
of extra-dimensional models, “Kaluza-Klein gluons”. As we saw in Chap. 4, 
these states are important in the context of flavor physics because they can 
mediate flavor changing neutral currents, leading to strong bounds in generic 
composite Higgs scenarios. From the point of view of the effective CCWZ 
description, the heavy gluons are singlets under SO(4) and transform as an 
octet under QCD. 

In the effective Lagrangians we present in the following we only include 
the kinetic and mass terms for the vector resonances and the relevant inter¬ 
actions with the top partners. For simplicity we only consider top partners 
that transform as fourplets and singlets under SO(4). The extension of the 
formalism to other representations can be straightforwardly worked out. The 
Lagrangians for the top partners and for the SM third-generation quarks co¬ 
incide with the ones discussed in Sect. 6.1.1. The elementary gauge fields 
as well as the light quarks and the leptons are described by the usual SM 
Lagrangian. 

Notice that the effective Lagrangians for the vector resonances can be used 
both in the standard partial compositeness scenarios and in the scenarios with 
a totally composite tn. When necessary we will explicitly comment on the 
few differences between the two cases. 


SU(2)l triplets 

The first scenario we consider is the one with vector resonances, belonging 
to the (3,1) representation. We assume that these states transform non- 
homogeneously under SO(4): 



( 6 . 2 . 1 ) 


where are the SU(2 )l generators in SO(4) and h\Il\g\ is the non-linear 
SO(4) transformation corresponding to an SO(5) element g (the exact defi¬ 
nition can be found in Chap. 2, Eq. (2.3.7)). The subscript L in the second 
term on the right-hand side means that only the (3,1) components must be 
taken (see Appendix 2.B). The resonance is also assumed to be neutral 
under the U(l)x symmetry and under QCD. 

Due to its quantum numbers, the p^ resonance can be directly coupled to 
top partners, '04? in the fundamental representation of SO(4). On the other 
hand, no interaction with SO(4) singlets arises at leading order. The effective 
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Lagrangian reads 


r — 

^Pl ~ 




aL 

rfivr 


+ - e“^) {tT)i3'>Pi > 

^9p 


( 6 . 2 . 2 ) 


where k is a free parameter (expected to be of order one) and the field 
strength is defined as p“(; = . Notice that, due 

to the non-homogeneous transformation of p^ under SO(4), we needed to use 
the CCWZ symbol in order to write suitable mass and interaction terms. 
The combination, indeed, transforms homogeneously under SO (4) 

and can be used to build the invariant operators in the effective Lagrangian. 

The mass term in Eq. (6.2.2) induces a mixing between the vector res¬ 
onance and the elementary SU(2 )l gauge fields. This means that the SM 
gauge fields do not coincide exactly with the elementary states but rather 
acquire a (small) component along the composite vectors. This also implies 
that the SM SU(2)i gauge coupling, p, differs from the elementary coupling 
Po and is given by the combination 


1 _ 1 1 
5^ 5o ffpz. 


(6.2.3) 


The U(l)v and QCD couplings, instead, coincide with the elementary ones, 
g' = p(, and ps = p^o- 

The masses of the SM gauge bosons, at the linear order in are given by 
the expressions 


2 9^ f'i.C 2 9^ E g^ (R O A\ 

mw = mz = - - -/ C • (6-2.4) 

The mass spectrum of the vector resonances is quite simple. The masses of 
all the resonances coincide at order ^: 

• (6.2.5) 

ypL y 


M\ = ME ^ ^ 

Pl Pl o 2 


pIl 2 

- 2 '^PL ~ 


Due to the custodial invariance a mass split can only arise at order and 
must be weighted by the hypercharge coupling g'\ 


me -M\ ~ 


Pl 


Pl 


16 5 ?, 


fW 


1 - 


m 


PL 


( 6 . 2 . 6 ) 


As a consequence the charged and neutral vector resonances have a mass 
split typically below 0.1% and can be considered degenerate from the point 
of view of collider phenomenology. 
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SU(2)r triplets 

The effective description of vector resonances in the (1,3) representation, 
which we denote by is quite similar to the one of the states. Under 
the SO(4) subgroup we assume that the SU(2 )r triplet transforms as 


= pT^'r h [U; g] p^h [U; gf + i [h [U; g] d^h [U; gf'^ ^ , (6.2.7) 

where correspond to the SU{2)r generators in SO(4). As denoted by the 
subscript R, only the (1, 3) components of the shift term must be consid¬ 
ered. Analogously to the SU(2)i triplet, the resonances can be directly 
coupled to top partners in the fundamental representation of SO(4), while no 
interactions with the singlets arise at leading order. The effective Lagrangian 
describing the pj} resonances can be written as 


r — 

'-'PR ~ 




aRiiv 

rfTV' H 


m" 


PR 


+ b# (pT - e;-) +/C V'47^ {pT - O > 

( 6 . 2 . 8 ) 


where is the p^ field strength. 

Due to the mass term in the effective Lagrangian, the neutral resonance 
in the SU{2)r triplet is mixed to the elementary hypercharge gauge boson 
B^. The SM gauge U(l)y gauge coupling is then given by 


1 _ 1 1 
9 9o 9pR 


(6.2.9) 


while the SU{2)l and QCD couplings coincide with the elementary ones, 
g = go and gs = gso- The breaking of the custodial symmetry due to the 
hypercharge gauging determines a small split of the neutral and the charged 
p^ resonances. The masses, up to corrections of order are given by 


= m 
Pr 


2 

PR ’ 






32 


4 


(2-L - f9^) 


( 6 . 2 . 10 ) 

The neutral resonance is always slightly heavier than the charged ones. The 
mass difference, however, is sizable only for quite small values of the 
coupling (gpj^ < 1). The SM gauge boson masses at leading order in ^ 
coincide with the expressions given in Eq. (6.2.4). 


Singlets 

The next set-up we consider is the scenario in which the vector resonance, 
denoted by p^, is an SO(4) and QCD singlet. For definiteness we consider the 
case in which the vector state is associated to the U(l)x symmetry, that is we 
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assume it to transform as a gauge field under the Abelian U(l)x subgroupd^ 

^ + dfj.a^ . ( 6 . 2 . 11 ) 

The fields is thus naturally mixed with the elementary hypercharge boson 
that gauges the diagonal subgroup of SU(2)ii; C SO(4) and U(l)x- 
The general structure of the effective Lagrangian for the singlet vector 
resonance is 

^PX = + + (p^ - 9'M J;, , (6.2.12) 

^ypx ^ypx 

where the field strength is given by p^^ = df_ip^ — d^p^ and we de¬ 
noted collectively by any singlet current constructed from the composite 
fermion states. Notice that, in general, the p^ resonance is coupled to all the 
fermionic resonances that can give rise to a singlet current. For instance it 
can couple to the currents obtained from the fourplet fields, 3 K 4 
as well as from the singlets, 3 It is interesting to notice 

that, in the scenarios with a fully composite right-handed top, the p^ field 
can be directly coupled to the tji field. Mixed couplings involving the tji and 
the singlet resonance ipi can also be present: 


JL 3 Kt tR'y^tR , Rti tRj^tpiR + h.c.. (6.2.13) 


Analogously to the scenario with an SU( 2 )i^ vector triplet, the hyper¬ 
charge gauge coupling is given by a combination of the elementary U(l)y 
coupling Pq and of the vector resonance coupling pp ^, namely 


1 _ 1 1 

P 2 ~ 02 2 ■ 

y yo ypx 


(6.2.14) 


The 811 ( 2 ) 2 , and QCD couplings, on the other hand, coincide with the cor¬ 
responding elementary couplings. The mass of the vector resonance is given 
(up to corrections of order ^^) by the following expression 


r,'4 


= 

Px 


9px 


02'^px + 


Pi 


9px 


(6.2.15) 


The SM gauge boson masses at leading order in ^ coincide with the expres¬ 
sions given in Eq. (6.2.4). 

^^Notice that the assumption that transforms as a gauge field does not imply any 
real constraint on its properties. In full generality one can define a shifted version of the 
field, namely p'^ = p^ — that is invariant under U(l)x arid rewrite the effective 

Lagrangian in terms of the new field. 

^^This situation is not uncommon in explicit models. For instance in the minimal sce¬ 
narios all the top partners are charged under the U(l)x subgroup, thus we expect them 
to be coupled to vector fields with the quantum numbers of the p^ resonance. 
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Heavy gluons 

The last class vector states we consider are the heavy gluons, p®, or, in other 
words, vector resonances that transform as an octet under QCD: 

pI 9su(3)Pf,glu{3) + *55(7(3)9^51(7(3) > (6.2.16) 


where gsu{3) denotes an SU(3)c transformation. The phenomenology of the 
heavy gluons is quite similar to the one for the singlet vector resonances. The 
Lagrangian, in fact, is analogous to the one we wrote for the field (see 
Eq. (6.2.12)). There are only two obvious differences: the heavy vectors are 
now mixed with the elementary gluons, and the current transforms in the 
adjoint representation of SU(3)c. The Lagrangian is thus given by 

2 

+ (pf^ - -^9 ■ ( 6 - 2 - 17 ) 

ypg ^Pg 


The heavy gluons are directly coupled with the top partners and can have a 
direct coupling to the right-handed top if it is a fully composite state. 

Given that the QCD bosonic sector is not affected by EWSB, the mass 
of the heavy gluons is simply given by 


K 


9 


2 

Ps 


9Pg 


m 


2 

Ps ’ 


(6.2.18) 


and the SM QCD gauge coupling is related to 
by 


1 _ 1 1 

9s 5so 9pg 


the elementary coupling g^o 
(6.2.19) 


6.2.2 Collider phenomenology 

We can now discuss the collider phenomenology of the vector resonances. 
As a preliminary step we will analyze the structure of the couplings with 
the SM fields and with the top partners. These couplings are of fundamen¬ 
tal importance for collider phenomenology because they determine the main 
production and decay channels of the vector resonances. After this prelimi¬ 
nary discussion we will present in details the most promising channels for the 
direct detection of the vector states at hadronic colliders. 


Couplings 

The couplings of the vector resonances that are important for collider phe¬ 
nomenology belong to three main classes: coupling to the SM gauge fields 
and the Higgs, couplings to light SM fermions (namely the leptons and the 
quarks from the first two generations) and couplings to heavy SM quarks 
and top partners. Each class has specific features that depend on the way 
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the couplings are generated. Moreover each class influences the collider phe¬ 
nomenology of the vector resonances in a different way leading to specific 
collider signatures. 

The couplings to the SM bosons we are mainly interested in are the ones 
that involve two SM states and one composite resonance. These couplings are 
relevant for the decay of the vector states and, at the same time, control the 
Vector Boson Fusion (VBF) production channel. As we did for the top part¬ 
ners couplings in Sect. 6.1.2, we can simplify the analysis by relying on the 
Goldstone boson equivalence theorem, according to which the longitudinal 
components of the W and Z gauge bosons are well described by the corre¬ 
sponding Goldstone bosons in the high-energy limit. Due to the large mass 
gap between the vector resonances and the SM gauge fields, the equivalence 
theorem is expected to provide an excellent approximation. Remembering 
that the Goldstone bosons transform in the fundamental representation of 
the unbroken SO(4) group, we can easily link the structure of the vector reso¬ 
nances couplings to their quantum numbers under SO(4) ~ SU(2)i x SU(2)fl. 
The vector resonances in the (3,1) and (1, 3) representations can be directly 
coupled to the Goldstone multiplet and the corresponding couplings can be 
estimated to scale as 



( 6 . 2 . 20 ) 


where <() denotes any of the Goldstone bosons, including the physical Higgs. 
To obtain the last estimate in the above equation we applied to usual One- 
Scale-One-Coupling power-counting, according to which rripj^ gp^ ^ /. 
As one can see from Eq. (6.2.20), the coupling of the vector triplets to the 
SM gauge bosons is of the order of the resonances coupling, hence it is usually 
sizable. This result is not unexpected since the gp^ 1 ^ 4 , 4 , coupling parametrizes 
an interaction involving only composite states. 

On the other hand, the singlet vector states and the heavy gluons, which 
are not charged under SO (4), have strongly suppressed couplings to the SM 
gauge fields since they can not be directly coupled to the Godstones. The 
singlets, indeed, interact mostly with the transverse gauge bosons and the 
corresponding coupling is generated only after EWSB through the mixing 
between the vector resonances and the Bp boson. This coupling is very 
small, of order 



( 6 . 2 . 21 ) 


In the case of the heavy gluons, instead, a trilinear coupling involving two 
SM gluons is altogether absent due to the unbroken SU(3)c gauge invariance. 

The second class of couplings, which involves the light SM fermions, is 
mainly generated through the mixing of the vector resonances with the el¬ 
ementary gauge fields. This effect is “universal” and depends only on the 
quantum numbers of the fermion species, which determine the couplings to 
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f 

Figure 6.1: Structure of the leading diagrams giving rise to the conpling of the 
composite vector resonances with the light SM fermions. The black dot denotes 
the mass mixing between the composite states and the elementary gange fields. 



the elementary gauge fields. The structure of the diagrams giving rise to 
these couplings are shown in Fig. 6.1. They arise from the exchange of an el¬ 
ementary gauge field which is mixed with the composite vector states through 
a mass term. The strength of the effective interactions depends on the cou¬ 
pling of the “mediator” gauge boson and on the ^ order at which the mixing 
is generated. We will discuss the various cases in the following. 

For the SU(2)i triplet the main couplings are due to the mixing with 
the W boson. This mixing is already present before EWSB, thus the effec¬ 
tive coupling is not suppressed by powers of These interactions obviously 
involve the left-handed fermion components and their strength can be esti¬ 
mated as 

9^ 

9pLfLfL — ’ ( 6 . 2 . 22 ) 

9 PL 

where cl denotes the SU{2)l charge of the fermions. Another class of con¬ 
tributions to the pl couplings comes from the mixing with the field. 
This mixing, however, arises only after EWSB, thus the induced couplings 
scale as and can typically be neglected. 

The couplings of the SU(2)i^ triplet pR and of the singlet px are mainly 
due to the mixing with the hypercharge gauge boson. They can be estimated 
as 

q'^ q'^ 

9plff-^y~^ 9pxff-CY—, (6.2.23) 

ypR ypx 

where cy denotes the hypercharge of the fermions. Notice that, differently 
from the couplings of the neutral components of the SU(2)ij triplet, the 
couplings of the resonances to the light SM fermions are generated only 
after EWSB (through the mixing with the W bosons) and are thus strongly 
suppressed: ~ g^bpR^- 

Einally, the heavy gluons are coupled to the light SM quarks thanks to 
the mixing with the elementary gluons. The corresponding couplings are of 
order 

9pHf ^ — • ( 6 - 2 . 24 ) 

9Pg 

We can now discuss the couplings that involve the third generation quarks 
and the top partners. The main source of these interactions is the coupling 
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of the vector resonances with the composite fermions, which is generated 
directly by the strong dynamics. As can be easily understood, the strength 
of these couplings is equal to the vector resonance coupling and is weighted 
by the amount of compositeness of the fermions. 

To be more explicit, any interaction involving two fully composite fermions 
has a strength 

gpxx' ~ gp , (6.2.25) 

where p collectively denote any vector resonance, while X and X' correspond 
to any fermion resonance whose mixing with the elementary states is small. 
This estimate applies, for instance, the to the A 5/3 state, which is purely 
composite, or to the A 2/3 field, which is mixed to the elementary states 
only after EWSB. The same estimate is valid for the couplings involving the 
right-handed top component in the scenarios where it is fully composite. 

On the other hand, an interaction involving a partially composite SM 
quark or a top partner with a large mixing to the elementary sector has a 
strength suppressed by the fermions compositeness angle. For example, the 
tL and fields acquire a degree of compositeness due to the mixing with the 
composite fourplet and the corresponding mixing angle is (see Sect. 6.1) 

tanc^L = _ (6.2.26) 

TO4 


An interaction involving the field is thus weighted by a factor sin ^ 4 , for 
each held: 


gpLtLtL ~ gpL sin^ > gpRti^x,,^^ ~ Spb sin , ... (6.2.27) 

Analogously, the and partners inside the fourplet are always accom¬ 
panied by a compositeness factor cos ipL- 


gpLTLTL ^ gpL (t)L , SpitiTi ~ gpL sin cos , ... (6.2.28) 

The same happens for the partisdly composite tn and for the right-handed 
component of the singlet partner Tfj. The corresponding compositeness angle 
is 

tan^fl = ^^. (6.2.29) 

mi 

Similarly to the light-SM-fermions case, the interactions with the heavy 
SM quarks and the top partners receive an additional contribution from the 
mixing between the vector resonances and the SM gauge helds. This con¬ 
tribution scales as g'^jgp, where g denotes the SM gauge coupling involved 
in generating the interaction, and is typically subleading with respect to the 
direct strong-dynamics effects. 
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Main production and decay channels 

At a hadronic machine the two main production mechanisms for the vector 
resonances are Drell-Yan (DY) processes (mediated by the interactions with 
the light SM quarks) and VBF processes (mediated by the couplings with the 
EW gauge bosons). As we discussed above, the strength of the interactions 
with the light SM fermions scales like 1/gp, thus the DY production cross 
section is reduced if the strong-sector coupling is large. On the contrary, 
the coupling to the SM gauge bosons usually scales like gp, leading to an 
enhancement of VBF for large couplings. 

To determine the relative importance of the two production channels, 
however, we also need to take into account the initial parton luminosities. 
The parton luminosity for the DY processes is much larger than the VBF 
one, since the latter is suppressed by an additional factor coming from 
the emission of the virtual EW gauge bosons. This large suppression makes 
the VBF channel usually subleading with respect to DY. This result is valid 
at the LHC for all the resonances we considered above. The only exception 
are the charged components of the SU{2)ii triplet, whose coupling to 
the light SM fermions is suppressed by a factor In this case the DY and 
VBF channels have comparable cross section, though both of them are quite 
small. Notice that for the singlet resonance px and for the heavy gluons 
the couplings to the SM gauge bosons are highly suppressed and the VBF 
channel is totally negligible. 

It is important to stress that, although all the couplings to the light SM 
fermions scale in the same way, their absolute size can significantly vary 
depending on the quantum numbers of the vector resonances. For instance 
the couplings mediated by the B gauge boson are smaller with respect to the 
one mediated by the TV by a factor {g' jg)"^ — 0.3, which implies a one order 
of magnitude suppression in the production cross section. The heavy gluon 
couplings, on the other hand, are enhanced with respect to the EW ones, 
so that their production is roughly two orders of magnitude bigger than for 
an SU(2 )l triplet. The parton luminosities and the typical size of the cross 
sections for the various vector resonances can be found in Refs. [195, 196, 198]. 

We can now discuss the typical decay channels. Due to the sizable cou¬ 
pling, when kinematically allowed, the vector resonances preferentially decay 
into pairs of composite fermions. This is basically true for all vector reso¬ 
nances unless somewhat extreme corners of the parameter space are consid¬ 
ered. Notice that, when the decay into pairs of composite fermions is allowed, 
the vector resonances tend to be quite broad. This is a consequence of the 
large couplings as well as of the fact that multiple decay channels are usually 
present due to the existence of various top partners species. 

Below the threshold for the decay into two partners, the direct decays 
into SM states usually become dominant. The vector resonances charged 
under SO(4), namely the pl and pn triplets, have large branching ratios into 


^^See for instance Ref. [199] for a collider study of heavy gluons decaying to top partners. 
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gauge 

light SM 

3 ”'* gen. 

heavy-light 

top partners 

Pl 

WW, Zh 

Cl~, uu 

tt, bb 

Tt, Bb 

A5/3A5/3, A2/3A2/3, 
{TT, BB) 

pi 

WZ, Wh 

lu, ud 

tb 

Bt, Tb 

A5/3A2/3, TB 

Pr 

WW, Zh 

Cl~, uu 

tt, bb 

Tt, Bb 

X5/3X3/3, X2/3X2/3, 
{TT, BB) 

P% 

WZ, Wh 



X 5 / 3 i, A2/3& 

X313T, X2/3B 

Px 


Cl~, uu 

tt, bb 

Tt, Bb, ft 

A5/3A5/3, A2/3A2/3, 
ff, {TT, BB) 

Pa 


UU 

tt, bb 

Ti, Bb, ft 

A5/3A5/3, A2/3A2/3, 
ff, {TT, BB) 


Table 6 . 1 : Main decay channels of the composite vector resonances. In the colnmn 
for the decays into light SM fermions, uu also inclndes the dd, ss and cc chan¬ 
nels, and similarly ud also includes the cs channel. In the “top partners” column 
the parenthesis enclosing TT and BB indicate that these channels are always sup¬ 
pressed with respect to X5/3X5/3 and X2/3X2/3 because the T and B resonances 
are always heavier than the X5/3 and X2/3. 


pairs of SM gauge bosons or a gauge boson and the Higgs. These decays 
are mediated by the 0{gp) couplings involving the Goldstone bosons. If the 
top and bottom quarks have a significant amount of compositeness, another 
important channel is the direct decay into third generation quarks. This is 
true for almost all the vector resonances, the only exception being the charged 
resonances, whose couplings to the SM quarks arise only after EWSB. 
Heavy-light decays involving one top partner and one third-generation 
quark can also be relevant when kinematically allowed. This typically hap¬ 
pens only in a relatively small mass window, given that, above the rup > 2m^ 
threshold the decay into two top partners usually dominates. 

In addition to the mentioned channels, the vector resonances can also 
decay directly into light SM fermions. A particularly interesting channel is 
the one involving a pair of leptons, which is available for the pL, p% and px 
resonances. Although these decays usually have only a small branching ratio, 
they can be important for collider searches due to the easily detectable final 
states. 

The main decay channels of the vector resonances are summarized in 
Table 6.1. 


Collider searches 

Several decay channels can be exploited to search the vector resonances at 
hadronic colliders. At the 8 TeV LHC the experimental analyses focused 
on the direct decays into SM states. The main final states that have been 








254 


CHAPTER 6. COLLIDER PHENOMENOLOCY 


considered for the charged resonances are 

• heavy SM quarks, p~^ —>■ tb [200, 201], 

• leptons, —)■ liy [202, 203], 

• gauge bosons with fully hadronic final state, VbZ —>• jj [204, 205], 

• gauge bosons with fully leptonic final state, p'^ ^ WZ ^ SH [206, 207]. 
For the neutral states the following searches have been performed 

• top quarks, —>■ ti [208, 209], 

• leptons, —?> l^l~ [210, 211], 

• T leptons, —>■ TT [212], 

• gauge bosons with fully hadronic final state, —)■ WW —)■ jj [204], 

• gauge bosons with semi-leptonic final state, p^ —)■ WW Ivjj [213]. 

The constraints coming from the 8 TeV LHC data have been discussed 
in Refs. [195, 196]. We will briefly summarize them in the following. The 
searches for resonances decaying directly into leptons are relevant for the 
“EW” vector resonances (namely the pl,r and the px) for relatively small 
values of the pp coupling [pp ^ 1). In the case of the pL, these searches 
can exclude resonances with a mass rup^ <2 — 3 TeV. The bound quickly 
deteriorates for larger pp^^ and disappears for pp^ > 2—3 due to the suppressed 
branching fraction into leptons. In the case of the pa and px resonances, the 
bounds are usually ~ 500 GeV weaker than the ones for the pL due to the 
smaller production cross section. 

Another relevant decay channel is the one into SM gauge bosons, whose 
importance increases at larger pp. This channel allows to exclude a pL reso¬ 
nance with a mass nip^ < 1.5 — 2 TeV for pp^^ ^4 — 5. This decay channel 
can also be relevant for the resonances although, similarly to the lepton 
channel, the bounds are less stringent {rrip <1 — 1.5 TeV for pp < 2) than 
for the pl- 

Finally, the tt decay channel can also be used to set exclusions. In the 
case of the “EW” vector resonances these bounds are usually weaker than 
the ones coming from the channels involving leptons and gauge bosons. The 
situation is different for the heavy gluons, which can only decay into colored 
states. In this case the tt channel is the best one to set bounds on rup^. 

Notice that, if the decay into a pair of top partners or the heavy-light 
channel are kinematically allowed, the branching ratio for the direct decays 
into SM states is usually small and the above mentioned searches drastically 
lose effectiveness. Although the top partners decay into third-generation 
quarks and gauge bosons, the presence of the intermediate fermion resonances 
in the decay chain significantly affects the kinematics making the searches for 
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tt, tb and bb final states less efficient. It has been shown that dedicated search 
strategies focused on the decays to composite fermions could significantly 
improve the sensitivity to these channels [198, 214]. 
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Chapter 7 

EW precision tests 


The composite Higgs dynamics gives rise to a rich set of new-physics effects 
that can be used to probe this scenario through a comparison with the ex¬ 
perimental data. One of the most distinctive phenomena is the presence of 
composite resonances around the TeV scale, which can be straightforwardly 
tested in collider experiments. A second important signature is the pecu¬ 
liar pattern of distortions of the Higgs couplings, which constitutes a direct 
manifestation of the non-linear Nambu-Goldstone structure. In addition to 
these features, the composite dynamics gives also rise to many indirect effects. 
These noticeably include a set of corrections to the Electro-Weak (EW) ob¬ 
servables that describe the physics of the light Standard Model (SM) fermions 
and of the gauge helds. The importance of these observables comes from the 
fact that they can be measured in high-precision experiments and thus can 
be used to test even tiny corrections coming from a new-physics dynamics. 
Obvious examples are the Z-pole observables measured at the LEP experi¬ 
ment and the properties of the bottom quark easily accessible at ^-factories. 
All these measurements agree with the SM and have been extensively used 
to set stringent constraints on beyond the Standard Model (BSM) scenarios. 
They constitute the so-called EW Precision Tests (EWPT) of the SM. 

It is important to stress that the corrections to the precision observables 
ultimately come from exactly the same features that can be tested in di¬ 
rect searches, namely the composite resonances and the Goldstone structure. 
Thus they provide a complementary approach to test the main properties of 
the composite dynamics. The virtue of the precision measurements is the 
fact that, in principle, they can probe new physics at scales much higher 
than the actual energy of the experiment. As we will see in the following, 
a typical example are the Z-pole LEP data, which can be sensitive to the 
presence of composite resonances with masses much above the TeV scale. 
This high sensitivity, however, comes with a price. Differently from a di¬ 
rect discovery, which usually point towards a specific type of new physics, a 
deviation in a precision observable can in principle be due to very different 
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sources. Similar ambiguities are present in the case of no discovery, when 
the experimental data are used to set bounds on the BSM dynamics. As we 
saw in Chap. 6, direct searches of new states can probe and constrain new 
physics in a virtually model-independent way. Indirect effects, instead, can 
receive contributions from several sources including, in specific cases, sizable 
UV effects, and thus their interpretation depends much more on the exact 
details of the new-physics model. 

In this chapter we will discuss the main corrections to the precision ob¬ 
servables that arise in composite Higgs scenarios. Our primary aim will be 
to provide an overview of the broad class of effects that characterize the 
composite Higgs models, we will thus proceed similarly to what we did in 
the previous chapters and follow a general effective field theory approach. 
Interestingly, an important set of the EW precision observables are mainly 
determined by the low-energy dynamics of the composite sector. In these 
cases the most relevant contributions come from the lightest composite res¬ 
onances belonging either to the quark sector (the usual top partners) or to 
the gauge sector. These effects can be reliably computed within an effective 
approach and thus provide a set of robust predictions which can be compared 
with the EWPT. 

7.1 The oblique parameters 

Composite Higgs models are, to a good approximation, “universal” theories 
of EW symmetry breaking and thus their corrections to the EW precision ob¬ 
servables can be conveniently encapsulated in the so-called “oblique parame¬ 
ters” defined in Ref. [49] . The approach of Ref. [49] , which we will now briefly 
summarize, extends the original prescription by Peskin and Takeuchi [92] to 
models containing new heavy vector bosons. Universal theories of EW sym¬ 
metry breaking are those in which the only interactions of the leptons and of 
the light quark fields are of the form 

Cint = , (7.1.1) 

where T°‘ denotes the SU(2)i SM generators and Y is the hypercharge. The 
QCD interactions are of course also present for the quarks, but they play no 
role in the discussion and can be safely ignored. Only the light quarks and 
the leptons are considered in the definition of universal theories because these 
are the particles which enter more directly in the EWPT. Deviations from 
universality, for instance in the bottom sector, can be systematically taken 
into account as we will discuss in Sect. 7.2. Notice that a field redefinition 
might be needed in specific theories to put the fermion interactions in the 
form of Eq. (7.1.1). We call universal theories those in which a field basis 
exists where Eq. (7.1.1) is satisfied and we consider that basis for the study 
of EW precision physics. 

The SM, in the limit in which we neglect the Yukawa operators, is the 
simplest example of a universal theory. Fermions are coupled by the habitual 
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gauge interactions like in Eq. (7.1.1), where W = gW and B = g'B are the 
rescaled SU(2)iXU(l)y gauge fields. Composite Higgs models are universal 
theories as well since the light quarks and leptons mixings with the composite 
sector are typically very small and negligible.^ The only relevant interactions 
originate from the elementary sector Lagrangian and are dictated by gauge 
symmetry. Namely they take once again the form of Eq. (7.1.1) but with 
W = goWo and B = g'gBo where 50 , 9o Wq, Bq denote, respectively, 
the elementary gauge couplings and the elementary gauge fields. Notice that 
W and B do not coincide with the light SM vector boson mass eigenstates 
and are not even proportional to them. In generic composite Higgs models, 
such as the ones we studied in the previous chapters, the W and B fields are 
linear combinations of the vector bosons and of the heavy vector resonance 
fields. With a terminology borrowed from extra-dimensional models of EW 
Symmetry Breaking (EWSB), W and B are sometimes called “holographic” 
fields. 

Since they couple with the light fermions, the holographic fields are the 
right objects to discuss EW precision physics. In particular, precision EW 
processes involve four-fermion amplitudes and thus they are only affected by 
new physics modifications of the holographic fields propagators with respect 
to the SM predictions. The oblique parameters are thus defined in terms of 
the new physics corrections to the transverse vacuum polarization amplitudes 
Hvv' where V, V' = {W°‘,B}, or better in terms of their low-momentum 
expansion which is a good approximation since the EW precision processes 
take place much below the new physics scale. The oblique parameters that 
are relevant for the composite Higgs phenomenology are S and T, defined 


(7.1.2) 

p2_Q 

T = ^ . (7.1.3) 

We stress once again, in view of some confusion that emerges in the liter¬ 
ature, that the usage of the holographic fields W and B is compulsory for 
a proper discussion of the EWPT and no alternative can be considered. In 
particular, using the SM vector bosons mass eigenstate basis to define the 
oblique parameters makes absolutely no sense because in this basis the heavy 
resonance fields also couple with the fermions and contribute to the EW pre¬ 
cision physics. The corrections from heavy vectors exchange are of exactly 
the same order as the ones from the modified couplings with the physical EW 
bosons and thus they can not be ignored. 

In the composite Higgs scenario the corrections to the oblique parameters 

^Considerable departures from universality are possible in U(3)® flavor-symmetric sce¬ 
nario, as we briefly discussed in Sect. 4.3.1. 

^The parameters g and v are defined, following Ref. [49], in terms of the Tly^r+y^^- 
correlator, namely 1/g^ = (p^ = 0) and (p^ = 0) ~ (246 GeV)^. 


S = g 


2 dTl\Y^B 
dp^ 
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S X 10 -’ 

Figure 7 . 1 : Constraints on the oblique EW parameters S and T [ 215 ]. The gray 
ellipses show the exclusion contours at 68%, 95 % and 99 . 7 % confidence level for 
rrih = 126 GeV. The red lines schematically show the contributions that arise 
in composite Higgs models as explained in the main text. The IR contribution 
corresponds to the corrections due to the non-linear Higgs dynamics, approximately 
given in Eqs. ( 7 . 1 . 4 ) and ( 7 . 1 . 5 ), and is obtained by fixing rUp = 3 TeV. The plot 
is taken from Ref. [ 170 ]. 


come from two main sources. The first one is the intrinsic non-linear dynamics 
associated to the Goldstone nature of the Higgs. The non-renormalizable 
Lagrangian describing the Higgs field contains distortions of the gauge bosons 
and Goldstone couplings that induce a modification of the SM contributions 
to the vacuum polarization amplitudes. The second class of corrections to S 
and T comes from the presence of composite vector and fermionic resonances. 

The various contributions to the oblique parameters are shown schemati¬ 
cally in Fig. 7.1 together with the current experimental constraints. It can be 
clearly seen that, unless a very high compositeness scale / is chosen, a certain 
amount of compensation between the different contributions is needed to re¬ 
spect the bounds. In particular a sizable positive contribution to T coming 
from the fermions is usually essential. 

In the following we will analyze in details each class of contributions. For 
definiteness, we will focus on the minimal composite Higgs scenarios based 
on the SO(5)/SO(4) symmetry pattern. 

7.1.1 IR corrections 

The first class of corrections to the oblique EW parameters is due the non¬ 
linear Higgs dynamics which induces a modification of the Higgs couplings 
with the EW gauge bosons. This distortion is present in any composite Higgs 
scenario and is fully determined by the symmetry breaking pattern that gives 
rise to the Goldstones. In particular the leading logarithmically-enhanced 
contributions are “universal” and are completely fixed by the IR dynamics 
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Figure 7 . 2 : Logarithmically divergent one-loop contributions to S (upper row) and 
T (lower row). Although the oblique parameters are defined in terms of the cor¬ 
relators of the transverse holographic gauge fields, they can be more efficiently 
computed in a gauge in which the unphysical Goldstone modes x inside the Higgs 
multiplet are retained. In this gauge the T parameter can be extracted from the 
two-point function of the x^’^ helds. 


of the theory [216]. For this reason they can be simply computed in the 
SO(5)/SO(4) non-linear cr-model that describes the Higgs and the EW gauge 
bosons, introduced in Chap. 2. In this case, since no extra massive vector 
bosons are present, the holographic fields coincide with the EW bosons like 
in the SM. 

The relevant contributions to the S and T parameters come from dia¬ 
grams that involve one loop of the Higgs doublet fields as shown in Fig. 7.2. 
Such diagrams are present in the SM as well and they have been computed 
in Ref. [92]. In this case, however, the renormalizability of the theory en¬ 
sures that the logarithmic divergence coming from the loops of the would-be 
Goldstone bosons x“ is exactly canceled by the physical Higgs contributions. 
In a non-renormalizable theory, such as the composite Higgs scenario, the 
argument on the finiteness of the oblique parameters is no more valid. In par¬ 
ticular the modifications of the physical Higgs couplings to the EW bosons 
imply that the Higgs contribution does not exactly cancel the logarithmic 
divergence coming from the x fields. Notice that the interactions involving 
two X fields and the EW gauge bosons coincide with the ones of the SM 
as can be checked explicitly by expanding the first term in Eq. (2.2.28) and 
using the relation between V and v in Eq. (2.2.20). This mismatch leads to 
a contribution to S and T given by 


m„ 


1927r2 


^log -f - 


m 


H , 


AS' = 


1.4 X 10"^^ 


(7.1.4) 
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and 


AT = - 


647r^ 


Clog 



-3.8 X 10-3 ^ 


(7.1.5) 


In the above equations we identified the UV cut-off at which the logarithmic 
divergence is regulated with the mass scale of the vector resonances rup (we 
fixed nip = 3 TeV to derive the numerical estimates). This is indeed what 
happens in calculable implementations of the composite Higgs scenario, as 
we will discuss in Sect. 7.1.3. 

It is interesting to notice that the sign of the corrections to the oblique 
parameters in Eqs. (7.1.4) and (7.1.5) is fixed, namely S receives a positive 
contribution while T a negative one. In the absence of further corrections, the 
current experimental bounds imply a severe constraint on the strong sector 
scale /. As can be seen from Fig. 7.1, the constraints come essentially from 
the shift in the T parameter, whereas the correction to S has a small impact. 
At the 2cr level the bound is ^ < 0.05, corresponding to / > 1.1 TeV, and is 
relaxed to ^ < 0.08 (/ > 870 GeV) at 3cr. 

In generic composite Higgs models, as we will see in the following, addi¬ 
tional contributions to the EW parameters are present, which can improve 
the compatibility with the data allowing larger values of The above anal¬ 
ysis, however, shows that a sizable value of ^ can be viable only at the price 
of some tuning between the unavoidable “universal” IR corrections to S and 
T and the extra contributions coming from the heavy resonances. 

To conclude the discussion it is useful to analyze the divergence structure 
of the corrections to the oblique parameters. As shown in Eq. (7.1.2), the S 
parameter is defined as the momentum-derivative of the two-point correlator 
of the Wp and Bp holographic fields. In the non-linear cr-model description 
this operator is associated to a logarithmic degree of divergence at one loop, 
as can be inferred from the counting in Eq. (5.1.6). The result in Eq. (7.1.4) 
indeed confirms this expectation. 

Let us now consider the T parameter, which is defined in terms of the zero- 
momentum two-point correlators of the elementary IT“ fields as in Eq. (7.1.3). 
By naively following the divergence counting, we would expect T to develop 
a quadratic divergence at one loop. This expectation, however, is not verified 
because of the presence of the SO(3)c custodial invariance, which, as we will 
show explicitly in Appendix 7. A, forbids corrections to T. This symmetry 
coincides with the diagonal combination of the SU(2)i and SU(2)h groups 
inside SO (4). It is thus automatically respected by the composite dynamics 
of the SO(5)/SO(4) models. Moreover it is left unbroken after EWSB because 
the Higgs VEV is invariant under SO(3)c. The only breaking of the custodial 
symmetry comes from the mixing of the elementary sector with the composite 
dynamics. In particular it is broken by U(l)y hypercharge gauging, whereas 
it is preserved by the SU(2)i gauging. Additional sources of breaking come 
from the mixing of the elementary fermions, as we will discuss later on. In 
order to generate a radiative correction to T from loops of Goldstones and 
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gauge bosons it is necessary to insert at least two powers of the hypercharge 
coupling g'. As a consequence the one-loop degree of divergence is reduced 
from quadratic to logarithmic. This explains the structure of the result in 
Eq. (7.1.5) and the fact that the corrections to T are weighted by a factor. 

7.1.2 The vector resonances contribution 

A second class of corrections to the EW oblique parameters comes from the 
presence of composite vector states. 

We start our analysis ly considering the T parameter. As a consequence of 
the custodial invariance, T does not receive corrections at tree level. Indeed, 
as we explained before, the only breaking of SO(3)c in the gauge sector is due 
to the elementary hypercharge gauge field which can not contribute at 
tree-level to the two point correlator of the elementary bosons.^ The only 
contributions of the vector resonances to the T parameter are induced at the 
radiative level. These contributions however are subleading with respect to 
the IR effects in Eq. (7.1.5) because they lack the \og{w?p/rn\j) enhancement 
that characterizes the IR corrections. The contributions to T from the vector 
resonances can thus be usually neglected [217]. 

The S parameter, on the other hand, is not protected and thus can be 
generated at tree-level through the exchange of composite vector states. The 
origin of these contributions is the mass mixing between the vector reso¬ 
nances and the elementary gauge bosons. The structure of the corresponding 
diagrams is shown in Fig. 7.3. To understand the origin of these corrections 
it is useful to start from a simple explicit example: the two-site model intro¬ 
duced in Chap. 5. In this set-up the kinetic term for the Goldstone fields (see 
Eq. (5.1.16)) contains a mass mixing between the elementary gauge fields, 
Wp and Bp, and the composite vectors, Pp. Obviously before EWSB the 
mixing is diagonal and links the elementary fields to the vector states with 
the same SU(2 )l x U(l)y charges. When the Higgs acquires a VEV, however, 
off-diagonal mixing terms are generated which give rise to a contribution to 
the two-point function of the Wp and Bp bosons. 

The explicit expression of the correction to the S parameter in the two-site 
model is given by 

AS=||{=.!5f, (7,1.6) 

where rup denotes the mass of the composite vector resonances, ~ g‘^f'^/2 
(see Eq. (5.1.21)). It is interesting to notice that the tree-level shift in 

^In computing the oblique parameters at tree-level, the holographic gauge fields must 
be treated as external sources and must not be used as virtual fields propagating in the 
diagrams. In particular the mass mixing between the component and Bp induced 
after EWSB does not induce a tree-level contribution to T. The holographic bosons can 
be used as virtual fields only at the radiative level, as we did in the computation of the IR 
corrections in Sect. 7.1.1. 
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Figure 7 . 3 : Tree-level diagrams contributing to the S parameter through the ex¬ 
change of a massive vector resonance. The dashed lines represent insertions of the 
Higgs VEV. 


Eq. (7.1.6) is strictly positive. When this additional contribution is taken 
into account together with the IR corrections in Eqs. (7.1.4) and (7.1.5), the 
overall fit of the EW data worsens and the bound on ^ becomes stronger. 

The constraints on S can be also used to derive a robust lower bound 
on the mass of the SO(5) composite vector resonances. By marginalizing 
over T, one finds an absolute upper bound on S, namely S' < 2.5 x 10“^ 
(see Eig. 7.1). By assuming that the correction in Eq. (7.1.6) is the dominant 
contribution to S (or at least that no strong accidental cancellation happens), 
this constraint can be translated into a lower bound on the mass of the vector 
resonances nip > 2 TeV. 

The result we obtained in the two-site set-up is in agreement with the 
general estimate of the tree-level corrections to S derived in Chap. 3 (see 
Eq. (3.2.12)) 

AS~"%, (7.1.7) 

mi 

where m* denotes the mass scale of the lightest vector resonances. If a larger 
set of resonances is present, additional contributions to S are generated. Eor 
instance, if some “axial” resonances in the SO(5)/SO(4) coset are present, 
the tree-level correction becomes [43] 



where denotes the mass of the axial resonances. This result coincides 
with the one obtained in the alternative two-site construction presented in 
Sect. 5.1.5. Notice that in the minimal constructions rUp < ma, thus the 
correction due to the “axial” resonances is subleading. Similar considerations 
apply to possible additional heavy vector resonances, whose contribution to 
S is suppressed by the larger mass and can be usually neglected with respect 
to the one coming from the lightest states. 

The vector resonances can also induce radiative corrections to S. As in 
the case of the T parameter, these corrections are subdominant with respect 
to the IR effects in Eq. (7.1.4) and can thus be usually neglected.^ 


more accurate computation of the corrections to S can be obtained through the use 
of a dispersion relation approach, which allows to partially take into account additional 
UV contributions [218]. These effects, however, turn out to be numerically small so that 
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Before concluding the discussion of the vector resonances corrections to the 
oblique parameters, we briefly discuss how the above results are modified in 
the presence of non-nearest neighbor (or “non-local”) interactions. The role 
of this class of interactions in the multi-site constructions has been discussed 
in Sect. 5.1.6, where we showed that they can spoil the collective breaking 
protection and reintroduce a divergence in the Higgs potential. 

For definiteness in the following we will focus on the alternative two-site 
construction presented in Sect. 5.1.5, similar results, however, are obtained 
in the any other model. The leading “non-local” interaction in this set-up 
is given in Eq. (5.1.64) and its main effect is to introduce an additional 
contribution /'^ to the Goldstone decay constant, /, which is modified as 

Jl + 12 

The modification of the relation between / and the two cr-model decay con¬ 
stants /i _2 leads to a change in the tree-level corrections to the S parameter 
given in Eq. (7.1.8), which now becomes [43, 159] 

AS = rn^ -7^— f —^ H-^ | . (7.1.10) 

r \ml mlJ 

From this expression one can see that a positive value of f'^ determines a 
reduction of the corrections to S. The tree-level correction can even become 
negative if /' > /. For this to happen without leading to negative squared 
masses for the vector resonances, one needs to choose /| < 0. In these 
configurations the vector resonances in the adjoint of SO(4) are heavier than 
the axial ones in the coset SO(5)/SO(4), as can be seen from the explicit 
expressions 

= \ 9 lf 1 , rnl = ^ (j.i.n) 

where gp is the gauge resonances coupling. If the “non-local” operators are 
not present, instead, one necessarily gets nip < nia and a positive tree-level 
correction to the S parameter. 

7.1.3 The fermion contribution 

Another important set of corrections to the oblique EW parameters is gener¬ 
ated at the radiative level due to loops of fermionic states. As we explained 
before and summarized in Fig. 7.1, these contributions can be crucial to rec¬ 
oncile the composite Higgs scenarios with the EW data. This is especially 
true in the scenarios favored by Naturalness, which requires a relatively large 
value for In this section we analyze in details the fermion contributions to 
the oblique parameters and derive some estimates of their size. 


the full results is very well approximated by the sum of the tree-level contributions and of 
the IR corrections. 
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The S parameter 

We start the analysis by discussing the corrections to the S parameter. As 
a preliminary step it is interesting to determine the degree of divergence 
associated to these corrections, which will tell us if they are “calculable” or 
not in the various models. 

We saw in Sect. 7.1.1 that in the simplest and more general description of 
a Goldstone Higgs, the non-linear cr-model, the one-loop corrections to S are 
logarithmically divergent. In that case we could only estimate the radiative 
effects by retaining the dominant IR running correction which is enhanced 
with respect to the UV contributions by the large logarithm. Obviously the 
minimal non-linear cr-model does not contain a description of the fermionic 
states, so for the present discussion we need to consider a more complete 
implementation of the composite Higgs scenarios. 

One possibility is to consider the multi-site constructions described in 
Chap. 5. The divergence structure in these models is considerably different 
from the one in the cr-model description. Indeed in the multi-site construc¬ 
tions all the effects related to EWSB are protected by a collective breaking 
mechanism and the degree of divergence associated to the corresponding op¬ 
erators is automatically lowered. For instance, in the 5-1-5 two-site model 
discussed in Sect. 5.1.4, the leading fermionic contribution to S corresponds 
to an effective operator with the structure 


cs 


(167r2)2/2 


Oi = 


cs 


(167r2)2/2 




1 cs ml-ml 

^_ _i _mn 

2 167r2 167r2/2 




(7.1.12) 


As required by the collective-breaking mechanism, this operator contains 
two insertions of the rh mass parameter which are needed to break the global 
SO(5)ij invariance associated to the composite resonances. Notice that the 
contribution to S vanishes if the masses of the SO(4) fourplet and singlet com¬ 
ponents of ip are equal, mg = tot- In this limit, indeed, the global SO(5)/j 
invariance is restored and the collective-breaking structure ensures that no 
EWSB effect can be generated. According to the counting in Eq. (5.1.51), 
the insertions of the fh parameter lower the degree of divergence associated 
to the Og operator making it finite at one loop. 

Similar considerations apply to the radiative contributions coming from 
the vector resonances, which turn out to be calculable at one loop in the multi¬ 
site models. This feature explains why in the IR contributions in Eqs. (7.1.4) 
and (7.1.5) we identified the scale at which the logarithmic divergence is 
regulated with the mass of the vector resonances. 

There is, however, an important subtlety that needs to be mentioned. 
What we showed by the previous analysis is that in the two-site model no 
counterterm needs to be introduced at one loop for the operator correspond¬ 
ing to the S parameter. In the language of Feynman diagrams, this means 
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Figure 7.4: Radiative contribution to the S parameter generated by a composite 
fermion loop. The dashed lines represent insertions of the Higgs VEV. 


that the IPI (one particle irreducible) contributions to S are finite. How¬ 
ever additional corrections coming from non-IPI diagrams are in general also 
present. These diagrams can include some sub-divergences which must be re¬ 
moved by a renormalization of the parameters of the model. In other words, 
the corrections to the S parameter are finite only when expressed in terms 
of renormalized parameters. It is only in this sense that we can consider S 
“calculable” in the multi-site constructions. 

A simple example of sub-divergent contributions to S in the two-site 
model comes from the mixing of the S operator with the two-point func¬ 
tion of the vector resonances. We already saw that this mixing, which is 
induced by the mass terms that link the elementary fields to the composite 
vector states, is responsible for generating the tree-level corrections to S. At 
one loop the correlator of the vector fields acquires a logarithmic divergence, 
which leads to a sub-divergence in S. The sub-divergence is obviously reg¬ 
ulated by the renormalization of the vector resonances coupling gp. Typical 
diagrams giving rise to this effect are shown in Fig. 7.4. Notice that they 
include a loop containing only composite fermions and not elementary states. 
The elementary fermions, indeed, are not directly coupled to the composite 
vectors and can enter in the loop only through the mass mixing with the com¬ 
posite fermions. Insertions of the mass mixings introduce additional fermion 
propagators making the diagram finite, therefore the elementary fermions do 
not contribute to the divergence. 

Although the multi-site constructions allow a full determination of the 
corrections to S, the actual computation is substantially cumbersome. More¬ 
over the result crucially depends on the details of the model and can not be 
discussed in full generality. Fortunately in many cases a simpler and more 
general approach can be used to extract the leading corrections to the oblique 
parameters. This can be done by noticing that the fermionic top partner res¬ 
onances are preferentially lighter than the vectors for reasons related with 
the generation of the Higgs mass that we discussed in the previous chapters. 
In this situation we can use a simplified description of the composite Higgs 
theories that only includes the Higgs dynamics, the elementary fields and the 
light fermionic partners, where the heavy vector states are integrated out. 
This minimal description is provided by the CCWZ constructions presented 
in Chap. 6, in which the Higgs (and the elementary gauge fields) is described 
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by the cr-model Lagrangian discussed in Sect. 5.1.1, whereas the elementary 
SM fermions and their composite partners are described by the most general 
effective Lagrangian compatible with the Goldstone symmetry. Obviously, 
these effective models must be interpreted as a valid descrption of the com¬ 
posite Higgs scenarios up to a cut-off that coincides with the mass of the 
vector resonances, mp. In the following, we will use these effective descrip¬ 
tions to quantitatively analyze the corrections to the oblique parameters. 

Given that no collective-breaking structure is present in the effective La¬ 
grangian, it is easy to understand that the divergence counting in the general 
CCWZ constructions coincides with the one of the usual non-linear tr-model, 
which is encoded in Eq. (5.1.6). The one loop corrections to the S parameter 
are thus expected to be logarithmically divergent. This results is valid irre¬ 
spectively of the fields that circulate in the loop, thus it applies to the gauge 
contributions (as we explicitly verified when we computed the IR effects) as 
well as to the fermion ones. 

The leading logarithmically enhanced contributions to S coming from 
fermion loops can be easily computed in the effective theory. As an explicit 
example we consider the 5-1-5 model, whose general effective Lagrangian has 
been presented in Sect. 6.1.1. Similar results are however valid in the other 
models. The logarithmically enhanced corrections to S coming from the top 
partners are given by [89, 170] 

where Nc is the number of QCD colors. It is important to notice that this 
class of divergent contributions to S is generated only if composite multiplets 
in non-trivial representations of SO (4) are present in the effective theory. In 
the 5-1-5 model, for instance, the correction in Eq. (7.1.13) is due to the light 
SO(4) fourplet. This explains why the argument of the logarithm is written 
in terms of the fourplet mass 7714 . On the other hand, loops containing only 
SO(4) singlets can not generate a divergence. This follows from the fact 
that the gauge interactions of an SO(4) singlet with the SM gauge fields are 
trivially given by the standard covariant derivative and are not modified after 
EWSB (this can be explicitly seen from Eq. (6.1.4)). 

The fact that the correction in Eq. (7.1.13) is independent of the elemen¬ 
tary/composite mixings yL.R is quite remarkable. In particular it implies that 
any light non-trivial SO(4) multiplet contributes to S with a sizable shift.® In 
models in which many light fermionic resonances are present, as for instance 
if all the SM fermion generations have light partners, the natural size of the 
corrections to S can become very large and some amount of cancellation may 
be required to pass the experimental bounds. 

The logarithmically enhanced contribution to S in Eq. (7.1.13) is sizable 
if c| -I- c|, is not too close to 1 and is typically much larger than the IR 


^Similar contributions to S are also present in technicolor models [132, 219]. 
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Figure 7.5: Upper bound on ^ in the 5 + 5 model as a function of the fourplet 
mass 7714 for rrip = 3 TeV and different values of c = ci, = c_b. The results have 
been obtained by considering the contributions to S given in Eqs. (7.1.4), (7.1.6) 
and (7.1.13) and by marginalizing on T. The shaded regions correspond to the 
points compatible with the constraints at the 68%, 95% and 99% confidence level 
for c = 0. The dashed red curves show how the bounds are modified for c = 1/2. 


effects in Eq. (7.1.4). Even if we assume that only one multiplet of partners 
is light, as in the minimal two-site 5 + 5 model, the correction due to fermion 
loops can be comparable with the tree-level contribution in Eq. (7.1.6) if the 
strong coupling gp is large, Tjp > 5. From an effective theory point of view, 
the coefficients are just free parameter, thus in principle the fermion 
contribution to S can have an arbitrary sign. In particular for > 1 

a sizable negative shift is induced, which could improve the agreement with 
the EW precision measurements (see Fig. 7.1). On the other hand, if no 
cancellation is present a large positive shift in S is unavoidable in the presence 
of relatively light composite multiplets. For example for 7774 ~ 700 GeV and 
rrip ~ 3 TeV, independently of the value of T, a tight upper bound, ^ < 0.1, 
is obtained for cl = cr = 0, which corresponds to the two-site set-up. The 
limits on the compositeness scale for c = cl = cr = 0 and c = cr = cr = 1/2 
as a function of the fourplet mass are shown in Fig. 7.5. 

Before concluding this discussion it is interesting to notice that, from 
the effective theory point of view, the logarithmically enhanced correction 
in Eq. (7.1.13) can be interpreted as a running of the two dimension-six 
operators which contribute to S 

Ow = t {D''Wppy , OB=i {D’^Bpp), (7.1.14) 

where D^H is the derivative H^{DpH) — [DpH^H. An essential ingredi¬ 
ent for the generation of the running is the presence of the non-renormalizable 
gauge interactions due to the non-linear Higgs dynamics. Interactions of this 
kind are contained in the term in the covariant derivative of the com¬ 
posite fermions and in the d-symbol term (see the explicit expressions in 
Appendix 2.B). The logarithmically enhanced contribution is instead absent 
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field 

composite op. 

spurion 

SO(5) reps. 

T contrib. 

Ql 

(2,1) 

VL G (1,1) 

4 

— 

(2,2) 

2/lG(1,2) 

5, 10, 14 

4 insertions 


(1,1) 

VR G (1,1) 

5, 14 

— 

tR 

(1,2) 

to G (1,2) 

4 

4 insertions 


(1,3) 

to G (1, 3) 

10 

2 insertions 

w- 

(3,1) 

50 G (1,1) 

10 

— 


(1,3) 

5oG (1,3) 

10 

2 insertions 


Table 7.1: Quantum numbers of the spurious associated to the elemen¬ 
tary/composite mixings for some of the most common SO(4) ~ SU(2)/, x SU(2)i{ 
representations of the composite operators. The fourth column shows the SO(5) 
representations that contain each SO (4) multiplet. In the fifth column we report 
the minimal number of insertions needed to generate a contribution to the T param¬ 
eter (if no number is given the corresponding spurion does not break the custodial 
invariance). The T parameter is Hnite in the effective theory if more than two 
insertions of the spurious are needed, whereas it is logarthmically divergent if only 
two insertions are enough. 


in a theory with only renormalizable interactions [170, 220]. 

The T parameter 

We can now analyze the corrections to the T parameter. Similarly to what 
happens for S, the T parameter is calculable in the multi-site set-ups. The 
custodial protection, however, provides an additional reduction of the degree 
of divergence, so that, as we will discuss in the following, T is in many cases 
calculable even in a general effective theory independently of a collective¬ 
breaking mechanism. 

As a preliminary step to exploit the implications of the custodial symme¬ 
try, we need to determine the SO(4) ~ SU(2)i x SU(2)ii; quantum numbers of 
the spurious that control the breaking of SO(3)c induced by the mixing with 
the elementary states. For this purpose, a useful choice is to assume that the 
elementary fields are only charged under SU(2)l with the usual SM quantum 
numbers, whereas they are neutral under SU(2)7j. The Higgs, on the other 
hand, belongs to the (2, 2) representation. In order to formally restore the 
SO(4) invariance we then need to associate the elementary/composite mix¬ 
ings and the elementary gauge couplings to a set of spurious. It is easy to see 
that the spurious must be neutral under the SU(2)i group, while they have 
non-trivial transformation properties under SU(2)7j. In Table 7.1 we list the 
quantum numbers of the spurious for different choices of the representations 
of the composite operators involved in the mixings. 
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Figure 7.6: Schematic structure of the radiative contribution to the T parameter 
generated by a composite fermion loop at leading order in the y expansion. 


As we will show in Appendix 7.A, the T operator belongs to the (5,1) 
representation of 811(2)^ x 811(2)^^. Given that all the spurions are neutral 
under 8U(2)i, a contribution to T necessarily requires at least four Higgs 
insertions: ~ (5,5) 0 (3,3) 0 (1,1). To build a suitable operator we 

also need to insert some powers of the spurions that break the custodial 
invariance. Each spurion insertion lowers the degree of divergence by one 
power. If two insertions are sufficient the one-loop contribution to T can be 
logarithmically divergent, while more than two insertions ensure that T is 
finite. Notice that in the latter case the fermion contributions to T is fully 
finite and does not contain sub-divergences coming from non-lPI diagrams. 
Indeed the insertions of the spurions are associated to the fermionic lines in 
the diagrams and must necessarily appear in the loop. 

As can be seen from Table 7.1, in many models the minimal number of 
Ul.r insertions is four, implying that T is calculable also in the effective 
theory. It is interesting to notice that this happens when the elementary 
fermions are mixed with strong sector operators in the 5 and 14 representa¬ 
tions of 80(5). As we will see in Sect. 7.2, in these cases a custodial protec¬ 
tion for the couplings to the Z boson is also present, which improves the 
compatibility of the model with the experimental data. 

We can now derive some estimates of the size of the one-loop corrections 
to T induced by fermion loops. For definiteness, in the following we will focus 
on the scenarios in which the T parameter is finite in the effective theory. In 
this case a typical diagram contributing at leading order in the y expansion 
is shown in Fig. 7.6. It is straightforward to estimate the leading corrections 
to T coming from fermion loops: 


AT ~ 


Nc yjP 

IGtt^ m? ’ 


(7.1.15) 


where m is the mass of the lightest top partner and i/l collectively denotes the 
elementary/composite mixing of the third-generation qj^ doublet. To get a 
quantitative estimate we can extract the value of the y^ mixing from the top 
mass. If we assume that the elementary/composite mixings have comparable 
sizes, yL ~ yn ~ y, the top Yukawa can be estimated as yt — y^f/m. By 
using this expression we get the estimate 


(7.1.16) 
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Notice that this contribution is typically dominant with respect to the IR 
correction in Eq. (7.1.5). Moreover, the sign of the fermion contribution can 
be positive, thus compensating the negative shift in Eq. (7.1.5). 

Additional contributions to T coming from heavier resonances can also 
be present. They are however suppressed with respect to the corrections in 
Eq. (7.1.15) by the larger resonance mass. 

7.1.4 Explicit results 

In the general analysis presented in the previous sections we found that, in 
a large class of composite Higgs models, the corrections to the oblique EW 
parameters can be computed in a reliable way from the low-energy dynamics 
of the theory. In particular the leading corrections can be extracted within an 
effective theory which only includes the SM fields and the lightest fermionic 
resonances. 

Given the importance of the fermionic contributions in making the com¬ 
posite scenarios compatible with the EW precision data, it is worth analyzing 
them carefully in explicit models. In the following we present such analysis in 
two classes of minimal models in which the composite resonances belong to 
the fundamental representation of SO(5), namely the 5-1-5 and 5-1-1 scenarios 
described in Sect. 6.1.1. The explicit results will also allow us to get a solid 
quantitative determination of the constraints coming from the EW precision 
measurements. 


The 5-1-5 model 

As a first example we will focus on the 5-1-5 model. This scenario follows 
the usual partial compositeness structure, in which the ql and tn fields are 
realized as elementary states. The composite operators that mix with the ele¬ 
mentary fermions transform in the fundamental representation of SO(5), thus 
the fermionic resonances belong to the fourplet and singlet representations 
of SO(4). 

Before discussing the results in the complete model, it is interesting to 
consider two simple limits, in which only one SO(4) multiplet of composite 
fermions is present in the low-energy spectrum. 

In the case in which only the singlet is light, the fermionic contributions 
to S are finite and are negligible with respect to the tree-level corrections in 
Eq. (7.1.6). The correction to S is thus positive and is fixed by the mass of 
the heavy vector resonances. The T parameter, on the other hand, receives 
a sizable positive contribution from the fermion loops. At leading order in 
v/ f the explicit result reads 


AT = 


3 ^ y\im\p 
647r2 {ml + 





log 


( 2{ml + yPPf \ 

\ ) 



(7.1.17) 
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Figure 7.7: Corrections to the T parameter in the 5 + 5 model as a function of the 
singlet mass rrif and the Pri mixing for ^ = 0.1. The results correspond to the limit 
with only a light singlet and includes the exact fermion one-loop corrections and 
the IR contribution in Eq. (7.1.5). The dashed red lines correspond to the contours 
with fixed Pli. The solid blue contours give the regions that are compatible with 
the constraints on the oblique parameters at the 68% and 95% confidence level. 


In a large part of the parameter space this correction can compensate the 
negative shift that comes from the IR contribution in Eq. (7.1.5). The total 
shift in T is shown in Fig. 7.7 for the reference value ^ = 0.1 corresponding 
to / = 780 GeV. The results are shown as a function of the singlet mass 
rrif ~ ml + and the yjn mixing.® To derive the value of S the value 

rup = 3 TeV has been used for the vector resonances mass scale. It can be 
seen that sizable positive values of T can easily be obtained for reasonable 
values of the singlet mass and of the elementary/composite mixings. 

As a second simplified limit we consider the case in which the resonance 
spectrum contains only a light fourplet. In this case the dominant contribu¬ 
tion to the S parameter comes from the logarithmically enhanced corrections 
due to the loops of fermionic resonances. The explicit result coincides with 
the one in Eq. (7.1.13) with cr = cr = 0: 

where the numerical estimate has been obtained by setting ~ 700 GeV 
and mp ~ 3 TeV. If the gauge resonances are heavy mp/f ~ ^p > 4, the 
correction in Eq. (7.1.18) is comparable to the tree-level one. The sizable pos¬ 
itive contribution to S implies a quite stringent bound on the compositeness 

®The top mass, as in all the numerical results we show in this chapter, has been fixed 
to the value mt = TeV) = 150 GeV, which corresponds to a pole mass = 

173 GeV. 
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scale, ^ < 0.1, irrespectively of the value of T. An even stronger constraint 
is obtained if one also considers the corrections to the T parameter. The 
fermion contribution at the leading order in the y expansion is given by 


AT = - 


3271^ m\ 


(7.1.19) 


The approximate result shows that the shift in T tends to be negative. A 
numerical computation confirms that this result is valid in a large part of the 
parameter space of the model. 

The fact that the shift in T is necessarily negative makes the constraints 
coming from the oblique parameters extremely severe. Using the fit in Fig. 7.1 
an upper bound ^ < 0.02 at the 99% confidence level is obtained, which 
corresponds to a lower bound / > 1.7 TeV. 

As a final case we consider two more complete models that include both 
a fourplet and a singlet. In order to reduce the number of free parameters it 
is useful to choose a common value for the left and right elementary mixings, 
ULi = Vli = Vl and ym = y^i = j/ij, and for the coefficients of the d-symbol 
operators, cl = cr = c. With this choice the effective Lagrangian (excluding 
the interactions with the gauge fields) reproduces the one of the two-site 5-1-5 
model discussed in Sect. 5.2.1. This means that the Higgs mass is calculable 
and the result in Eq. (5.2.14) can be used to relate it to the masses of the 
lightest top partners. By imposing this relation and requiring the correct 
value for the top mass, we can describe the parameter space of the model in 
terms of three free parameters, which we can choose to be the mass of the T 
resonance inside the fourplet (tot — m-l + y^f^), the ql compositeness angle 
4>l, defined as 


sin (pL = 


VL 

V^l + ylP ’ 


(7.1.20) 


and the coefficient of the d-symbol term, c. With the above choice the right 
mixing y^ is determined up to a twofold ambiguity. In the numerical results 
(in Figs. 7.8 and 7.9) we show two plots that correspond to the two choices 
of yR. 

For definiteness we focus on two explicit models obtained for particular 
choices of c. The first one is the case c = 0, which corresponds to the minimal 
5-1-5 two-site model of Sect. 5.2.1. The second case corresponds to the choice 
c = 1/for which the logarithmically enhanced fermion contribution to S 
vanishes (see Eq. (7.1.13)). 

The numerical results for T for the case c = 0 are shown in Eig. 7.8 
for ^ = 0.1, that roughly corresponds to the maximal value allowed by the 
bounds on the S parameter. In the numerical results the Higgs mass has been 
fixed to the value rrih = 126 GeV. As expected from the results discussed 
in the simplified cases with only one light multiplet, in the region in which 
the fourplet is light the corrections to T are negative, whereas a light singlet 
typically implies a positive shift. The fit of the oblique parameters puts 
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Figure 7.8: Corrections to the T parameter as a function of the mass of the top 
partners and of the qL compositeness in the 5 + 5 model with c = 0 for f = 0.1. 
The two plots correspond to the two choices of yn that allow to obtain the correct 
Higgs and top masses at fixed rtiT and (f>L. In the white regions the Higgs and top 
masses can not be reproduced. The dashed green contours show the mass (in TeV) 
of the exotic composite state X^/^. The solid blue contours give the regions that 
are compatible with the constraints on the oblique parameters at the 68% and 95% 
confidence level, while the dashed red lines show how the bounds are modified if 
we assume a 25% reduction in S. The plots are taken from Ref. [170]. 


strong bounds on the parameter space of the model. In the plots the allowed 
regions for 68% and 95% confidence level are shown. 

As can be seen from Fig. 7.8, the oblique parameters can be used to 
set some lower bounds on the masses of the resonances coming from the 
composite fourplet. At the 95% confidence level, one finds rnx^/^ — ™X 6/3 ^ 
950 GeV for the mass of the exotic doublet 27 /g and tot — rriB ^ 1-2 TeV 
for the 27/6 states. If one assumes a 25% cancellation in the corrections to 
S, the bounds are significantly relaxed: mx^/^ — ^ 500 GeV and 2^/^ 

and rriT — rns ^ I TeV. Notice that these bounds are competitive with the 
ones obtained from direct searches (see Chap. 6). 

Finally the results for the case c = I/-\/2 are given in Fig. 7.9 for ^ = 0.1. 
Notice that in this case the main corrections to S come from the tree-level 
effects, thus, in principle, higher values of ^ could be allowed. In particular 
for the value nip = 3 TeV used in the plots, the corrections to S are well 
below the absolute upper bound given by the current data. By comparing 
the corresponding plots one can see that the results for c = l/-\/2 significantly 
differ from the ones for c = 0. In the case c = l/-\/2 the corrections to T 
tend to be more negative and a much lighter singlet (and consequently a 
heavier fourplet) is needed to pass the constraints on the oblique parameters: 
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Figure 7.9: Corrections to the T parameter as a function of the mass of the top 
partners and of the qh compositeness in the 5 + 5 model with c = \l\f2 for ^ = 0.1. 
For a description of the symbols used see caption of Fig. 7.8. The plots are taken 
from Ref. [170]. 


mf < 800 GeV and my > 2 TeV. 

The case of a fully composite tR 

The second scenario we consider, the 5 + 1 model, is a modihcation of the 
partial compositeness structure in which only the left-handed doublet is 
elementary, while the is a fully composite state. 

The IR contributions to the oblique parameters and the tree-level correc¬ 
tions to S due to the gauge resonances do not depend on the assumptions on 
the fermion compositeness. The presence of a fourplet of composite fermions 
induces a logarithmically enhanced contribution to S, which is given by 

The main difference with respect to the 5 + 5 case is the presence of the 
additional contribution depending on cj, which comes from the d-symbol 
operator involving the and the composite fourplet (see Eq. (6.1.19)) This 
term can lead to a cancellation of the leading contributions even if no light 
singlet is present so that cl = cr = 0. 

In the following we focus on the simplihed cases in which only one light 
SO(4) multiplet of massive composite fermions is present. As a first scenario 
we consider the case in which only a fourplet is present. The contributions 
to the S parameter are dominated by the tree-level corrections. The fermion 











7.1. THE OBLIQUE PARAMETERS 


277 



Figure 7.10: Corrections to the T parameter in the model with a fully composite 
tu. On the left panel the case with only a light singlet is shown as a function of 
the singlet mass and of the qL mixing. On the right panel we plot the results 
as a function of the ql mixing and of Ct in the case with only a fourplet of mass 
1714 = 1 TeV. Both plots are obtained for ^ = 0.1. The solid blue contours give 
the regions that are compatible with the constraints on the oblique parameters at 
the 68% and 95% confidence level, while the dashed red lines in the right plot show 
how the bounds are modified if we assume a 25% reduction in S. The plots are 
taken from Ref. [170]. 



contribution to T can be sizable and is typically positive. At leading order 
in u// it reads 


AT = 


3 

m\ 


Vli + “^VLt 



2m\ \ 



(7.1.22) 


The total correction to T is shown in the left panel of Fig. 7.10 for ^ = 0.1. 
One can notice that in this set-up the overall results for the corrections to the 
oblique parameters are similar to the ones we found in the case of a partially 
composite Ir. 

The second scenario we consider is the one with only a light fourplet. 
Once we hx the top mass, the parameter space of the model can be described 
by three free parameters: the elementary composite mixing, yL 4 , the fourplet 
mass, 7714 and the coefficient of the d-symbol operator ct. The contributions 
to the T parameter coming from fermion loops at leading order in v/f are 
given by 


AT = - 


^ VLiP 

3277 ^ nii 


3c^vu ivL - 4d.) + Vl, {vu - 3A.,u 


(yz.4 - 


log 


27714 

v'^yl^ 


- 1 


(7.1.23) 
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The terms related to the d-symbol operator come with accidentally large 
coefficients, thus the value of AT has a strong dependence on Cj. In the right 
panel of Fig. 7.10 we show the total correction to T as a function of yLi and 
Ct for a hxed value of the fourplet mass, TO 4 = 1 TeV. The parameter space 
regions with better agreement with the EW data are the ones with ct ^ — 1, 
in which the logarithmically enhanced shift in S is partially canceled. 


7.2 The ZbLbL coupling 


In the previous section we focused our attention on the oblique parameters, S 
and T, which encode the universal new physics effects that affect in the same 
way all the fermion generations. The oblique parameters are enough to cap¬ 
ture all the relevant corrections in the limit of small fermion compositeness. 
This is usually an excellent approximation for the light quark generations, 
but not for the third one, whose mixing with the strong dynamics needs to 
be sizable to generate the large top mass. As a consequence, the observables 
related to the third quark generation can receive non-universal shifts that 
need to be taken into account separately from the universal effects. Among 
such observables the coupling of the Z boson to the bottom held plays a 
prominent role in constraining the BSM dynamics. The current experiments, 
indeed, tested this coupling at the few x 10“^ level. In this section we will 
consider in datails how the Zbb coupling is modihed in the composite Higgs 
scenario. 

Before starting the actual analysis it is useful to Hx our notation. We 
parametrize the Z interactions with the bottom quark by the Lagrangian 

[(56™ + SgtjPL + (56™ + SgbjPR] b , (7.2.1) 

COb Onj 


where denotes the SM couplings (including the loop corrections), Sg 
corresponds to the corrections due to new physics and Pl,r are the left and 
right projectors. The weak mixing angle is denoted by 9w The tree-level 
values for the SM couplings are 


SM.tree 

9bL 


1.1 -20 
-2 + 3 sin 


SM.tree 

9bn 



(7.2.2) 


while the one loop corrections (computed in the limit 5 —>■ 0 ) are 


SM.loop 

9br, 




SM.loop n 

9ba' -0 


(7.2.3) 


The current bounds on the deviations of the Z couplings to the bottom 
are shown in Fig. 7.1. The deviation to the left-handed bottom coupling are 
constrained to be at the level of 3 x 10“^, while the bounds on the coupling 
with the right-handed bottom are one order of magnitude less stringent. 
Notice however that a strong correlation exists between the bounds on 5gb^ 
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Figure 7.1: Constraints on the new physics corrections to the Z boson couplings 
with the bottom quark. The ellipses show the exclusion contours at 68% and 
95% confidence level [221, 222]. The vertical band shows the expected size of the 
corrections to the coupling in minimal models. The plot is taken from Ref. [170]. 

and 6gbi^. In many minimal composite Higgs scenarios the corrections to the 
gbji coupling are typically small, at most of the same order of the deviations 
in gb^. If we impose the constraint ^ few x 10“^, a negative value for 

6gbj^, of order —2 x 10 “^ is preferred, whereas a positive shift worsens the 
ht with respect to the SM. The region favored by the current fit in the case 
of small Sgbn is shown in Fig. 7.1 and corresponds to the intersection of the 
gray ellipses with the vertical band. 

7.2.1 Tree-level corrections and the Plr symmetry 

As a first step in our analysis, we discuss the tree-level corrections to the 
left-handed bottom coupling. In generic composite Higgs models the main 
contributions come from the mixing of the with the partners related to the 
top sector. These corrections are potentially sizable because the ql doublet 
must be strongly coupled to the top partners in order to generate the top 
mass. The corrections to gb^^ can be estimated as [48] 



(7.2.4) 


where the last inequality follows from the absolute lower bound on the left- 
handed mixing ^ j/t, which is obtained when the is fully composite. The 
schematic structure of the diagrams that generate the tree-level corrections to 
the gbj^ coupling is shown in Fig. 7.2. By comparing the above estimate with 
the current data a stringent upper bound on ^ is found. This is especially 
true if the top partners are relatively light, 5 ^ = m.^/f < 2 , as expected from 
naturalness considerations. 
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Figure 7.2: Example of diagrams contributing to the deviations of the ZbLbL vertex 
in the absence of custodial protection. 


It is important to stress that Eq. (7.2.4) is only a naive estimate. To 
derive it we assumed that the corrections to the ZbiJjL coupling are gener¬ 
ated at the lowest possible order and no protection mechanism is present. 
However, as we will discuss in the following, in many composite Higgs sce¬ 
narios the corrections to gb^ are naturally suppressed thanks to a custodial 
protection [93]. This happens when the composite sector is invariant under 
an 0(4) symmetry and not just under SO(4). The extended symmetry in¬ 
cludes, in addition to the usual SO(4) ~ SU(2)i x 811(2)^ group, a discrete 
parity, Plr^ defined as the interchange between the generators of the 811 ( 2 ) 2 , 
and 8 U( 2 )j 2 subgroups. The Plr symmetry can be represented by the 0(4) 
element Plr = diag(—1, —1, —1,1).^ The fourth component of the Higgs 
multiplet is invariant under this transformation, therefore the Prr. symme¬ 
try is not broken by the Higgs VEV. 

We can now analyze the implications of the Plr symmetry on the Z 
couplings, extending the discussion of 8 ect. 3.2.2. Let us consider a fermion 
4’ that is an eigenstate of Plr- It can be shown that its coupling to the Z 
boson is protected and does not receive corrections after EW 8 B. Moreover, as 
in the 8 M, the coupling is completely determined by the electric charge and 
by the hypercharge (or, equivalently, by the U(l)x charge) of the fermion 
tp- A proof of this result is postponed to Appendix 7.A. If ip has definite 
quantum numbers under 8U(2 )l x SU( 2 ) 2 j, the condition to be an eigenstate 
of Plr is equivalent to demanding that it has the same charges under 8 U( 2 )l 
and 8 U( 2 ) 22 , namely 

Tl = Tr and Tl=Tl. (7.2.5) 

Let us now apply these results to the bottom field. To protect the 
coupling to the Z boson we need to embed the ql doublet in an 80(4) 
multiplet is such a way that Eq. (7.2.5) is verified for the bottom component. 
The only way to do this is to embed ql into the 4 = (2, 2) representation 
with U(l)jc charge 2/3. With this choice the quantum numbers are 

Tl=Tr = 1/2 and r| = T3=-l/2, (7.2.6) 

’’The Plr symmetry can be also seen as a transformation of 0(5) corresponding to 
the element Plr = diag(—1, —1, —1,1,1). For more details on the Plr symmetry see 
Appendix 3.A. 
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and the 6 l field is odd under the Plr symmetry. 

It is easy to understand that the choice of the qj, embedding also deter¬ 
mines the Ir quantum numbers under SO(4) x U(l)x- In order to be able to 
write the top Yukawa only two charge assignments are possible: 

G I 2/3 = (li 1 ) 2/3 or G 62/3 = (1, 3 ) 2/3 © (3, 1 ) 2/3 . (7.2.7) 

To complete our construction we must take into account the fact that 
the Higgs is a NGB of an extended SO(5) symmetry. This implies that the 
elementary fields must be embedded in representations of the whole global 
group and not only of the unbroken SO(4) subgroup. In order to obtain a cus¬ 
todial protection for the coupling we need to embed the qr doublet into an 
SO(5) representation that contains, in addition to a ( 2 , 2 ) multiplet, another 
multiplet that can be coupled to the tR. For the first choice in Eq. (7.2.7) 
we can use the 62/3 representation of the global group that decomposes as 

52/3 = (2, 2 ) 2/3 ®(1, 1 ) 2 / 3 - (7.2.8) 

Another simple choice is the 142/3 representation whose decomposition is 

142/3 = (2, 2 ) 2/3 © (3, 3 ) 2/3 © (1: 1 ) 2/3 ■ (7.2.9) 

Explicit examples of models with these two embeddings have been presented 
in Chap. 5. For the second embedding of the tR in Eq. (7.2.7) a minimal 
choice is the IO 2/3 multiplet: 

IO 2/3 = ( 2 , 2 ) 2/3 © (1, 3 ) 2/3 © (3, 1 ) 2/3 ■ (7.2.10) 

It is interesting to remark that, when the ql doublet is embedded in the 
5 or 14 representation, the Prr invariance arises as an accidental symme¬ 
try of the lowest order interactions in the effective theory. This means that 
no additional condition needs to be imposed to obtain the custodial protec¬ 
tion [52]. This is not the case for the representation 10. To respect the Prr 
symmetry for this embedding it is necessary to impose suitable conditions on 
the operators involving the (1, 3) and (3,1) multiplets. 

Before concluding the discussion, it is important to mention that the Prr 
symmetry can only protect the coupling of the Z boson to the fermions at 
zero momentum. The effective Lagrangian for the SM fields indeed contains 
also higher dimensional interactions that include powers of the momenta, 
and, in general, these additional operators are not protected by the custodial 
symmetry. The physical value of the couplings coincide with the interactions 
computed with on-shell states and not with the “zero momentum” one, so 
that the higher-dimensional operators can induce some corrections. 

Obviously the additional corrections can come from terms proportional 
to the Z mass or to the mass of the fermions. In the case of the field the 
corrections due to the non-zero bottom mass are clearly negligible, but they 
can be important if we are interested in the couplings of the top quark as we 
will see in Sect. 7.3. 
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The bL coupling in the presence of custodial protection 

We can now analyze the size of the corrections to the coupling of the bottom 
quark with the Z boson. In the cases with Plr symmetry the only relevant 
corrections are the ones induced at non-zero momentum. For instance they 
are due to operators of the form The estimate of their effects 

is 

= (7.2.11) 

\gpj 

where is the mass scale of the composite fields mixed with the bottom. 
To obtain the numerical estimate we assumed the relation dl ^ Ur ^ 

Notice that the embedding of the qL doublet in the representation 62/3 (or 
142 / 3 ) does not allow to generate a bottom mass. Indeed the SO(5) multiplet 
does not contain any component with the quantum numbers of the field. 
Therefore to introduce a bottom mass the q^ doublet must be also embedded 
in an additional multiplet with suitable quantum numbers. This additional 
embedding could determine a breaking of the Plr protection for the field 
and generate corrections to the gb^ coupling. For instance this happens if 
we add an extra multiplet in the fundamental representation, 5 _i /3 (or in 
the 14 _i/ 3). With this embedding the bL has charges T| = —T| = —1/2 
and does not respect the conditions in Eq. (7.2.5). The contribution to the 
ZbLbL vertex coming from the bottom partners can be estimated as 


^9bL 


ivify 




(7.2.12) 


where we denoted by the mixing of the qL to the new multiplets and by 
ttib the typical mass scale of the new bottom partners. We can relate to 
the bottom Yukawa by assuming that ~ y^, which implies yL^lJR^ 
y/yb^ns/f- The estimate in Eq. (7.2.12) becomes 


^56. e-2x 10-2^e- (7.2.13) 

TOb TOb 

This correction can easily have a size comparable with the current bounds if 
the bottom partners are relatively light. Of course, if we relax the assumption 
yi ^ y^ or if we chose tub ^ /, the contribution in Eq. (7.2.12) can be 
sufficiently suppressed. 


The coupling 

Let us now consider the corrections to the bR coupling with the Z boson. 
As for the tn the quantum numbers of the embedding of the bn field are 
determined by the embedding of qL- If we use the 5 _i /3 or 14_i/3 multiplets 
to generate the bottom mass the bn field must be embedded in the (1, l)_i /3 
representation of SO(4) x U(l)x. It is easy to see that the bR quantum num¬ 
bers satisfy the conditions in Eq. (7.2.5), thus the gtj^ coupling is protected 
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by the custodial symmetry. The tree-level corrections to the bji coupling are 
then tiny and completely negligible with respect to the current bounds. 

Non-negligible corrections to the coupling can be obtained if we use 
a different embedding of qL to give a mass to the bottom quark. Several 
possibilities have been discussed in Ref. [93]. In the following for simplicity 
we will focus on the case in which the correction to the bn coupling are small. 


7.2.2 Loop corrections 


We can now consider the one-loop contributions to the Zb^bn vertex. As 
a first step we analyze the associated degree of divergence. By using the 
counting rule in Eq. (5.1.51) it is straightforward to check that the Zb^bn 
operator is naively associated to a quadratic degree of divergence. In the 
scenarios in which the 6^ is invariant under the Plr custodial symmetry, 
however, the degree of divergence is automatically reduced. This is an obvious 
consequence of the fact that a new physics contribution to the coupling 
can be generated only through the insertion of the couplings that break the 
Plr symmetry. In the set-up in which the elementary fermions are coupled 
to operators in the fundamental representation of SO(5) the main breaking of 
this symmetry is due to the yn elementary/composite mixing® and it is easy 
to see that at least two insertions of the corresponding spurion (see Chap. 5) 
are needed to generate a contribution to the Zhn^L vertex. The degree of 
divergence at one loop is therefore reduced to logarithmic. 

By an explicit analysis of the operators that correct the gb,^ coupling we 
can get another interesting insight on the nature of the divergent contribu¬ 
tions [170]. For definiteness we will consider the 5-1-5 model, whose effective 
description has been discussed in Sect. 6.1.1. For this analysis it is conve¬ 
nient to work in the basis of elementary and composite fields. In this basis 
the physical bf^^^ field corresponds to a linear combination of the elementary 
bn and of the composite Br contained inside the fourplet The operators 
that induce a distortion of the gb^ coupling can be immediately related to 
the ones that correct the couplings of the Z boson to the elementary and the 
composite states by using the transformation 


bL 


m4 


uSM 


V^l + yhP 


Bl 


VLif 


Vrnl + ylJ- 


■ 


(7.2.14) 


By means of a spurion analysis it can be shown that the leading operator 
involving the elementary bn field is given by 

O = * (qnAlr^LqL) (u^bApiAlr^Uj.dl) + h.c., (7.2.15) 


where the spurion corresponds to the mixing yL 4 of the ql doublet with 
the composite states and is defined analogously to the one we introduced in 

®We are neglecting here the contribution from the bottom partners. Due to the small 
mixings needed to generate the bottom mass, these states do not play a significant 

role in the one loop corrections. 
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Sect. 3.3.1 (see Eq. 3.3.20). In particular the index a transforms as a doublet 
under an elementary SU(2)/, group, while / transforms in the fundamental 
representation of SO(5). This operator contains four powers of j/l, thus it 
corresponds to a finite one loop contribution. The operator related to the 
composite resonance, on the other hand, contains only two spurion insertions 
and is associated to a logarithmic divergence: 

o = * + h.c.. (7.2.16) 

As can be seen from Eq. (7.2.14), the contribution to the coupling due 
to the above operator contains two additional powers oi i/l coming from the 
rotation angle between the composite states and the SM ones. Therefore, 
also in this case, the correction to is proportional to the fourth power of 
Ul. However, differently from the case of the operator in Eq. (7.2.15) the two 
additional powers of correspond to insertions on the external legs of the 
diagrams and do not reduce the degree of divergence. 

It is important to stress that we built the operator in Eq. (7.2.16) by using 
the composite resonances ^4 in the fourplet representation of SO (4). This 
choice is essential because a contribution to the gb^ interaction can only come 
from multiplets that contain a resonance with the same quantum numbers 
of the Bl field. For example, if the composite sector contains only SO(4) 
singlets, the analogous of the operator in Eq. (7.2.16) does not contribute to 
the ZbjJj]^ vertex and the leading corrections to gb^ are finite at one loop. 

Another way to understand why four powers of yz,, instead of two, are 
needed to generate a correction to the coupling is the following. Due 
to the partial compositeness assumption, each external b^ held is necessarily 
associated to a power of ul- However, being the Bl fields invariant under the 
Plr symmetry, these insertions do not lead to a breaking of the custodial 
protection. As a consequence at least two additional insertions of ul inside 
the loop are required to generate a non-vanishing contribution. 

An interesting outcome of the above analysis is the fact that the diver¬ 
gence in the ZbiJ>L vertex is not directly due to the elementary states, but 
instead it is related to a corresponding divergence in the couplings of the 
composite fields. Only one counterterm and one renormalization condition is 
thus needed to fix both divergent corrections. For instance, if we choose to 
express everything in terms of the renormalized couplings of the composite 
resonances, the one-loop corrections to the ZbiJ^L vertex become completely 
finite and calculable. 

Before concluding the general analysis of the degree of divergence of the 
ZBrEl vertex it is interesting to discuss how the above results are modified if 
we embed our theory into a two-site model. In this case the collective break¬ 
ing mechanism ensures that no counterterm exists for the Z couplings to the 

and fields, which are finite at one loop. Analogously to what happens 
for the oblique parameters, however, the non-lPI diagrams contributing to 
the ZbiAh vertex acquire a logarithmic divergence related to the running of 
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the strong sector couplings. The radiative corrections to gb^ are thus finite 
only when expressed in terms of the renormalized strong sector parameters. 
Accessing these couplings experimentally, however, would be a difficult task 
and the poor knowledge of their value would in any case forbid a full pre¬ 
diction of the radiative corrections to the Zb]J)L vertex. As we did for the 
oblique parameters, it is then more convenient to adopt a more practical point 
of view and compute only the leading corrections coming from the lightest 
fermionic resonances. In this way we encode our ignorance on the values of 
the strong sector couplings in the unknown UV contributions. 

A closer look at the divergent contributions 

After the general discussion we presented so far, we want to analyze in a 
more detailed way the structure of the contributions to the ZbiJ^L vertex. 
As we will see, a large class of diagrams are automatically finite thanks to 
the presence of a selection rule and only a very special subset can generate 
a logarithmic divergence. As explained before, we will work in an effective 
theory in which the vector resonances are integrated out and only the lightest 
fermionic resonances are retained. 

In Sect. 7.1 we saw that the one-loop contributions to the oblique param¬ 
eters come only from the leading terms in the effective a-model Lagrangian. 
The situation is different for gb^^ coupling, whose leading corrections also 
come from some dimension-six operators, namely some contact interactions 
involving four composite fermions. The schematic structure of four-fermion 
contact operators is 


04-ferm ~ ^ ('07^ V') (V’7/x V') • (7.2.17) 

In spite of having dimension six, these operators are not suppressed by powers 
of the cut-off, instead their natural coefficient is of order 1//^ (see the power¬ 
counting in Eq. (3.1.18)). Operators of this kind are typically generated by 
the strong sector dynamics. For instance they can derive from the exchange 
of heavy vector resonances as shown in the diagrams in Fig. 7.3. In these 
diagrams the suppression due to the propagator of the heavy boson is exactly 
compensated by the large coupling, gp ~ rup/f, thus explaining the order 
1 //^ coefficient. 

The corrections to the ZbiJiL vertex come from two classes of contribu¬ 
tions. The first one is generated from diagrams containing only interactions 
coming from the leading terms in the effective Lagrangian. An example of 
such diagrams are the “triangle”-type ones schematically shown on the left 
of Fig. 7.4. The second class of diagrams are the “bubble”-type ones, shown 
on the right of Fig. 7.4, that include a vertex coming from the four-fermion 
contact operators. As we will see the structure of the elementary/composite 
mixings implies the presence of a selection rule that forbids logarithmically 
divergent corrections coming from a large class of diagrams [170]. In par- 
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Figure 7.3: Structure of the Feynman diagrams that generate 4-fermion contact 
operators among the composite fermions through the exchange of heavy gauge 
resonances. 



Figure 7.4: Schematic structure of fermion one-loop loop diagrams contributing to 
the ZIlTl vertex at leading order in the yL expansion. Double lines denote the 
composite fields, while single lines correspond to the elementary ones. The dashed 
line denotes a Goldstone propagator. 


ticular the only diagrams that lead to a divergent contribution to gb^ are a 
subset of the “bubble”-type ones, while the others are finite. 

The origin of the selection rule can be easily understood by analyzing the 
“triangle”-type diagrams in an expansion in In particular, as explained 
before, we are interested in the diagrams that contain two hl insertions on 
the external legs (see Fig. 7.4). The external fields are both mixed with 
the Bl state contained in the fourplet In order to generate a divergence, 
the vertices with a Goldstone boson must also contain a power of the momen¬ 
tum, i.e. they must come from an interaction of the form where 

we generically denoted by ip the Goldstone field and by ip the composite 
fermions.® The chirality structure of the vertex implies that the compos¬ 
ite fermions that enter in the loop are necessarily left-handed. But, in the 
leading order Lagrangian, the left-handed composite fermions mix with the 
elementary states only through yn. As a consequence, in order to generate a 
non-vanishing contribution to some yn or some composite mass insertions 
are needed in addition to the four powers of the yL mixing. This lowers the 
degree of divergence making the diagrams finite. 

The only diagrams that can give rise to a logarithmic divergence are 
the “bubble”-type ones. They of course crucially depend on the presence 
of four-fermion operators in the effective Lagrangian. Two types of contact 


®In the effective Lagrangian vertices of this kind are generated by the d-symbol terms. 
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interactions can generate a contribution to gi,^. The first type has the form 
^4-term ^ ^ {TlI^ , (7.2.18) 

where T denotes any composite state with charge 2/3 contained in the four- 
plets. For shortness in Eq. (7.2.18) we did not specify the color structure, 
which is not relevant for the present discussion. By adapting the previous 
analysis, it is straightforward to show that the “bubble”-type diagrams with 
the 04-ferm g^j-g protected by the selection rule and are finite. The 

second type of contact interactions is of the form 

(^4-ferm ^ ^ (Bl^Bl) (TrJ^Tr) . (7.2.19) 

In this case the selection rule is violated because the Tr fields can mix with 
the qL doublet through i/r. This class of vertices gives rise to a logarithmically 
divergent contribution to the Zb^bR vertex. 


Estimates 


We can now derive some estimates for the contributions to the gh^ vertex 
coming from fermion loops. The leading contributions are of course the ones 
related to the logarithmically divergent diagrams, which can be estimated as 




vl VlaP 

167r2 ml + y\J'^ 


Clog 



(7.2.20) 


where yR collectively denotes any of the mixing parameters of the qr ele¬ 
mentary doublet. Notice that in the above estimate we explicitly included 
a factor y'j.iP/{ml + ypP), which corresponds to the mixing between the 
elementary bR and the composite Br that appears in the external legs of the 
logarithmically divergent diagrams. If we assume that yR ~ yR then we can 
use the relation between the mixings and the top Yukawa yR yR ^ y/Vtlhji 
to get the result 

= =2x10-5, (7.2.21) 


where for the numerical estimate we set Wp ~ 3 TeV and 7714 ~ 700 GeV. 

The presence of a logarithmic divergence implies that the ZbRbR coupling 
can also receive an unsuppressed contribution from the UV dynamics. This 
unknown UV contribution can be estimated as 


^9bL 


vl VlaP p _ y? p 

IOtt^ -b ypP IGtt^ 


6 X 10"^C- 


(7.2.22) 


To derive this estimate we assumed that the only sources of breaking of the 
Prr symmetry are the yR elementary/composite mixings that we included in 
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our effective Lagrangian. As in the estimate of the logarithmically enhanced 
terms, we included a factor + This takes into account the 

fact that an unsuppressed UV contribution can only come from operators 
analogous to the one in Eq. (7.2.16) and thus is always accompanied two 
powers of the compositeness angle. 

The UV contribution is typically of the same order of the finite corrections 
coming from the diagrams protected by the selection rule, whose estimate 
reads 




_ yl vlP ^ _ Vt ^ 


6 X 10-3C, 


(7.2.23) 


where is the mass scale of the top partners. Clearly in a generic model 
only the logarithmically enhanced contributions, which are parametrically 
dominant, can be reliably computed and not the additional finite corrections. 
An exception to this rule is the case in which the mixing angle of the with 
composite fourplets is negligible, as for instance when only SO(4) composite 
singlets are present in the spectrum of the low energy theory. As we saw, 
in this case the corrections to gi,^ are finite and are dominated by the loops 
of the lightest resonances, whereas the UV contributions are suppressed by 
powers of the cut-off. 

Before concluding, it is useful to compare the loop corrections with the 
tree-level effects. The corrections in Eqs. (7.2.20) and (7.2.23) are usually 
larger than the tree-level contribution given in Eq. (7.2.11). This is espe¬ 
cially true if the mass of the resonances is not too small > / and the 

vector resonances coupling is large ffp ^ 5. The corrections due to the bot¬ 
tom partners, estimated in Eq. (7.2.12), can in principle be comparable to 
the ones coming from the resonances loops if the bottom partners are light 
iTT-B ^ f- These corrections crucially depend on the quantum numbers of the 
bottom partners. In minimal scenarios (bottom partners in the fundamental 
representation of SO(5)) they are positive and some cancellation is required 
to pass the present bounds. 


7.2.3 Explicit results 

After the general analysis presented in the previous section, we now analyze 
the corrections to the ZbiJ)L coupling in some explicit models. As we did 
in the case of the oblique parameters, in the following we will consider two 
classes of minimal models in which the composite resonances belong to the 
fundamental representation of SO(5), namely the 5-1-5 and 5-1-1 scenarios 
described in Sect. 6.1.1. In order to be as model independent as possible we 
will compute only the leading contributions calculable within the effective 
models. Moreover we will work in the limit of vanishing SM gauge couplings, 
i.e. we include only the effects due to the Goldstone fields. This approxima¬ 
tion is however known to be a very good one in the SM. As we explained 
before, in the classes of models we consider the tree-level corrections to the 
Zbi^L vertex come from the bottom partners, whose mass is not required to 
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be light by Naturalness considerations. For simplicity we will neglect these 
effects in our analysis. 


Results in the 5 + 5 model 


As a first scenario we consider the 5 + 5 model. An interesting limit of this 
model is the case in which only a light composite SO (4) singlet is present 
in the spectrum. In this case the corrections to the gh^ coupling are finite 
and fully calculable within the effective theory. The absence of fourplets in 
the effective theory also implies that additional contributions coming from 
four-fermion contact interactions and from the UV dynamics are suppressed 
by the cut-off scale and can be expected to be subleading. At leading order 
in v/f the shift in g^,^ is given by 


(7.2.24) 

It is interesting to compare this result with the one-loop fermion contribution 
to T in the same set-up given in Eq. (7.1.17). One can notice that a strict 
relation exists between the two quantities: AT = 3<5gf,i, [170, 216, 223]. In 
particular the positive correction to T is related to a corresponding positive 
shift in gi)j^. For the typical size of the fermion contribution to T needed to 
satisfy the experimental bounds, 1 x 10“^ < AT < 2 x 10“^, a moderate 
contribution to Sgi,^ is found: 0.33 x 10’ ^ < ^9bL < 0-66 X 10 As we 
discussed before (see Fig. 7.1), the experimental measurements disfavor a 
positive contribution to the Zbi^L coupling. Thus the scenario with only a 
light singlet tends to be in worse agreement with the EW precision data than 
the SM. 

In the more general scenario in which composite fermions in the fourplet 
representation of SO(4) are present, the only contributions that can be reli¬ 
ably computed in the effective theory are the logarithmically divergent ones 
due to the presence of four-fermion contact interactions. As an example we 
report here the leading correction to g^^ induced by the operator 

^ , (7.2.25) 

where a and b are color indices.^® This operator contains a vertex of the form 
^ {KrBl) + Z2/3«7M^2'/3fl) > (7.2.26) 

which gives rise to a logarithmically divergent correction to gb ^: 
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(7.2.27) 


^^DifFerent color structures lead to results that only differ by group theory factors. 
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Notice that the sign of this contribution crucially depends on the sign of the 
eji coefficient. In the effective theory eji is a completely free parameter, thus 
its sign is not fixed. From the UV perspective, instead, some constraints on 
the size and the sign of the four-fermion interactions could be present. 

Apart from the analysis performed in Ref. [170], some additional studies 
of the corrections to the EbL^L vertex due to fermion loops in some specific 
effective models have been presented in Refs. [223-225], these works however 
do not include the effects related to the four-fermion contact interactions. A 
computation of the one-loop corrections to the ZbjJiL vertex including the 
effects due to the SM gauge couplings is presented in Ref. [225]. 


The case of a fully composite Ir 


As a second explicit model we consider the 5-1-1 scenario. Analogously 
to what happens in the 5-1-5 model, in the case in which the low-energy 
spectrum contains only a composite SO(4) singlet the one-loop contributions 
to Zb]J)L are finite and dominated by the IR contributions. The leading 
order corrections are given by 


SgbL 


1 .vhP 

m\ 


Vli + 22/it 



2m\ \ 



(7.2.28) 


Also in this model the corrections to and the ones to the T parameters are 
related to each other by the relation AT = 3 Sgb^^ ■ The values of T compatible 
with the experimental bounds (0 < T < 2 x 10“^) imply a moderate positive 
shift in gb^. This slightly worsens the agreement with the EW data with 
respect to the SM. 

In the presence of an SO(4) fourplet in the effective theory, the corrections 
to the ZbiJjL vertex are divergent. The leading contribution comes from log¬ 
arithmically divergent diagrams containing four-fermion contact interactions. 
As an example we report the contribution induced by the operator given in 
Eq. (7.2.25). In this case the following contribution arises: 


The correction in the above formula depends on the parameter cr that fixes 
the coefficient of the four-fermion interaction, but also on the coefficient of 
the d^-symbol term Ct (see the Lagrangian in Eq. (6.1.19)). Depending on 
the size and sign of the various parameters the correction to gb^ can become 
negative and satisfy the current bounds. 


7.3 The top couplings 

So far we devoted our attention to a set of observables related to the physics of 
the light fermion generations (the oblique EW parameters) and to the bottom 
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quark. The tight experimental bounds on these observables do not allow for 
large deviations from the SM predictions and lead to stringent bounds on 
the new physics effects. Another class of observables, in particular the ones 
related to the top quark, are instead less constrained by the present data 
so that sizable deviations from the SM are still allowed. Large corrections 
to the top couplings are naturally predicted in the scenarios with partial or 
full compositeness due to the strong mixing of the third generation with the 
composite dynamics. 

As discussed in Sect. 7.2.1 in the scenarios in which the Z coupling to 
the are protected by the Plr symmetry, the can not have a custodial 
protection. The right-handed top component, on the other hand, being nec¬ 
essarily embedded in a component with quantum numbers = 0 is 

protected by a discrete subgroup Pc of the custodial symmetry SO(3)c [93] 
(see Sect. 4.2.1 for the definition of Pc)-^^ As we explained in Sect. 7.2.1 (see 
also Appendix 7. A), the custodial protection ensures that at zero momentum 
no distortion of the Z coupling can arise. Additional corrections, however, 
can be generated when we consider the top and the Z boson on-shell. In 
particular the corrections due to the top mass mt are only suppressed by 
powers of the ratio between rrit and the top partners mass. This means that 
they can be sizable if the top partners are relatively light. 

The top couplings to the Z boson are described by the following La- 
grangian 

+ ^9tn)PR] t, (7.3.1) 

v-Oo O 

where we used a notation similar to the one for the bottom couplings (see 
Eq. (7.2.1)). The tree-level values of the SM couplings are given by 

SM_1_2 ^SM__2 2n ('7 Q o'! 

9tL ~ 2 3 ’ 9tji ~ 2 “w ■ ( 7 . 3 . 2 ) 

The couplings of the left-handed top component with the charged W boson 
are related to the Vtb element of the CKM matrix. We will parametrize the 
new physics contributions as Vtb = 1 — SVtb- 

The current LHC results already constrain the new physics contribution 
to Vtb at the 10% level: Vtb = 1.020±0.046 (meas.)±0.017 (theor.) [226]. The 
bounds on the models coming from this measurement are usually weaker than 
the ones coming from the EW precision data and become competitive only 
in some corners of the parameter space. 

7.3.1 A relation between <5gtL and 5Vtb 

Before discussing the results in some explicit models, we present a general 
relation that links the deviations in the ZtjjtL vertex to the corrections to 

^^When the tji is embedded in the ( 1 , 1)2/3 representation its coupling to the Z is also 
protected by the usual Plr- 
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Vtb [227-229]. In the effective Lagrangian describing the Higgs doublet H 
and the SM fermions only two dimension-six operators contribute to the 
corrections to the II couplings [48, 227, 230, 231]: 

^ , (7.3.3) 

where D^H is the derivative {D^H) — H. One combination of 

the two operators in Eq. (7.3.3) controls the corrections to the ZbjJjL vertex 
and is thus tightly constrained by the experimental data. Given that the 
precision on the bottom couplings is much higher than on the top ones, for 
the present analysis we can assume that the corrections to gb^ vanish, which 
implies the relation = —ch^ [93, 170, 232]. By imposing this condition we 
find that the operators in Eq. (7.3.3) give rise to the following contributions 
to the interactions of the top quark with the EW gauge bosons 


C D 2cHy 


cos 0, 


f {h (w;, - + h.c.) 


. (7.3.4) 


Erom this equation one can easily see that the leading corrections to the 
Zt]J.L vertex and to the Vtb matrix element satisfy the relation 


5gt^ = -5Vtb . (7.3.5) 

It is important to stress that the above result holds only at order /p. 
The subleading terms, as for instance the ones coming from dimension-eight 
operators, can generate independent corrections to gt^ and Vtb- 

Notice that the above analysis is valid in a generic BSM scenario and is 
not related to the Goldstone boson nature of the Higgs. 


7.3.2 Explicit results 

To conclude the discussion about the corrections to the top couplings we 
report in the following the explicit results for the leading order corrections 
to gt ^, Vtb and gt^ in the composite models with elementary fermions em¬ 
bedded in the fundamental representation of SO(5) [170]. As we did for the 
oblique parameters and the Zb^b^ vertex, we consider two general CCWZ 
parametrizations with only one level of resonances (for the details of the 
models see Sect. 6.1.1). 
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The case of an elementary tR 

As a first case we consider the scenarios with an elementary tn. The correc¬ 
tions to the II couplings at leading order in v// are given by 


SgtL = -^Vtb = -T — 
4 m\ 


_ 

+ yl4r 


rriAmiyLi 


yuVmyRiP 

-yhP 


- V2cl ] 


+ (1 ~ 2c|)y|,4 


(7.3.6) 


The coupling of the Ir field with the Z boson receives the following leading 
corrections 


_ ^ {mAVLiyRi - miynyR4)P yPirriiyLiyRi - miyL4yR4)P 
“ 4 (ml + yl,P){ml + yj,,P) [ mliml + yl,P) 

+ 2^yL4yi?4/" - . (7.3.7) 

ml 7714 


In the above equation the factor in front of the brackets is proportional to 
the top mass, hence the correction to the coupling vanishes in the limit 
of zero rrit as a consequence of the custodial protection. 

The above equations can be directly applied to the two-site 5-1-5 model. 
In this case one finds that, in the regions of the parameter space favored by 
the EW data, the corrections to the Vtb matrix element are typically below 
10% (—0.12 < SVtb ^ 0). The current bounds can already exclude a corner in 
the parameter space where \6Vtb\ > 0.10. The deviations to the coupling, 
on the other hand, are always quite small, Sgti^ < 0.01. 

For completeness we also give the simplified results in the cases in which 
only one SO(4) multiplet is light. In the limit with only a light singlet one 
gets 

6gtr, = -SVtb = - ^ . = 0. (7.3.8) 

The above formula shows that the corrections to the Ir couplings are sup¬ 
pressed in the parameter space region with a sizable Ir compositeness (jjRif > 
mi and yRi > yLi)- 

In the case with only a light fourplet one gets the following results 

= (7.3.9) 


^ AjmPuI_ (f_ , f \ 
Iml + yPP \ml ml + yPpJ 


(7.3.10) 


In this case the experimental bounds on Vtb can be directly translated into 
an upper bound on the Ir compositeness. 
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The case of a fully composite tR 

As a second example we consider the scenario with a fully composite Ir. The 
leading corrections to the Vtb matrix element and to the top couplings to the 
Z boson are given by 




and 


-SVtb 


^ P f ruiVLi 

Iml+ V mi 


V^clVlaJ +{l-2cl)yl^ 

(7.3.11) 


Sgtn 


C VLiyuP 

4 {ml + vlipy 


yuyuf 


2\/2ct{ml+ylif) 


(7.3.12) 


As in the case with an elementary Ir, also in the present setup the initial 
factor in the expression for vanishes if the top mass is zero. 

In the limits with only one light multiplet the above results can be dras¬ 
tically simplified. If only a light singlet is present in the effective theory one 
gets 

C 7/2 f2 

5gt^=-5Vtb = -Y-^, 5gt^=Q. (7.3.13) 

4 ml 

In this case the corrections to the ZIlIl coupling can become sizable if the 
composite singlet is light. 

In the limit with only a light composite fourplet the corrections to the 
top couplings become 




-SVtb 


4ml + ylJ"^ 


(7.3.14) 


and 


Sytn 


C yLAyuP 

4 {ml + ylJY 


yLAyuf 


2V2ct{ml+ylj'^) 


(7.3.15) 


Analogously to the case with an elementary Ir, the corrections to the Vtb 
matrix element can be used to put an upper bound on the degree of compos¬ 
iteness of the ql doublet. 



Appendix 


7.A The custodial symmetries 

In the analysis of the constraints from EWPT we encountered two “custodial” 
symmetries that are of fundamental importance in keeping under control the 
corrections to the EW parameters. The first symmetry is the standard custo¬ 
dial group SO(3)c, which forbids corrections to the T parameter. The second 
one is the discrete Plr invariance which protects the couplings of the Z boson 
to the SM fields and, in particular, to the bottom quark. These symmetries 
are also responsible for a number of peculiar properties and selection rules on 
the mass-spectrum and on the couplings of the composite sector resonances, 
some of which we encountered in the main text. The way in which these 
protections work is explained below. 

7.A.1 The SO(3)c symmetry 

We start from assuming an SO (4) global symmetry of the sector responsi¬ 
ble for EWSB, under which the four real Higgs field components H® form a 
fourplet or, equivalently, a ( 2 , 2 ) pseudo-real matrix (see Eq. (2.A. 2)) 

E = ^ (fcr„n“ -b l2n^) . (7.A.1) 

V 2 

Under SO(4) ~ SU(2 )l x SU(2)i^, E transforms as 

E^5iSgJj. (7.A.2) 

In composite Higgs models, this SO(4) symmetry is part of (or coincides 
with, in the minimal coset SO(5)/SO(4)) the unbroken subgroup ^ of the 
coset and it is by assumption an exact symmetry of the composite 
sector. In the SM, SO(4) is instead an accidental symmetry of the Higgs 
doublet Lagrangian, if considered in isolation. Both in composite Higgs and 
in the SM, the SO(4) symmetry is broken by the gauge fields and fermions 
couplings. 

The Higgs VEV, (H*) = vSi 4 , breaks SO(4) spontaneously to an SO(3) 
subgroup, realizing the symmetry breaking pattern 

SO(4)^SO(3). (7.A.3) 
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The unbroken S0(3) is what we call the custodial S0(3)c- Its action can be 
either viewed as rotations of the first three 11 vector components (with the 
physical Higgs in H^ being a scalar) or, equivalently, as the vector subgroup 
of SU(2 )l X SU(2)ij, SU(2)y, defined by equal left and right transformations 
9l = gR = gv- Indeed the Higgs VEV in the matrix notation 

(S) = , (7.A.4) 

is invariant under the vector transformations. 

Both in the SM and in composite Higgs the IT“ and fields weakly 
gauge the SU(2 )l x U(I)v subgroup of SO(4). Actually when dealing with 
fermions (see Sect. 2.4.2) an extra unbroken U(l)x group needs to be in¬ 
troduced, but this will play no role in what follows. The IT“ helds, which 
fully gauge 811(2)^, preserve SO(4) provided we assign them to the ( 3 , 1 ) 
representation of the group. The effect of the hypercharge gauging, which 
instead breaks SO(4), will be discussed later on. 

The cancellation of the T parameter immediately follows from this sym¬ 
metry structure. Indeed T is defined (see Eq. (7.1.3)) in terms of the ampu¬ 
tated two-point W field correlators at zero transferred momentum, and thus 
it should correspond to a non-derivative mass-term operator in the effective 
action. However the only such term which is compatible with the unbroken 
SO(3)c (and also happens to respect the full SO(4)) is 

Cm.ss = . (7.A.5) 

This term contributes in the same way to IllY 3 ^r 3 and to thus it 

does not contribute to T, which is proportional to the difference between the 
two. The custodial SO(3)c symmetry thus implies T = 0. 

A non-vanishing T would correspond to the presence, in the effective 
Lagrangian, of an operator of the form 

, (7.A.6) 

where 5 is a symmetric traceless (since the trace component does not con¬ 
tribute) tensor in the ( 5 , 1 ) representation of SU(2)i x SU(2)i^. In terms 
of S, T can be expressed as T = S 33 — 5ii. In a perfectly invariant the¬ 
ory no parameter exists with non-trivial SO(4) transformation properties. 
A non-vanishing S, and thus in turn a non-vanishing T, can only be con¬ 
structed in terms of spurious, whose presence signals the explicit breaking of 
the symmetry. 

Both in the SM and in composite Higgs, explicit SO (4) breaking emerges 
from the hypercharge gauging and from the coupling to fermions. The con¬ 
tributions to T from the latter are described extensively in Sect. 7.1.3, here 

^^The normalization of the operator that follows is chosen to match the SM W mass 
term. 
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we briefly discuss the effects of the former breaking. The breaking appears 
because only one of the three 811(2)^ generators, the third one, is gauged by 
the hypercharge field i.e. only one of the three SU(2)i^ gauge sources Wr 
is a truly dynamical field while the other components are set to zero. This 
breaking corresponds to a spurion Q' in the ( 1 , 3 ), which can be inserted in 
the relation between the Wr source and the physical field B, namely 

. (7.A.7) 

By two powers of this spurions, plus four powers of the Higgs VEV, which 
transforms in the (2,2), a non-vanishing S tensor can be constructed and a 
contribution to T is generated. Notice however that the lack of symmetry 
in the hypercharge gauging becomes visible only at the loop level because 
it is only in the presence of at least one B^ field propagator that we can 
distinguish the case in which all the three Wr fields are dynamical, and 
the symmetry is preserved, from the one in which only B^ is dynamical 
and the symmetry is broken. Therefore T remains zero at tree-level and 
Eq. (7. A. 5) gets generalized in the only possible way compatible with the 
unbroken electromagnetic U(l) symmetry, namely 

/:r„ass = y [(5 + (<? + g'B)^] . (7.A.8) 

The term above, which just coincides with the habitual SM one, gives masses 
to the W and to the Z that obey the p = 1 relation. 

7.A.2 The Plr symmetry 

We now turn to the Prr symmetry and describe how it can protect the 
coupling of the Z boson to fermions. The right starting point, even before 
introducing the Plr symmetry itself, is to remind ourselves how the SM gauge 
helds are introduced in the theory. The helds gauge the SU(2)j;, group 
while B^ gauges the U(l)y hypercharge generator, defined in Sect. 2.4.2 as 
the sum of tfj in SU(2)ij and the X charge of the U(l)x group, namely 

Y = t\ + X. (7.A.9) 

The gauging is conveniently described, as we saw in Sect. 2.3.2, by introducing 
external sources associated to all the group generators and identifying part 
of them as dynamical fields only at a late stage of the calculation. We thus 
consider three SU(2 )l, three SU{ 2 )r and one U(l)v: sources, namely 

WL.^ = WlJl=gW^tl, 

WR,^ = Wl^t% = g'B^t%, 

= g'B^ , (7.A.10) 

where r are the SU(2)z, x SU(2)i^ generators, for which a normalized 
explicit representation is provided in Eq. (2. A. 11). The physical value of the 
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source fields, in terms of three W's and B, is also reported in the equation 
above. 

The full SU(2) l x SU(2)ij x U(l)x global group can be formally promoted 
to a local symmetry by regarding the Wl, Wr and X sources as the gauge 
fields associate to the three semi-simple factors. However only the unbro¬ 
ken (or linearly-realized) subgroup SO(3)c x U(l)x will be relevant in what 
follows. This subgroup acts on the sources as 

t gv ■ ■ 9v I 

gv ■ + idfj) ■ gy , 

X^ ^ X^ -\- d^ax , (7.A.11) 

where ax denotes the U(l)x transformation parameter. What is peculiar in 
the expression above is that and in spite of being two distinct fields, 
both transform as if they were gauge connections associated to the SO(3)c 
local group. These local symmetry transformations will be very effective in 
constraining the fermion couplings. 

We now introduce Plr, which is defined in Appendix 3.A as the discrete 
Z 2 transformation that interchanges the SU(2) l and SU(2)i^ generators inside 
SO(4). Therefore it acts on the gauge sources as 

^ , (7.A.12) 

while it leaves X^ invariant. On the Higgs fourplet, Plr acts like a parity 
reflection of the first three components 

P^fl = diag(-1,-1,-1,+1), (7.A.13) 

therefore the Higgs VEV is even and Plr survives as an unbroken symmetry 
after EWSB. In the presence of Plr, the unbroken group SO(3)c x U(l)x is 
enlarged to 0(3)c x U(l)x- 

Let us now analyze the implications of the gauge symmetry transforma¬ 
tions in Eq. (7. A.11) on the zero-momentum, i.e. non-derivative, couplings 
of the gauge fields to the fermions. Since we are interested in the Z boson 
couplings, we restrict our attention to the interactions of the neutral sources 
Wr and Wr to one charge-eigenstate chiral fermion ijj. The only interactions 
allowed by the symmetries are 

* {df, - i tlWl^ - i - i XXr) V- 

+ (7.A.14) 

In particular, the terms on the first line are enforced by the covariant deriva¬ 
tive structure of the kinetic term and thus their coefficient is uniquely de¬ 
termined by the t\ ^ and X eigenvalue of ip. The one on the second line 
is instead separately gauge-invariant given that the shift term in the local 
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transformation of Eq. (7. A. 11) cancels when we take the difference Wl — Wr. 
Therefore it has an arbitrary coefficient “c”. Not surprisingly, since they are 
rigidly fixed by the gauge symmetries, the interactions on the first line repro¬ 
duce the SM W 3 and B vertices, which after the weak angle rotation reduce 
to the standard photon and Z boson couplings. This is immediately verified 
by substituting the explicit value of the sources in Eq. (7.A. 10), obtaining 

+ XX^ = gtlwl + g'{t% + X)B^ , (7.A.15) 

and noticing that + X = Y as in Eq. (7. A. 9). Since the ones on the 
first line match with the SM, the only deviation comes from the term on 
the second line. Using the explicit value of the sources and performing the 
weak angle rotation to the Z and photon field basis one immediately finds 
that Wl — = g! cosO^Z. No corrections to the zero-momentum photon 

coupling are thus generated, as an obvious consequence of the unbroken elec¬ 
tromagnetic gauge group, while the Z boson interaction can be distorted by 
an amount 

Sg^=c, (7.A.16) 

having adopted the standard convention of normalizing the coupling deviation 
by the g/ cosO^ factor (see Eq. (7.2.1)). 

However is odd under Prr, therefore if is a Prr eigenstate, 

no matter if even or odd, Prr enforces c = 0 and no corrections to the Z 
couplings can occur. This result can be easily extended to multiple fermionic 
fields with definite Prr parity. In particular the Z boson couplings to a set 
of eigenstates with the same Prr parity are necessarily canonical and flavor- 
diagonal. Flavor-violating Z interactions, indeed, can only involve eigenstates 
with opposite parity. 

When we consider the SM fermions, in order for the Z couplings to be 
protected, Prr must be a symmetry not only of the composite sector (possi¬ 
bly an accidental one as we saw happening in some cases in the main text), 
but also of the partial compositeness mixing of the elementary SM field we 
are interested in. The left-handed bottom quark coupling to the Z is par¬ 
ticularly relevant, let us thus discuss under which condition it benefits of 
the Prr protection. We start from the case in which the ql doublet mixes 
with a fundamental of SO(5), i.e. with the (2,2) fourplet SO(4) represen¬ 
tation inside the fundamental. The embedding of the doublet, provided in 
Eq. (2.4.28), immediately shows that the Z coupling to 5^ is protected in 
this case, compatibly with what we found in Sects. 3.2.2 and 7.2. Indeed 
the Br field only appears in the first and in the second component of the 
fourplet, which are both P^i^-odd according to Eq. (7. A. 13). Therefore Prr 
is preserved by the mixing, provided Br is regarded as an odd field, and the 
Br coupling is protected. We also see from the same equation that the Br 
fields appear instead both in the third component of the multiplet, which is 
odd, and in the fourth one which is even. The Ir mixing thus breaks Prr 
and no protection is present for its coupling with the Z. This was for the 
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first mixing of the ql, the one with the 62/3 multiplet that participate in the 
generation of the top quark mass. The situation is reversed for the mixing 
with the 5 _i/ 3 , for which the embedding is reported in Eq. (2.4.39). The 
coupling is protected in that case, while the one is not, given that the 
mixes with both an even and an odd component. The modifications of the 
ZbLbL coupling is thus induced only by the second mixing parameter, 
and not by . It should be rather obvious, at this point, that no protection 
is instead present when the mixes with operators in the spinorial represen¬ 
tation. Indeed the mixing occurs in this case with a ( 2 , 1 ) representation of 
SO(4) and the Plr symmetries interchanges the ( 2 , 1 ) and the ( 1 , 2 ) compo¬ 
nents of the spinorial. Since the mixing occurs with the former and not with 
the latter, it breaks Plr and no protection is found. This is in accordance 
with the results of Sect. 3.2.2. 
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